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Introduction

The classical theory of valuation rings in fields has natural applications in algebraic
geometry as well as in number theory, e.g. as local rings of nonsingular points of
curves or, respectively, as prime localizations of rings of integers in number fields.
In these applications the rings are Noetherian and the valuations are discrete, that is
the value group is the additive group of the integers, Z. The fact that non-discrete
valuation rings are not Noetherian may be the reason that general I"-valuations with
totally ordered value group I', which need not be discrete, have not been used
to the same extent as discrete ones in the aforementioned branches of classical
mathematics.

However, function field extensions of arbitrary transcendence degree have
been considered; the transcendence degree is recorded as the dimension of some
corresponding algebraic variety, but it is also the maximal rank of a valuation ring
in the function field. Algebraic geometry easily survives by using the theory of
local Noetherian rings, avoiding the non-Noetherian valuation rings dominating
them. The algebraic theory in this book deals with generalized I'-valuations,
often related to I'-filtrations, for totally ordered groups I', at places even totally
ordered semigroups appear. A source of problems and new ideas is the extension
theory for valuations from a subfield to the field. This theory is well developed
for number fields in connection with Galois theory, but is perhaps less used for
field extensions of finite transcendence degree probably because the (Noetherian)
geometric approach is more popular. We want to consider more general algebra
extensions including skewfields, matrix rings, etc.

Therefore we develop in Chap. 1 the general theory starting from a noncommuta-
tive background, expounding a minimal commutative background when necessary.
The primes or prime places introduced provide a very general approach to a
valuation theory for associative rings and algebras; this originates in the theory of
pseudoplaces as in [70,71] and the work of Van Geel [68, 69]. The theory is related
to the consideration of filtrations and gradations by totally ordered groups; this is
the topic of Sect. 1.3 (and Sect. 1.8). Originally pseudoplaces were developed with
the aim to apply them to the construction of generic crossed products and generic
skewfields, hence it is not really surprising that an interesting class of algebras
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inviting the development of a generalized valuation theory is the class of central
simple algebras, or more generally finitely dimensional algebras over fields. Thus
our theory has direct links to the theory of orders and maximal orders; this will be the
subject of Chap. 2. The second part of Chap. 1 is devoted to some particular primes:
Dubrovin rings. After the basic theory in Sect. 1.4 and the ideal theory in Sect. 1.5
we focus on Dubrovin valuations of finite dimensional (simple) algebras in Sect. 1.6
and on Gauss extensions in Sect. 1.7. To a generalized valuation ring corresponds a
reduction of the original algebra and the relation between properties of the reduced
algebra and the original one should be clarified. There are properties of homological
type or of (noncommutative) geometric type; in Appendix 1.9 we provide some
theory related to Auslander regularity of the algebras under consideration.

Chapter 2 deals with orders. It is not our aim to provide a complete theory of
orders in (semisimple) Artinian algebras, but we include a short introduction to this
important root of the theory relating to the fundamental work of Auslander, Reiner
and others (see [57]).

Arithmetical rings with suitable divisorial properties and noncommutative Krull
rings are amongst the natural study objects here (Sects.2.1 and 2.2). Then we
consider Ore extensions over Krull orders and noncommutative valuation rings of
Ore extensions of simple Artinian rings in Sects.2.3 and 2.4. To end the chapter
we arrive at an arithmetical divisor theory, a noncommutative divisor calculus,
leading to a noncommutative Riemann—Roch theorem over a central curve. The
latter result fits in the geometry of rings with polynomial identities, cf. [76]; it
also fits in this book because it provides a good example of a concrete, almost
calculative, application of noncommutative valuation theory, even if here only
discrete valuations appear.

In Chap. 3 we leave the biotope of finite dimensional algebras and turn attention
to a recently popular class of infinite dimensional algebras containing quantum
groups, quantized algebras and deformations. Usually examples of such algebras are
given by generators and relations and therefore they are equipped with a standard
filtration. The reduction of such an algebra at a central valuation can be “good”
or “bad” depending on how the defining relations reduce modulo the maximal
ideal of the central valuation ring. Similar phenomena exist in algebraic geometry
related to good reduction of (elliptic) curves but now the reducing “equations” are
elements of the ideal of relations in the free algebra. The property of good reduction
allows the extension of the central valuation to the (skewfield of fractions of the)
noncommutative algebra; this is the topic of Sect. 3.1. To establish a case where we
can completely calculate all valuations we focus on the Weyl field in Sect. 3.2 and
provide some divisor theory related to a very peculiar subring in Sect. 3.3.

Finally we consider finite dimensional Hopf algebras in the last section and
extend the valuation filtration of a central valuation to a Hopf filtration on the
Hopf algebra. The filtration part of degree zero is a Hopf order and we show how
certain Hopf orders, generalizing Larson orders in the case of finite group rings,
may be explicitly constructed. The explicit examples over number rings exhibit the
importance of ramification properties of the value function corresponding to the
Hopf order.
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In our opinion noncommutative extensions of valuation theory deserve to be
further integrated in noncommutative algebra (and noncommutative geometry too).
We do realize that this book does not provide a finished picture of possible
noncommutative extensions of valuation theory, but we hope to have opened a few
doors for possible new developments pointing at interesting directions for further
research.
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Chapter 1
General Theory of Primes

1.1 Prime Places of Associative Rings

Throughout we fix notation and conventions as follows. By R we denote an
associative ring with unit and R’ is a subring of R. A prime in R is a pair (P, R’)
such that P is a prime ideal of R’ satisfying the condition: for x,y € R, xR’y C P
entails either x € P or y € P. A prime (P, R’) in R is said to be completely prime
if P is a completely prime ideal of R’ and for x, y € R, xy € P yields that either
xePoryeP.

For a given prime (P, R’) in R we may consider the idealizer of P in R, that is
R? ={x € R,xP C P and Px C P}. Asubset S of R is said to be an m-system
(multiplicative system) whenever 0 ¢ S and for sy, s, in S there exists an x € R
such that s;xs, € S. Prime ideals in a ring may be characterized as being ideals
having an m-system for their complement in the ring. We extend this definition so
that it may be applied with respect to subsets of R. Consider a subset X of R, a
subset S of R is said to be an m-system for X whenever 0 ¢ S and for sy, s, in S
there is an x € X such that s;xs, € S. Obviously, if X C Y then any m-system for
X is an m-system for Y.

1.1.1 Example

(a) If Q is a prime ideal of R then (Q, R) is a prime in R.

(b) For any prime number p in Z, ((p), Z) is a prime in Z[T'], the polynomial ring
in one variable over Z. This example shows that in general R’ and R need not
be very close.

In case R’ C R; C R, for some subring R; of R, then if (P, R’) is prime in R it is
also a prime in R;.

Marubayashi and Van Oystaeyen, Prime Divisors and Noncommutative Valuation Theory, 1
Lecture Notes in Mathematics 2059, DOI 10.1007/978-3-642-31152-9_1,
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2 1 General Theory of Primes
1.1.2 Lemma

Let P be an ideal of R’, then for (P, R’) to be a prime in R it is necessary and
sufficient that R — P is an m-system for R’. If (P, R’) is a prime in R then so is
(P, R").

Proof. If R — P, the complement of P in R, is an m-system for R’ then R’ N
(R— P) = R’ — P is also an m-system for R’ and thus (P, R’) is a prime in R. The
converse is trivial. Since R’ is a ring containing P as an ideal, hence as a prime
ideal of R because (P, R’) is a prime in R, the last statement is obvious. O

1.1.3 Convention

If we talk about a prime P of R then we shall always mean the prime (P, R")
and we may refer to R as the ring of definition of the prime P of R. Since R”
is by definition the largest subring of R that may serve as a defining subring for
the prime considered, the presentation (P, R”) may be considered as the canonical
presentation for the prime P of R.

It is clear from the foregoing observations that the generality of the definition
may put a limitation on the value of results derived in full generality. The theory
of primes becomes more rich if we demand a more stringent relation between R’
and R. An interesting situation arises when R is (in some well defined sense) a ring
of fractions of R’. The following three definitions, increasing in strength, anticipate
on the existence of such relation without actually describing a notion of “ring of
fractions”.

1.1.4 Definitions

(a) A prime (P, R) in R is said to be fractional if for every r € R — R’ there exist
x,y € R'— {0} with x or y in P such that xry € R'.

(b) A fractional prime (P, R’) is said to be localized, if in (a) we have that x, y are
such that xry € R’ — P.

(¢) Alocalized prime (P, R’) in R is said to be separated if for every r € R’ —{0}
there exist x and y in R such that xry € R’ — P.

Observe that in general for ' € R’ there may not exist x,y € R’ — {0} such
that xr'y ¢ P, indeed it is possible that P contains a nontrivial ideal of R. Put
P°={p e P,RpR C P}; P?is the largest ideal of R contained in P. A separated
prime is then just a localized prime such that P’ = 0.
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1.1.5 Proposition

In a simple ring, i.e. an associative ring without nontrivial twosided ideals, localized
primes are always separated.

1.1.6 Remark on Terminology

In the publications [69, 71] a localized prime was called a semi-restricted prime, a
separable prime was called a restricted prime. This old terminology was completely
ad hoc and non descriptive, the terminology we propose to be standardized now is
more related to the “meaning” of the properties.

1.1.7 Lemma

If (P, R’) is a prime in R that is fractional, respectively localized, respectively
separated, then (P, R”) is a fractional, respectively localized, respectively separated
prime in R.

Proof. Since R" C R¥, R— R” C R—R',R'— P C R” — P, the statements are
obvious. O

In the lemma the converses need not be true; it is useful that by selecting the
canonical representative (P, R for a prime P of R we do not loose the properties
defined above if they hold for some presentation (P, R’) as a prime in R.

Consider the set Qg = {(P,R’), R’ a subring of R, P a prime ideal of R’;
elements of Qp are called pairs for R. On Qr we may introduce a partial order <,
called domination relation, by putting: (P, R’) < (P, R}) whenever R’ C R| and
P, N R" = P. A pair maximal in Q with respect to the domination relation is said
to be a dominating pair in R. Clearly if (P, R’) is dominating then R’ = R”. The
use of dominating pairs is that they can be used to construct primes in R, see later.
For the moment let us look at localized pairs, i.e. pairs not necessarily defining a
prime of R but satisfying the definition of being localized.

1.1.8 Proposition

A localized pair (P, R’) for R is necessarily dominating and it is a prime of R.

Proof. Let (P, R') be a localized pair. Take z € R — R’ then there exist x, y € R’
with x or y in P such that xzy € R’ — P. Since z € R” and either x or y is in
P, xzy € P, contradiction. Hence R = R’. Suppose (P, R) < (Q. R;) such
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that there is an x € R; — R”. Since (P, RP) is localized there exist A, . € R? —
{0} with A or p in P such that Axu € R? — P. Say A € P, the argument for
W € P is symmetric. Then Axu € R N PRy € R’ N Q = P, a contradiction,
therefore (P, R") is dominating. In order to check that (P, R”) is a prime suppose
that xR”y C P with x ¢ R”. We find A, u € R" — {0} with A € P such that
Axpu € RP — P butalso xuR”y C P or AxuR"y C P.Thus y € P follows, or
(P, R")is a prime. O

1.1.9 Proposition

For any prime P, R’ in R we have that P° is a prime ideal of R and (P, F/) is a
prime of R, where P = P/P°, R = R'/P°,R = R/P°. Whenever (P, R) is
localized so is (P, F/). Moreover, if (P, R’) is localized then (P, F/) is a separated
prime of R.

Proof. 1f there exist nonzero x and y in R such that xRy C P° then
(RxR)(RyR) C P°. If neither x nor y is in P° then neither (RxR) nor
(RyR) is in P, so we may select x; € RxR — P,y; € RyR — P, such that
x1R'y; C xyRy; C P, contradicting the prime property of (P, R’). Consequently
P is a prime ideal of R. In order to check that (P, F’) is a prime of R select
nonzero X,y € R such that xﬁ’y C P. For representatives x of X, y of y in R, we
have xR’y C P because P contains the kernel of R — R. Since (P, R’) is a prime
in R it follows that x or y is in P and thus X or y is in P.

Assume that (P, R’) is localized and look at 7 € R — R’ with representative
r € R—R',wemayfind A, u € R'—{0} with A or yin P suchthat \ru € R'— P.
Since Arp & P itis clear that A & P°, u & P° hence A # 0 and T # 0; then
we observe that A7jt € R — P because P contains P° the kernel of R — R. That
P’ =0is easily verified hence a localized prime of R is necessarily separated. 0O

1.1.10 Corollary

A separated prime is necessarily defined in a prime ring R.

Proof. We observed that a localized prime (P, R’) is separated exactly when
P? = 0. The foregoing proposition stated that P° is a prime ideal of R, hence R
has to be a prime ring. O
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1.1.11 Example

Let C be any commutative ring. A valuation v on C with value I" where I" is a
totally ordered group is a surjective map v : C — I' U {oo} satistying

V.1 v(0) = oo and 0 is the only element of C as such.
V.2 Forx,y € C,v(xy) = v(x) + v(y), in particular v(1) = 0.
V.3 Forx,y € C,v(x + y) > inf {v(x), v(y)}.

Even if I need not be an abelian group we denoted its operation by +. Consider
Oc ={c € C,v(c) = 0},mc = {c € C,v(c) > 0}, then (m¢, O¢) is a localized
prime in C. Indeed if ¢ € C — O¢ then v(c) < 0 and we may select a d € C such
that v(d) = —v(c) because v is surjective; then V.2 entails v(cd) = v(c)+v(d) =0
orcd € Oc —mc and d € mc. The epimorphism 7, : Oc — C = O¢/mc is
called a primeplace of C and it is also referred to as a primeplace of v.

We extend this terminology to arbitrary primes (P, R’) in R, i.e. the map R’ —
R’/ P is called the primeplace of (P, R’) but we have, at the moment, no valuation
function associated to this. We come back to this later.

We now consider R as a subring of A and fix some prime (P, R") in R with
corresponding primeplace 7 : R” — R’/P = R. A m-pseudoplace of 4 is given
by a triple (4’, W, A) where: A’ is a subring of A suchthat /NR =R,V : A — A
is a ring homomorphism such that KerW N R = P and W|R’ = 7, R being a subring
of A. A pseudoplace is called a preplace if ker¥ defines a prime (KerW, 4’) of A.
Obviously a w-pseudoplace is a w-preplace if and only if A-KerW is an m-system for
A’. We shall now prove a general version of the Krull-Chevalley extension theorem
for valuations and derive from this that dominating pairs are necessarily primes
(actually this is equivalent to the extension theorem).

1.1.12 Notation

For subsets S and 7' in A we write S < T > for{a € A,a = Zj siti,s; €8, €
T} where T is the multiplicatively closed set in A generated by 7,and 1 € T.

1.1.13 Theorem (the Extension Theorem [69])

With notation as before, fix a dominating pair (P, R”) in R and consider subsets
M C B C A such that the following properties hold:

(a) BP C P < B >and BRY ¢ RY < B >.
(b) P<B>NRCP.

(c) M is an m-system for B.

d RF-PCM.

(c) MNP <B>=40.
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Then there exists a w-preplace (A’, W, A) of A such that Ker¥ = Q,BP C
Q,PB C Q and Q N R = P, where 7 is the primeplace of (P, R”).

Proof. Consider the family F = {X, X is left and right R”-submodule of A4, X is
multiplicatively closedand M N X =@, BX C X, XB C X, RN X = P}. Letus
first verify F # @. Indeed we claim that

L(B)e F,L(B)={a € A,aR* <B>C P <B > B}

(i) L(B) is obviously a left and right R-submodule of A.

(i) L(B) is multiplicatively closed because P < B >C R¥ < B >.

(iii) Ifa € M NL(B)thena € P < B >sincel € R < B >but M N P(B) =
@, hence M N L(B) = 0.

(iv) Fora € L(B) and b € B we obtain:

baR? < B>C bP < B >C P < B > (the latter from a.)

abR? < B >C aR? < B >C P < B > (also from a).
(v) Lookat L(B) N R.Since P C L(B), P C L(B)NR.

We already observed before that L(B) C P < B >, hence by (b) we arrive at
L(B) N R = P.Zorn’s lemma allows us to select a maximal element Q in F; it
suffices to establish that A — Q is an m-system for A¢. Take x,y € A — Q and
suppose that xA2y C Q. Now we define O, = > ;2 Q.; where Q,, = Q and
forevery i, Q,; = {z € A, zis a finite sum of elements of the form a;xasx ... xa;
witha; € A9}

It is clear that Q, is a multiplicatively closed left and right R”-module contain-
ing P as well as x. Define O, in exactly the same way. Since by definition B C A9
it follows that BQx C Q, OB C Q. and similarly BQ, C Q,,0,BB C 0Q,.
Since Q is maximal in F the longer O, resp. Q ,, must satisfy either O, N M # 0
or Oy N R # P,resp. Oy, N M # @BorQ,NR #P.Put O, NR = P, If
B satisfies the conditions of the theorem then so does R’ < B > and we may
replace B by R < B > from the beginning; thus without loss of generality we
may assume that R” C B. Since now R” C B and B normalizes Q, as well as
Q, it follows that R? C RP and P, is an ideal in R"*. In case P, N RY # P
we must have P, N M # (. In case P, N RP = P then P, = P because
(P, R?) was a dominating pair in R; indeed if (P, R"”*) # (P,R") then we
may look at the family S of pairs of (X, RX) where X is an ideal, not necessarily
prime, of RX such that R” ¢ RY,X N RY = P. Since (Py, R*) € S we may
apply Zorn’s lemma again and select a maximal element of S say (I, E). If I is
not prime that J;J, C I for some ideals Jy,J, of E with J; 2 I,J, 2 1.
Hence J, N R? 2 PN R? 2 Pand I N RP = P contradicts the fact
that P is a prime ideal of R”. Consequently / is a prime ideal of E but then
(P,R?) < (I, E)yields that P = I and R” = E because (P, R") is dominating.
Since we excluded P = P (P C P, C I) we are left with the conclusion
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P, N'M # @. In formally the same way we obtain P, N M # (. So we may pick
mye QyNMandm, € Q, N M.Say,m, = fo(x) + fi(x),+... + fu(x) with
fi(x) € Oyivmy = go(¥)+q1(¥)+...+g(y) withg;(y) € O, ; we may assume
m, and m, are chosen such that n and ¢ are minimal. Since yA%x C Q we have
0:i0y; C Qyj—jfori > j > 1. Suppose that n > . By (c) we may select an
element s € B such that m,sm, € M. Then: h = m,s(m, — g,(y)) € ZZ;B Oxk
or
myesmy, = mySg,(y) + h where msg,(y) € Q (%)
(Note: weuse M C B C A9,s € B C A9).
Now, (*) contradicts the minimality assumption on n and # unless m, = f,(x) €
Q,m, = g,(y) € Q but that is contradiction. O

1.1.14 Corollary

Dominating pairs (P, R”) of R are primes of R.

Proof. 1In the theorem take A = R, B = R", M = R" — P. We obtain a prime
(Q,R?) such that 0 N R = P, R? C R?.Hence (Q, R?) > (P, R”) but this
yields 0 = P, R? = R” hence (P, R”) is a prime. O

1.1.15 Example

If Ris afield K then (P, R”) is a valuation pair (M, O,). If L is a field extension of
K the theorem reduces to the Krull-Chevalley extension theorem. See also further
in Sect. 1.2.

For primes (P, R’) and (Py, R}) of R we say that (P;, R}) is a specialization
of (P, R), and we denote this by (P,R’) — (P, R}),if P C Py C R} C R'.
Observe that P is an ideal of R| as well as of R’ but P need not be a prime ideal of
R in general. Let us write 7 for the primeplace 7 : R — R'/P = R of R and 7
for the primeplace 7, : R{ — R|/P; of R.

1.1.16 Lemma

With notation as before, if (P, R’) — (P1, R}) then (Py/P, R}/ P) is a prime of R.
In that case there is a primeplace £ : R|/P — R}/ P; of R such that £ o m|g, =M.

Proof PutP = Pi/P.R = R,/P.R = R/P.1f (P.R) — (P\.R)) then
we have: P C Py C R| C R’ and P is clearly a prime ideal of R'. Moreover if
¥.7 € R are such that ¥Ry C P then for any choice of representatives x for ¥, y
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for y in R” we have xR|y C P; because P = Ker(R' — R) is contained in P;.
Consequently x or y isin P; or X or y is in P. The second statement follows from
this. O

In the situation of the lemma we shall say that 7r; is a specialization of 7, denoted
by m — 1, and this yields the existence of a prime place § on the residue ring of
7 such that as primeplaces: 71 = & o 7w (meaning that this equality holds where
both members are defined). The converse need not be true in this generality! The
situation is better for completely prime primes or for primes in algebras over fields.

1.1.17 Remark

In the foregoing we used left and right multiplications but it is possible to obtain
a one-sided theory which may be connected to left quotient rings and left Goldie
rings. We do not go into this here.

1.2 Primes in Algebras

In this section we consider C-algebras A, i.e. we view C as a subring of the center
Z(A) of A. We aim to study primes of A inducing a fixed prime of C, in other words
we look at extensions to the possibly noncommutative C-algebra A of primes in C.
A case of particular interest is provided by algebras over fields and primes extending
primes of fields; thus we include in this section some basic theory about valuations
of fields that will be of fundamental importance throughout the other chapters. Let us
fix a prime (p, C’) in C, and let 7 : C’ — C’/ p be the corresponding primeplace.
Following [70] we introduce pseudoplaces of A. A w-pseudoplace of A is given by
a triple (A’, W, A) where A’ is a subring of A such that: A/’ NC =C’, W: 4 — A
is a ringepiomorphism such that ¥|C’ = 7 and Ker% N C = p. In particular 4 is
a C-algebra where C = C/p. In case (KerW, A’) is a prime in 4 we call (4’, ¥, A)
a rr-preplace of A.

In general every prime (Q, A’) in A defines a prime (Q N C, A’NC) in C hence
(Q. A’) defines a p-preplace of A where ¢ is the primeplace of C induced by
(Q, A’) as above.

1.2.1 Proposition

If C’ is a subring of the commutative ring C such that C — C’ is multiplicatively
closed then there is a prime (p, C’) in C. On the other hand, for every prime (p, C")
of C we have that C — C? is multiplicatively closed.
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Proof. Suppose C —C’ is multiplicatively closed, then take p = {¢’ € C’,ac’ € C’
for some a € C —C’}. Tt is not hard to verify that p is a nontrivial ideal of C’; let us
just mention that for x, x" € p, thatis ax and a’x’ are in C’ forsome a,a’ € C—C’,
we have (ax’)(a’x) € C’, hence either ax’ or a’x must be in C’, in case ax’ € C’
then a(x — x’) € C’ hence x — x’ € p. Let us check that C — p is multiplicatively
closed. If x, y € C are such that xy € p C C’ then for some a € C — C’ we have
axy € C'.In case ax € C’ it follows that x € p, butin case ax ¢ C'theny € p
follows. In order to prove the second statement in the proposition look at x,y € C
such that xy € C?. Then we have: xyp C p and thus either x € p or yp C p.
Consequently if x & p theny € C?. O

We put Dom(C) = {C’, C’ a subring of C such that C — C’ is multiplicatively
closed}. We have already established above that every element of Dom(C), called
proper domain, appears as the domain of a prime in C; moreover Dom(C) contains
all C? for primes (p,C’) of C.

1.2.2 Proposition (cf. [69])

(a) If C’ € Dom(C) then C’ is integrally closed.
(b) The integral closure of any subring D of C is exactly the intersection of all
elements of Dom(C) containing D.

Proof. (a) Look at C' € Dom(C),x € C — C’ and suppose we have a relation
X"+ x4+ .+, =0withr, € C'. We may assume that such a relation
has been selected with minimal . We obtain: x (x" ' +rx" 2 +... +r,_1) =
—r, € C',hence x"~ ! + r1x"2 + ...+ r,—; € C’ but that leads to an integral
equation over C’ of length strictly shorter than n, a contradiction.

(b) From the first part it is clear that the integral closure D of D (in C) is contained
inN{C’,D Cc C' C C,C’ € Dom(C)}. If x € C is not integral over D, we
aim to find a prime (p, C"), C’ a proper domain, such that D C C' but x ¢ C’.
In case x” = 0 then x is integral over D so 0 ¢ {1,x,x%...,x",.. =M.
Let jiy : C — M™'C be the canonical localization map and look at E =
ju(D)[x™'] € M~'C.Now x ¢ ju(D)[x™"] because that would lead to an
integral equation for x over jj (D), and thus for x over D because Kerjy
is the ideal of C consisting of elements x € C such that x"¢ = 0 for some
n > 1.1t follows that x~! is contained in a proper maximal ideal w of E. Now
we apply the extension theorem with R replaced by M ~'C, B by E and M
by E — w. This yields the existence of a prime of M ~'C, say (Q,(M~'C)2)
with E ¢ (M~'C)2,w C Q,hence x & (M~'C)? (because x~! € w C Q).
By taking inverse images we arrive at a prime (j,'(Q), j;;'(M~'C)?)) in
C having a domain of definition that is in Dom(C), because (M ~'C)? is in
Dom(M~'C),and x ¢ j;;'(M~'C)?).
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1.2.3 Remark

Let R be the field of real numbers. In R[X] every subring R C R’ C R[X] defines a
prime (0, R") of R[X] but R[X] is integral over R” and R’ is not a proper domain. On
the other hand, R is integrally closed in R[X] but it cannot be R[X]” for some prime
(p, R") of R[X] because (0, R) is the only prime with definition domain R. Again
it follows from the foregoing that the property of having a domain of definition that
is integrally closed is detected on C? and in particular C? is integrally closed for
every prime p of C.

Since p is not maximal (perhaps) in C’ it may be a natural idea to localize at the
prime ideal p of C’ and consider the situation pC, C C, C C,, where localization
is with respect to the multiplicative set C’ — p. For a C-algebra A one may then
consider 4, over C, where A, is obtained by central localization of A at C — p;
however A, is not necessarily related to a localization at some Q of A even if
some prime (Q, A’) lies over (p, C’) in A. Localization theory (noncommutative)
at general primes exists under some extra hypotheses, e.g. [54], but we do not strive
for full generality here.

1.2.4 Lemma

If (p,C’) is a prime in C then (pC,,C)) is a prime in C), in case (p,C’) is
fractional, respectively localized, respectively separated, then so is (pC/, C ]’,).

Proof. Putt,(C) = {c € C,sc = 0 for some s € C' — p}. Since (p,C’) is a
prime in C it follows that #,(C) C p hence t,(C) = ,(C’) N C’. So we may
reduce modulo 7,(C), putting C = C/1,(C)C" = C'/t,(C"),p = p/t,(C), and
it is clear that (P, E/) is a prime of C. Since 1,(C) is an ideal of C it is contained

in p°. Itis easily verified that the reduced (P, 6/) is fractional, localized, separated,
in case (p, C’) is respectively fractional, localized, separated. Thus without loss of
generality we may assume 7,(C) = 0, hence C’ C C),C C C,. Take g1, 92 € C,,
such that ¢1¢, € pC]’,, then there are s/, s”, s”” in C' — p such that: s'q; € C,s"q, €
C and s"q1q, € p. Hence: s"s'q15"q, € p with s”’s’q; € C and s"¢q, € C.
Consequently, since (p, C’) is a prime in C we have s”q, € p or s”'s'q1 € p,
ie. g2 € pC)orq € pC’'p. This establishes that (pC,, C,) is a prime in C),.
In case (p, C’) is fractional and ¢ € C, — C} i.e. for some s € C' — p we have
sq € C — C’ and there exist x, y € C’ — {0} such that xsqy € C’ with x or y in
p and also xqy € C,.In case (p,C’) is localized and ¢ € C), — C,, i.e. for some
s € C'— p,sq € C —C’, hence there exist A, u € C’ one at least in p such that
Asqu € C'—porigu € C,— pC, with A, u € C,, at least one in p. Suppose
(p, C’) is separated, then (pC,, C,) is known to be localized by the foregoing. Pick
q € C,—{0}ie.sq € C'—{0}, for some s € C’ — p, hence there exist A, u € C

such that Asqu € C’ — p, thus Agpu € C, — pC, with A, u € C,,. O
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1.2.5 Remark

It is easily verified that (C?), = (C ]’,)” ), hence by localization we may restrict
attention to primes having a domain of definition that is an integrally closed local
ring. In case the Noetherian property holds for C’ (and C) the foregoing leads us
to considering local Krull domains (local integrally closed Noetherian rings, more
precisely).

Now focus attention on a field K.

1.2.6 Definition

A proper domain K’ in K is called a valuation ring of K. If A # 0 in K then
AA~! = 1 yields that K’ is a proper domain of K exactly when for A # 0 in K we
have A € K’ orA7! € K.

1.2.7 Corollary

For a field K, the following statements are equivalent for a subring O, of K:

(a) O, is avaluation ring of K with maximal ideal m,,.
(b) The pair (m,, O,) in Qg is dominating.

(¢) The pair (m,, O,) is a localized prime of K.

(d) The pair (m,, O,) is a separated prime of K.

Proof.  Follows from Proposition 1.1.8 and the fact that in a valuation ring O, of K
the set {1 € 0,,A~! € 0,} is the unique maximal ideal of O,. O

1.2.8 Definition

A place of K (corresponding to a valuation ring O, of K) is a ring homomorphism
from O, to a field k. In the sequel we understand places to be epimorphisms and in
that case the kernel of a place is the maximal ideal m, of O,; without this restriction
we would have places corresponding to all prime ideals of O, for all valuation rings
0, of K. By localizing at the kernel such places may be related to epimorphic ones.

If K/k is a field extension, a valuation ring O, of K is said to be a k-valuation
ring if k C O,, i.e. O, is a k-algebra too. The residue field k, = O,/m, is then
also a field extension of k and the place O, — k, is a k-algebra homomorphism.
Places corresponding to k-valuation rings of K are called places of K/ k. If p;, p»
are places of K, respectively of K/k with residue fields k;, respectively k;, then
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p1 and p, are said to be isomorphic places, respectively k-isomorphic places, if
there exists an isomorphism, respectively k-isomorphism i : k; — k, such that
P2 = 1 o p;. One easily checks that places p; and p, are isomorphic if and only
if their valuation rings coincide; so up to isomorphism of places we consider the
canonical epimorphism O, — k, = O,/m, and call it “the” place associated to O,,
denoted by p,. For a place of K/k we define dimp, = td(k,/k), where td refers
to the transcendence degree of the residual field extension corresponding to p,,.

For a commutative ring C the fact of having its ideals totally ordered by inclusion
is easily seen to be equivalent to: for A, u € C either A € Cppor p € CA. If O,
is a valuation domain of K then for A, u € O, we either have A~'y. C O, or
Au~' € O, unless A or y is zero, in any case either A € O, or it € O,A. So we
have established a basic but fundamental fact.

1.2.9 Lemma

If O, is a valuation ring of K then the set of ideals of O, is totally ordered by
inclusion.

1.2.10 Corollary

A finitely generated ideal of O, is necessarily a principal ideal. A Noetherian
valuation domain O, is necessarily a principal ideal domain.

1.2.11 Lemma

Consider a valuation ring O, of K.

(a) If p # 0is a finitely generated prime ideal of O, then p = m, is the unique
nonzero prime ideal of O,, in this case, O, is Noetherian, m, = O,x, also all
ideals are of the form O, 7. In this case O, is said to be a discrete rank one
valuation ring of K (D.V.R. of K).

(b) A nonzero ideal I of O, that is idempotent cannot be finitely generated and it
is a prime ideal.

(c) For anonzero ideal / of O, we have that N{/",n € N} is a prime ideal of O,
(it may be zero).

Proof. (a) Suppose p # 0is a finitely generated prime ideal of O,.For A € m,—p
we must have p C O,A. Corollary 1.2.9 entails p = O,m, thus 7 = pA for
some € O,. Since p is a prime ideal 4 € p and u = yx for some y € O,.
Thus 7 = ymwA or (1—yA)wr = 0and yA € m,, contradiction. Consequently O,
satisfies the descending chain condition on prime ideals and is Noetherian. If L
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is an ideal of O, such that L. C O,x" foralln € Nthen L = 0, if not then there
is an n such that we have O,n" C L C O,7"~!, hence m, C = "T'L C O,.
The latter means 7 "' L = m, or 7" T'L = 0,, consequently O, 7" = L
or L = O,n" L.

(b) If I # 0is idempotent and finitely generated, thus principal say / = O,A then
A = pA? for some w € O, and thus (1 — uA)A = 0. Since uA € I either
1 € I and I is not a proper ideal or else we have to contradict the assumptions.
To establish / is prime consider A, ¢ I such that Au € I. Then O,A 2 [
and O, 2 I, thus I D O,Ap D I* = I. It thus follows that I = O,Apu, a
contradiction.

() IfA,;u & N{I",n € N} then O,A D I¢, O, D 19 for some e,d € N (use
Lemma 1.2.9) and O,Apu D I¢H4. If A € N{I",n} then O Ap = 174 =
N{I",n € N} follows, but then 7¢*¢ is principal and idempotent and therefore
a contradiction in view of (b). It follows that Au & N{I",n € N} and we have
established that the latter is a prime ideal. O

There is a nice correspondence between rings intermediate between O, and K and
prime ideals of O,.

1.2.12 Proposition

If we have aring T such that O, C T C K then T is a valuation ring of K and it
is (0,), for some prime ideal p of O,. In particular the valuation domain O, is a
DVR if and only if it is a maximal subring of K, its field of fractions.

Proof. If O, C T C K then T is certainly a valuation ring of K, with unique
maximal ideal mr say. Since elements of m 7 do not have their inverse in T, certainly
not in O,, it follows that my C m, C O, C T and mr is a prime ideal of O,. The
multiplicative set O, — mr is inverted in 7" and for every t € T — O, we have
'€ O, —mr,hencet = (t7)~! € (0,)m,, the localization of O, at mr. That a
DVR is maximal as a subring of K follows from the foregoing. Conversely, assume
that R is maximal as a subring of K. If R is not a field it has a nonzero prime ideal p
and R C R, C K thenyields R = R, because R, = K is excluded since pR, is
a nontrivial ideal of R,. If ¢ # 0 is another prime ideal of R then R = R, follows
and thus p = g because g C p follows from R = R, and p C g from R = R,.
Therefore R has a unique nonzero prime ideal p. If x € K — R then K = R][x]
follows, hence x~! either is in R or there is a nontrivial relation x™! = Y r;x’
leading to an integral equation for x~! over R. However since the integral closure
of R cannot be K (otherwise R is a field and K is an algebraic extension) it must
be R and then x~!' € R. So if R is not a field then it is a valuation ring of K. We
may exclude that R is a field since we restricted attention to K being the field of
fractions of R. O
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1.2.13 Proposition

Let O, be a valuation ring of K and consider ay,...,a, € K not all zero, then for
some j € {l,...,n}a; # Oandaia;l € O, foralli e {l,...,n}.
Proof. Select a; such that v(a;) is minimal amongst the v(a;),i = 1,...,n. O

Let us look at skewfields now. Because we are dealing with domains most of the
time it is natural to look at completely primes as introduced in Sect. 1.1. A subring
A of a skewfield (= division algebra), D say, is called a total subring if for x € D
either x or x~! is in A. Sometimes a total subring is called a total valuation ring.

1.2.14 Proposition

A subring A of a skewfield D is a total subring if and only if it the domain of a
complete prime of D.

Proof. First suppose A is a total subring of D and put P = {x € D,x~' & A}.
For A € A and x € P we obtain from (Ax)™' € A that x A" A =x"' € A,a
contradiction, hence (Ax)™' & A or Ax € P. For x,y € P we would obtain from
x+y) ' eAthat (x +y)'x e P,(x +y) 'y € Pthusx'(x +y) € A
and y~'(x + y) ¢ A. The latter yields x~ 'y & A and y~'x ¢ A contradicting
totality of A, hence x 4+ y € P. We established that P is an ideal of A (we did
the left ideal property but the right hand version is similar). If for some u,v € D
we have uv € P then u ¢ P yields u~' € A and thus u '(uv) € P,sov € P.
This establishes that (P, A) is a completely prime of D. From the proof it also
follows that (P, D*) is a completely prime of D. In fact A = D’ follows because
ifze DY —Athenz'!e Pand1 =z €zP C P since z € DY, contradiction.
Conversely let D” > P define a completely prime of D and assume there exists
anx € Dwithx ¢ A,x' ¢ A, A = D" ={x € D,xP C Pand Px C P}.
Suppose xP ¢ P,say xp ¢ P forsome p € P. From Px~'xP C P we derive
Px7'xp Cc P,thus Px! € P.If xP ¢ A then x"'xP C P with x™' ¢ A
contradicts the completely primeness of P in D, thus we may conclude that xP C
A (in a similar way one can show that Px C A,x™'P C A and Px~' C A). Now
look at:(xPx~")(xPx~') = (xP)(Px~') C P because xP C A and Px~' C P.
Consequently, completely primeness of P yields xPx~! C P, hence xpx~' € P
or x~! € P, a contradiction. O

1.2.15 Proposition

A total subring A of a skewfield D satisfies the following properties:
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1. Aisalocal ring with maximal ideal P and A/ P is a skewfield, called the residual
skewfield.

2. Every finitely generated left (right) ideal of A is principal. For two finitely
generated left (right) ideals I and J in A we have either I C JorJ C I.

Proof. 1. By definition of P it is clear that A — P contains only units hence A is a
local ring with maximal ideal P and A/ P is a skewfield because images of units
are invertible elements.

2. Consider L = Z'l’ Ax; in A. For x1, x, we have either xlxz_1 or xle_l in A,
hence eitherAxlxz_lxz = AXx; C Ax;, or respectively szxl_1 = Axp; C Axy.
Hence Ax; + Ax; = Axj, (where x5 is either x| or x;); repeating this argument
a finite number of times will lead us to L = Axj,_,. If I and J are finitely
generated then / = AXx;,J = Ax; by the foregoingandthen I C JorJ C I
follows from the same argument used in the proof of (1). O

We may expand somewhat on point (2) in the foregoing proposition and arrive at
a characterization of total subrings of D. Recall that for an order A in D (i.e. D is
the total ring of fractions of A) a left A-ideal L (of D)is just a left A-submodule of
D such that Lz C A for some z € A.

1.2.16 Proposition

For an order A of the skewfield D the following properties are equivalent.

1. A is a total subring of D.
2. The set of left (right) ideals of A is linearly ordered by inclusion.
3. The set of left (right) A-ideals of D is linearly ordered by inclusion.

Proof. 1. = 2. Look at left ideals /7, J of A suchthat / % J.Picka € J — I and
look at b € I. From (1) either ba=' € A, thenb € Aaorb € J,orab™! € A,
thena € Ab C I is a contradiction. Hence b € I forallb € I,or I C J.

2. = 3. Look at A-ideals I, J of D, then thereis az € A such that Iz, Jz C A.
Thus either Iz C Jzor Jz C Iz by (2). Consequently either / C J or J C I.

3. = 1. Forany x € D — A either Ax C A or A C Ax because A and Ax are
A-ideals of D and (3). Indeed since D is the total ring of fraction of A we have
xz € A for some z € A, thus Axz C A. From A C Ax it follows that x ! € A.

O

1.2.17 Proposition

For a total subring A of a skewfield D the following statements are equivalent:

1. Every one-sided ideal of A is two-sided.
2. A is invariant under all inner automorphisms of D.
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Proof. 1. = 2. If one-sided ideals are two-sided then we obtain for a € A that
aA = AaA = Aa,hence aha™! = A foralla € A (then also forall d € D
because d or d ! is in A). Hence (2) follows.

2. = 1. Look at Aa for a € A nonzero. Pick & € A and look at au = (apa™")a
with a,ua_l € A; clearly it follows that aA C Aa. The converse can be
established in a completely similar way. For L = ), ., Ax;, some index set
J, L =)Y,c; xiA follows. i

1.2.18 Definition

A total subring A of a skewfield D that is invariant under inner automorphisms of
D is called a valuation ring of D.

Valuation rings of D may be constructed from specific value functions; we refer
to next section for full detail on these.

We paid some special attention to fields and skewfields because very often rings
considered are also vector spaces over fields or skewfields. With notation as in the
beginning of Sect. 1.2 we consider now C-algebras A and a fixed prime (p, C’)
of C. Look at a -pseudoplace of A given by a triple (4’, ¥, A), i.e. ¥|C' = &
where W : A’ — A is the ring homomorphism defining the 7-pseudoplace. Recall
that we say that (A’, ¥, A) is a -preplace if (KerW, A’) is a prime of A.

1.2.19 Definition

A mr-pseudoplace (A’, ¥, A) is said to be 7-fractional, r-localized or 7-separated if
in Definition 1.1.4 the elements x, y may be taken from C. Observe that centrality of
C in A then allows to replace the two-sided condition in the definition of localized
and separated by a onesided condition i.e. the existence of one ¢ € C’ such that
cr € A’- KerW, which replaces the pair ¢,d € C’ with crd € A’ — KerW (in other
words one may choose ¢ or d equal to 1).

It is easily seen that every localized pseudoplace of A such that 4 is a prime ring
is a preplace of A. Even if the following arguments may be adapted to the case where
A is projective as a C-module we shall restrict attention here to the case where it
is free, so we assume from hereon that: C is a commutative domain and A is a free
C-algebra, (A’, ¥, A) is a w-pseudoplace with 7 = (p, C?) being a localized prime
of C. For any C-subalgebra B of A we write B for the image under W of A’ N B
in A. Obviously B is a C-algebra and C is again a domain. A subalgebra B of A
which is free as a C-module is said to be W-spanned if B N A’ contains a C-basis
for B and it is said to be ¥-unramified in case that C -basis may be chosen such that
its image in B is also a C-basis for B. We say (4’, ¥, A) is unramified whenever
A is W-unramified.
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1.2.20 Proposition

With notation and convention as above:

1. If A is W-spanned then (A’, \IJ,Z) is r-fractional.
2. An unramified w-pseudoplace of A is w-localized; in case  is separated then an
unramified rr-pseudoplace is w-separated.

Proof. 1. Let{a;,i € J}beaC-basis for A containedin A".If >/, c;a; € A—A’
then some ¢; is notin C?. Since we assumed (p, C”) to be localized there exists
apu; € psuchthat ujc; € CP — p.In u; (37—, cia;) there are strictly less
coefficients not in C ? than in Zf c;a;; after a finite number of repetitions of this
argument we arrive ata /4 € p such thatall uc; € C?, hence u(d "/, cia;) € A’
(note that we also obtained that at least one jc; is not in p).

2. Suppose {a;,i € J}is a C-basis contained in A’ such that {¥(a;),i € J}isa
C-basis for A. Forx € A— A’ wehave x = Y ¢;a; with some ¢; ¢ C? for some
i € J. The assumption that (p, C?) is localized entails that there is a ; € p
such that u;c; € C? — p. After repetition of the argument we obtain . € P
such that ux € A’ but for some j, uc; ¢ p. From ux € Ker¥ we would obtain
> W(pe)¥(a;) = 0, thus W(ue;) = 0 for all i but that contradicts uej &€ p.
A similar argument applies in the separated case. O

1.2.21 Corollary

If (A’, W, A) is an unramified w-pseudoplace such that A is a prime ring, then
(KerW, A’) is a prime of A such that A’ = AXY 1In particular, unramified
pseudoplaces in algebras 4 over fields K such that A4 is a prime ring define localized
primes of A.

Proof. A localized prime of a field is a valuation ring of that field. O

1.2.22 Proposition

With assumptions as before and assuming C to be a field, if dim¢ A < oo then there
is a r-prime (P, A”) containing a C-basis of A.

Proof. Select a C-basis for A with structure constants in C?, say {ai,...,d,},
this means that products of elements of {a,...,a,} are linear combinations of
{ay,...,a,} with coefficientsin C”.Put B = C?U{a,,...,a,}and M = C? —p.
Now apply Theorem 1.1.3 (the extension theorem), verification of the conditions is
straightforward, in particular (b) and (c) follow from the properties of {ai, ..., a,}.
The extension theorem yields the existence of a m-prime (P, A”) in A with
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B C A", Consequently A” contains a C-basis of 4 and then (A”, ¥, A) is a -
fractional preplace (see Proposition 1.2.20.1). O

1.2.23 Proposition

In the situation of the foregoing proposition there exists at least one unramified
pseudoplace over 1 = (p, C?).

Proof. Select a C-basis {ay,...,a,} for A having structural constants in C?, then
the ring A’ = CP”lay,...,a,] equals the C?-module generated by {ai,...,a,}.
Then P = Y '_, pa; is an ideal of A’ and we claim that ¥ : A’ — A'/P = A
yields a pseudoplace of A. In order to establish A’ N C = CP”. Consider ¢ =
Y ciai € C—CP, with¢; € CP. Since (p.CP) islocalized thereisa u € p such
that uc € C? — p. Hence pic = Y i_, ucia; with pue; € p fori = 1,...,n. We
calculate: pca; = ZZJ.=1 p,c,-oclkj aj, where we wrote ozlkj for the structural constants

of {ai,...,a,}. It follows that uc = Z?:l ,U,C,‘C\{l-j}, but the right hand members is
in p and that contradicts uc € C? — p. Moreover, if in the foregoing we choose
c € C?P—pwithc = Z?zlc,-a,- and ¢; € pfori = 1,...,n then we obtain:

caj =Y o Ciag, ore = Y /_ c;iaf; € p and that is a contradiction. Finally,
if Z?=1 ¢;V¥(a;) = 0forsomec; € C = C?/ p then select ¢; such that ¥(¢;) = ¢;
fori = 1,...,n;hence W(}_,_, c;a;) = 0 means that) :_, ¢;a; € P and then it
follows that each ¢; € p because {a1,...,a,}isa C-basis,i.e.¢; = 0or U(q;) is a
basis for A as W is surjective. O

The m-pseudoplaces have been used in constructions of generic crossed products
by the second author, cf. [71], and foregoing results stem from the general theory
there. More general statements over domains C, as claimed in [69] may be correct
for suitable C but in the generality claimed in loc. cit there seems to be a gap in
the proof; the point being that a C-basis {by, ..., b,} multiplied by some ¢ € C in
order to obtain structural constants in C” need not be a C-basis unless the factor ¢
isaunitin C.

The foregoing may be used to prove a lifting result for Azumaya algebras under
unramified pseudoplaces.

1.2.24 Remark

In view of Proposition 1.2.14 a localized prime (P, D¥) of a skewfield D is a total
subring of D if and only if D is a domain (hence skewfield). In case K = Z(D)
and 7 belongs to (m,, O,) then a -localized prime of D having a skewfield D for
its residual algebra is a total subring with extra properties. For example if (P, D)
is the corresponding prime then for d € D — D? there exists r, 7’ € D' such that
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rd anddr’ € D¥ — M, in fact one may then even take r = r’ in O,, central in D”.
This means that D” is a Dubrovin valuation ring of D; we shall study this type of
primes later in more detail.

1.3 Value Functions and Prime Filtration

1.3.1 Partially and Totally Ordered Groups

A partially ordered set, or poset, is a set with a relation < that is reflexive,
antisymmetric and transitive; a poset S, < is a partially ordered group, which is
also a group or po-group, if from x < y it follows that sxd < syd forall s,d € S
where we have denoted the group operation multiplicativity. A partial order on § is
said to be total, or S is said to be totally ordered, if for each s,d € S eithers < d
ord < s:1In the sequel I is a totally ordered group and we write it as an additive
group with neutral element 0, even if I" need not be abelian. The positive part of T’
isTy ={y el,y >0}.Toy € " we associate |y| € ['y where |y| =y if y > 0,
|0] = 0 and |y| = —y if y < 0. Observe that y < 0 yields —y > 0. An isolated
subgroup K C I is one such that k € K entails that all y € I such that |y| < |«]|
arein K.

1.3.1.1 Lemma

The set of isolated subgroups of I' is totally ordered by inclusion.

Proof. Consider nonzero proper isolated subgroups K; and K, in I". If K} # K,
then K|+ # K, + where we denote K for any subgroup K of I for the set of
positive elements of K. Suppose y; € K;+ and y; ¢ K, and look at arbitrary
y2 € K, 4. Since T is totally ordered and K is isolated y, < y; follows but then
y» € K since K| is isolated too. Consequently K, + C K and thus K, C K].
The order type of the set of all proper isolated subgroups of I' is called the rank
of I, denoted rkI. O

1.3.1.2 Proposition

Let K be a invariant (normal) isolated subgroup of I" then I'/K is totally ordered
such that the canonical I' — I'/ K is an ordered group morphism. Moreover, rkI" =
rkK +rkI'/K.

Proof. Pick 7 # & in I'/K and y,8 € T representatives of 7,8 respectively.
Suppose y > & and look at Y/ = y + E and §' = § + n with £, € K. If
y' < &' then & < 5 since § < y. Then it follows that y < 6§ + n — & or
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-5+ y <n—§&withn—£& C K. Since K is an isolated subgroup of I and —6 + y
being positive, —§ + y € K follows. The latter contradicts ¥ # § in '/ K. This
allows to define y > 8 if y > § since the foregoing establishes independence of the
chosen representative. It is obvious that this makes I'/ K into a totally ordered group

such that ' > T / K is order preserving. For the second statement it is sufficient to
observe that an isolated subgroup £ of I' is given by £ N K, an isolated subgroup
of K and (L), an isolated subgroup of I'/ K. The set of isolated subgroups in I' is
the set-theoretic sum of two ordered sets, hence for the order types it follows that
rkI' = rkK +rkI'/K. O

1.3.1.3 Definition

A totally ordered group I is Archimedean if for y,§ € I" with § > 0 say, there is
ann € N such that né > y.

1.3.1.4 Proposition

For a totally ordered group I', the following statements are equivalent:

1) rkI =1.
(i) I' is Archimedean.

Proof. (i) — (ii) Suppose § > y > 0 in I' are such that there is no n € Z such
that ny > §. Look at S = {y’ € I'y,y’ < ny for some n}. Obviously S
is closed under addition in T and if y” < y’ for some y’ € S then y” € S.
The elements of S and their inverses generate a proper isolated subgroup of I"
(proper because § is not in it), contradicting rkI" = 1 (0 is the only isolated
proper subgroup).

(i) — (i) Suppose 0 # K is an isolated proper subgroup in I', and pick a positive
element y € K. Then y < A for each positive element A notin K (if A < y
then A € K because K is isolated). But by (ii), A < ny for some n € N would
lead to A € K, contradiction. Hence such K does not exist. O

The following is a classical result, the proof is based on the use of Dedekind cuts,
see [61, Theorem 1, p. 6].

1.3.1.5 Theorem

An Archimedean group is order isomorphic to a subgroup of R.

A group of rank 1 is said to be discrete if it is order isomorphic to Z, +. An
abelian totally ordered group of finite rank is called discrete if the factorgroups of
successive isolated subgroups are isomorphic to the additive group Z, +. A discrete
group is thus necessary order isomorphic to Z", + for some finite r.
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It is easy to see that a totally ordered group I' is necessarily torsion free; indeed
ifny =0fory e I',n € Ntheneithery < 0Oandny <y < Oyields y = 0, or
else y > 0 and then ny > y > Oyields y = 0. In case I is only partially ordered
there may exist nontrivial torsion elements but these are then incomparable to 0.

1.3.2 Value Functions of Primes in Simple Artinian Rings

Starting from a prime (P, A”) in a simple Artinian ring A we associate to a € A
the set P : a = {(x,x’) € A x A,xax’ € P}. We define a relation ~ on A4 by
putting a ~ a’ whenever P : a = P : d’. It is clear that ~ is an equivalence
relation on A; we write @ for the equivalence class of a € A. For a = 0 we have
that P : 0 = A x A and a’ ~ 0 then means that Aa’A C P, thus a’ = 0 since 4 is
simple. So we may look at ~ on the semigroup A* = A — {0}. _

We introduce a partial order in A*/ ~= A by putting @ < b whenever
P:acCcP:b

1.3.2.1 Lemma

The multiplication of A* induces a partially ordered semigroup structure on A with
neutral element 1.

Proof. The relation ~ is compatible with multiplication, that is: if a ~ a’,b ~ b’
then ab ~ a’b’. Indeed if (x,y) € A x A is such that xaby € P then (x,by) €
P:a=P:d, thusxa’by € Por(x,a’ye P:b= P :0b, thusxa’'by € P
or P :ab C P : a'b'. The converse inclusion follows by interchanging the role
of (a,b) and (a’,b’). The relation @ < b whenever P : a C P : b is obviously
reflexive, antlsymmetnc and transitive. Moreover for @ = =D and T € A we have
ac < B¢ as well as a < cb indeed if (x,y) € P : ca, then xcay € P or
(xc y) € P:a C_P :byields xchy € Por(x,y) € P:chandthus P :ca C

schorca < cb (the right symmetric statement follows in a symmetric way).
Now we define @b in A by putting a. @b = ab and this i is well defined; this makes A
into a partially ordered semigroup with neutral element T. O

Define a value function ¢ : A* — Aar7.

1.3.2.2 Corollary

The value function ¢ : A* — A satisfies:

() ¢is multlphcanve ie. p(ab) = (p(a)go(b) fora,b € A*.
(i) If'd > ¢and b > ¢ then (a 4 b)~ > ¢. In particular when @ > b then
(a+b)~ > bor o(a+b) > ¢(b).
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Proof. (i) By definition.

(ii) Take (x,y) € P : ¢, thus (x,y) € P : a and (x,y) € P : b. This yields
xay € P and xby € P, thus x(a + b)y € Por(x,y) € P : (a +b).
Consequently P : ¢ C P : (a + b). O

Observe in (ii) that ¢(a + b) > min{p(a), ¢(b)} whenever that minimum exists,
so ¢ does extend the notion of a valuation function for a totally ordered value group
to a partially ordered semlgroup Note that fora € U(A) we have p(a™!) = (p(a)
because fromaa™' = a~ a = 1 we obtain p(a)p(a~") = p(ag(a) = T. So for
a€U(A),if@>T1thena ! = @)~ < 1.

If we consider an arbltrary ring A in the foregoing, say R. Then a’ ~ 0 means
Ra’'R C P ord € P°. Therefore we replace R by R / P? and look at the
prime (P /P, RP/P”) in R/P?. On R we define R = R | ~. We may check
Lemma 1.3.2.1 for R and see that Risa partially ordered semigroup and obtain
a value function @ : R¥ — R satisfying the properties of Corollary 1.3.2.2. For
separated primes (P, R”) in R we have P° = 0 and ¢ : R* — R is then well
defined.

In case A is a skewfield, D say, then Disa partially ordered group. In general
when we consider a prime (P, R”) in a ring R, then we call it an arithmetical
prime of R in case it is separated and Risa partially ordered group.

Value functions associated to primes in skewfields were introduced by J. Van
Geel in [69]; they may be considered as the natural modification of valuation
functions.

Now consider a localized prime (P, D) in D and look at Op = {x € D,x =0
or ¢(x) > 0}U{0} where ¢ denotes the value function on D* associated to the prime
(P, D?) and we have written the value group D additively with neutral element 0
(even if it need not be abelian).

1.3.2.3 Proposition

With notation as above; Op is a subring of D invariant under inner automorphisms
of D, in fact Op = N,ep+zDPz7".

Proof. If suffices to prove the second statement after verifying that Op is a subring
of D, but the latter is an immediate consequence of Corollary 1.3.2.2. Now look at
x such that ¢(x) > 0, thus (P : 1) C (P : x) and consider zxz ! for some z € D*.
We calculate: (a,b) € (P : 1) (i.e. ab € P) implies (a,b) € P : x,axbh € P and
(az,z7'b) satisfies azz~'b = ab € P thus (az,z"'b)isin P : 1 hencein P : x,
consequently azxz"'h € P and P : zxz~! contains (a, b). This establishes P : 1 C
P : zxz7!, and therefore Op is invariant under inner automorphisms of D. Consider
X € Nuep+zDPz ' andleta, b € D* be such thatab € P. Fromx € bD¥ b1, sa

x = byb~! with y € D? we obtain: abyb™'b = aby € axb = abyb™'b € P.
Therefore we have P : 1 C P : x or N,e p+zDF 771 C Op. The converse inclusion
follows from the fact that Op € D¥.Indeed x € Op — D¥ would lead to the
existence of r,s € D? such that rxs € DY — P with rs € P, by the fact that
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(P, D?) is a localized prime of D. However rs € P yields (r,s) € P: 1 C P : x
and rxs & P then leads to a contradiction, so there is no x in Op — D, O

1.3.2.4 Lemma

If U stands for the group of units of Op, then we have the following exact sequence
of group morphisms:
1>U—>D*—D —0
¢

Proof If x € D* is such that ¢(x) = 0 then from x~'x = 1 it follows that
0 = ¢(x ') + 0, hence x~! € Kerg. Conversely if x € U then x,x~! € Op and
o(x) + <p~(x_l) = 0 with ¢(x), @(x™") > 0 hence if ¢(x) > 0 then in the partial
orderof D : 0 = ¢(x) + (x™!) > ¢(x) +0 > Oleadsto p(x) = p(x~!) =0. O

A localized prime (P, D) of D is called strict if from ¢(a), p(b) > cforc € D
it follows that ¢(a + b) > C. In particular when D is totally ordered then (P, D¥)
is strict as is easily seen.

1.3.2.5 Corollary

Let (P, D) be a strict localized prime in D. The ring Op is a local ring with
maximal ideal p = {x € D, p(x) > 0 or x = 0}.

Proof. Obviously p = Op —U.If x,y € p thenp(x + y) > Ohencex + y € p.
For x € pand z € Op we have ¢(zx) = ¢(2) + ¢(x) with ¢(x) > 0, ¢(z) > 0, thus
©(2) + ¢(x) = 0+ ¢(x) > 0 entails zx € p, similarly it is established that xz € P.
Therefore p is an ideal of Op and the statement follow. O

We do not know in general whether (p, Op) is a prime of D but we can
summarize its properties as follows.

1.3.2.6 Proposition

Let (P, D) be a strict localized prime in D. The ring Op is local and Op/p is a
skewfield. Every one sided ideal of Op is two-sided and Op = zO0pz ', p = xpz_1
for every z € D*. The set O = Op — {0} is a left and right Ore set of Op and so
Op has a skewfield of fractions D(P) obtained by inverting (left or right) the Ore
set OF.If (p, Op) is a prime of D(P) with domain Op, then Op is a valuation ring
of D(P) with value group I" in D obtained as the subgroup {v| —vo, —v3 + vy, with
vi > 0,v, > 0} being the subgroup generated by elements comparable to O in the
partial order of D.

Proof. From the fact that Op is local (Corollary 1.3.2.5.) it follows that Op/p is a
skewfield since U maps to invertible elements. From Proposition 1.3.2.3 it follows
that zOpz~! C Op hence in fact zZOpz~' = Op, because z7'Opz C Op. Since
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Op C D? wehave P N Op # Op hence as an ideal P N Op is contained in the
unique maximal ideal p. For any z € D*,zpz~! is an ideal of Op = zOpz~! and
so zpz~' C p.Hence zpz~' = p follows. If a € Op then Opa = (aOpa™")a =
a Op hence all onesided ideals of Op are twosided. Since Op is a domain we only
have to verify one condition for Op — {0} = S to be a left (similarly: right) Ore
set of Op: given A € Op,s € S there exist A’ € Op,s’ € S such that s’A = A's.
Take s’ = s and pick A’ € Op such that A’s = sA, this is possible because Ops =
sOp > sA. The skewfield of fractions D(P) is the left and right quotient ring of Op
with respect to the left and right Ore set S (see [63,72,76] and many papers about
localization theory). If we assume that (p, Op) is a prime in D(P) with domain
Op then if x € D(P) such that x~! & Op we have pxOpx~' C p because
xOp = Opx (write x = s 'afors € S,a € Op thens 'aOp = s~ 'Opa and
from sOp = Ops it follows that Ops™' = s7'Op, hence s~ 'aOp = s7'Opa =
Ops~'a). Since (p, Op) is a prime by assumption px C p follows from x~! ¢
p. In a completely symmetric way it follows that xp C p, hence x € P,. This
proves that Op is a total subring of D(P) and as it is invariant under all inner
automorphisms of D(P) it is a valuation ring by definition. The values of s~'a with
s € S,a € Op are —v(s) + v(a) with v(s) > 0,v(a) > 0, so the value group for
D(P) is the subgroup of D generated by the elements as claimed in the proposition.
It follows that this is a totally ordered subgroup of D. O

1.3.2.7 Remark

If in the foregoing proposition we only assume that (p, Op) is a prime of D(P) then
it does not follow that Op is the domain of definition of (p, Op). Let us say that p
is full if v(§) > —v(p), for some § € D(P) and all p € p, implies v(§) > 0. In case
p is full then the domain of (p, Op) is exactly Op. Indeed if A is the domain of
(p,Op),ie. A={6 € D(P),6p C pand pd C p},thenv(ép) = v(§) + v(p) > 0
forevery 6 € A and p € p. From v(§) > —v(p) for all p € p it then follows by the
assumption that v(§) > 0 or § € Op.

1.3.2.8 Lemma

Considera,b € D* thena € Opb if and only if p(a) > ¢(b).

Proof. If a = Ab with A € Op then ¢(a) = ¢(X) + ¢(b) > ¢(b). Conversely, if
@(a) > @(b) then p(ab™") > 0, hence ab™' € Op anda € Opbh. O

For any partially ordered group G we define positive filters of G to be the subsets
of positive elements such that if g is in it then every h € G, h > g, is also in it.
A positive filter is said to be pointed if it has a least element. If F; and F, are
positive filters in G then F 4 F; is the positive filter consisting of all f; + f, with
fi € F\, f» € Fo.Note thatif f > fi+ fathen f = f— fi+ fiwith f— fi > fo
hence f — fi € F; and thus f € F| + F,.
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1.3.2.9 Proposition

With notation as before assume D is totally ordered. "

Ideals of Op correspond bijective with the positive filters in D. Principal
ideals correspond to pointed filters. The multiplicative system of ideals of Op is
isomorphic to the additive system of positive filters in D. Since D is totally ordered,
the set of ideals of Op is totally ordered.

Proof. To I, an ideal of Op, we associate ¢(I) C D. As a consequence of
Lemma 1.3.2.8, ¢([) is a filter of positive elements. Conversely to a positive filter
F in D we associate J(F) = {a € Op,p(a) € F}; the properties of ¢ entail
that J (F) is an ideal of Op. Since ¢ is surjective, (J (F)) = F; we also have
J(@(I)) = I.1f I = Opa then ¢([) is the positive filter consisting of X € D
such that X > ¢(a), hence it has least element ¢(a). Conversely if F = {X €
5+,7 > Xo} for some fixed X, € 5+ then taking x, € Op such that ¢(x9) = X,
yields that every x € J(F) has ¢(x) > ¢(x,) hence x € Opux, and the ideal
J(F) is generated by x,. For ideals 7, J in Op we have ¢(IJ) = ¢(I) + ¢(J).
Indeed if z = Y'_,a;b; € IJ then ¢(z) > min{p(a;b;),i = 1,...,n}, say:
¢(z) = ¢(ai,) + ¢(b;,) for some i, € 1,...,n. This yields ¢(z) € () + o(J).
Conversely if h = ¢(a) + ¢(b) € (1) + ¢(J) witha € I,b € J, then we have
h = ¢(ab) € ¢(1J). Since D is totally ordered the set of positive filters is totally
ordered too and so is the set of ideals of Op in view of the bijective correspondence
established before. O

1.3.2.10 Remark

For a finitely generated ideal Opa; + ... + Opa, = I in Op it is true, that [ is
Rgincipal because we can select one of the ¢(a;),i = 1,...,n as a minimal one! If
D is not totally ordered, then this property fails.

Next we look at a totally ordered group I'. In the sequel we link value functions
onto I to valuation rings.

1.3.2.11 Definition

For a skewfield D, let U(D) = D — {0} be its multiplicative group. A surjective
map v : U(D) — T', where T is a totally ordered group, is called a I"-valuation of
D if v satisfies the following conditions:

(i) Fora,b € U(D), v(ab) = v(a) + v(b) (where we denote the operation in
I" by + even if it need not be an abelian group).
(ii) Fora,b € U(D),v(a + b) = min{v(a), v(b)}.

In case I' is abelian then v is called an abelian valuation. The set A = {d €
D,v(d) > 0} is a subring of D with P = {d € D,v(d) > 0} being an ideal
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of A (note that 0 denotes the neutral element of I"). The elements u € U(D) with
v(u) = 0 form an invariant subgroup of U(D) contained in A and in fact it is
exactly A — P. Therefore A is a local ring with unique maximal ideal P. Since v
is by definition surjective it defines an exact sequence of groups0 — A — P —

U(D) T —o, actually defining I' in terms of U(D).

1.3.2.12 Remark

If a,b € U(D) are such that v(a) # v(b) then we actually have v(a + b) =
min{v(a), v(b)}. Indeed if we assume v(a) > v(b) say then from v(a + b) >
min{v(a), v(b)} would lead to v(b) = v(a + b —a) > min{v(a + b),v(a)} > v(b),
a contradiction. Therefore v(a + b) = min{v(a), v(b)} follows. Observe that for
d € D,v(d™") = —v(d) in particular A is invariant under all inner automorphisms
of D.

Let us write A, for the subring of D corresponding to a valuation function v :
UD)—»T.

1.3.2.13 Proposition

With notation as before: A, is a valuation ring of D.

Proof. By definition A, is obviously a total subring of D. It is also obvious that A,
is invariant under inner automorphisms of D. O

We can add the converse to the foregoing proposition and arrive at the following
theorem (a version of Theorem 3 of [61]).

1.3.2.14 Theorem

The valuation rings of a skewfield D are exactly the A, corresponding to a valuation
function v.

Proof. In view of the foregoing proposition we only have to show that a valuation
ring A in D is of the form A, for some I"-valuation function v : U(D) — I'. Write
U for A — P and consider v : U(D) — U(D)/U, the canonical epimorphism.
Since U is invariant under inner automorphisms of D it follows that AU = UA
for every A € A and we have v(a) = aU = Ua in U(D)/U. For a,b € U(D)
either a='h or b~ 'a isin A, say a='b € A. Then ba™! € A too because ha™"
a(a™'b)a=". Definea > Bin ' = U(D)/U whenever a = v(a), B = v(b) such
that ab=! € P (then also b~'a € P). It is easy to verify that this makes I into a
totally ordered group and also verifies in a straightforward way that v is a valuation
function U(D) — T". That A is exactly A, is obvious. O
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Valuation rings of D can also be characterized via primes as in the following
proposition.

1.3.2.15 Proposition

The primes (P, D) of D with Da totally ordered group such that D is invariant
under inner automorphisms of D are exactly the valuation rings of D.

The proof is a modification of an argument in the proof of Proposition 1.3.2.6,
taking into account that (P, D*) is strict because Dis totally ordered.

Proof. If (P, D) defines a valuation ring A, = D’ then D” is by definition
invariant under inner automorphisms of D. Conversely, suppose D’ is invariant
and assume x € D such that x™' ¢ D?. From xDx~! c D? it follows that
PxD?x~!' c P and because (P, D”) is a prime of D it follows that Px C P.
Similarly, from x~'D?xP with x~' ¢ D it follows that xP C P.But xP C P
and Px C P meansx € D”. Thus D? is a total subring of D. Consequently, since
D7 is assumed to be invariant under inner automorphisms it follows that D” is a
valuation ring of D. O

Abelian valuations have better structural properties than general ones. An easy
characterization of abelian valuations is that A, contains U(D)’, the commutator
subgroup of U(D). As an example of the good behaviour of abelian valuations let
us mention Krasner’s theorem.

1.3.2.16 Proposition

Let D C E be skewfields and v an abelian valuation on D givenby A, C D, P, C
A,,. Then v extends to an abelian valuation w on E if and only if P,U(E)' is a
proper subset of A, U(E)’.

Proof. 1If ¢ is in U(E') and d € D then dc = (dcd™')d and the conjugate
of a commutator is again a commutator. It follows that A, U(E)" = U(E)'A,
and P,U(E) = U(E)'P,. Now we apply the extension Theorem 1.1.3 with
B =U(E)YA,and M = A, — P, (conditions (a),...,(e) are verified by definition
here) since P,U(E)’ is a proper subset of A,U(E)’. This leads to the existence of a
prime of E, (Py, EPI) say, such that U(E)'A, C E? and P, N D = P,. For any
x € E we have that xEP'x™! € E*' because for every A € E, xAx~'A7!is in
U(E) c EP'. Thus E®' is invariant under inner automorphisms of E therefore a
valuation ring in view of Proposition 1.3.2.15. O

A deeper understanding of the connections between the ideal theory of a
valuation ring in a skewfield and the group theory of the totally ordered value group
may result by restricting attention to prime ideals.

Let A, be a valuation ring of the skewfield D with corresponding valuation
function v : D* — T.If A is an isolated subgroup of I" we denote the sets of
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positive elements of I and A by I'; and A4 respectively. Then I'y — A is a filter
of I';indeedif y € '+ — A4 and § > y,say § # y hence § > y, then§ € 'y and
if§ € 'y — A4+ we musthave § € A4 and so y € AL because A is an isolated
subgroup, a contradiction, hence § € 't — A4 as desired.

1.3.2.17 Proposition

The nonzero prime ideals of A, correspond bijectively to the isolated subgroup of I"
and prime ideals invariant under inner automorphisms of D correspond to invariant
subgroups of T'.

Proof. First observe that prime ideals of A, are in fact completely prime. Indeed,
from Proposition 1.3.2.6 we retain that one-sided ideals of A, are two-sided hence
from ab € P for some prime ideal P of A, it follows that A,ab = aA,b C P
oraorb e A,.Put F =T4 — Aj then J(F) = {a € A,,v(a) € F} is an ideal
of A, (Proposition 1.3.2.9). If x,y & J(F) we have v(x),v(y) € A4 and then
v(xy) € A hence xy ¢ J(F), consequently J(F') is a prime ideal. Conversely,
look at the positive filter for some prime ideal P of A,, say F(P). It suffices to show
that 'y — F(P) is the positive part A4 of an isolated subgroup A of I". Suppose
we have 0 < y < § with§ € 'y — F(P). Then y € 't — F(P) too (because
otherwise y € F(P) yields § € F(P)). Now put Ay = I'y — F(P),A_ =
{—=y,y € A4} U {0}. Observe that for §,8 in A_ also § + & € A, because
8 =v(a),§ =v(d)fora,a’ € A, — P,hencev(aa’) = § + & andaa’ ¢ P.Itis
easily checked that the compositum of A} and A_, given by finite sums of elements
y+6,—y+8,—-8—y,—8+y,fory,d € Ay, isagroup A such that A is exactly
its positive part. Argumentation as just above establishes that A is isolated. It is
clear that invariant prime ideals correspond to isolated subgroups invariant under
conjugationin I'. O

1.3.2.18 Corollary

If T is abelian then every prime ideal of A, is invariant under inner automorphisms
of D.

1.3.2.19 Proposition

Every nonzero prime ideal p of A, defines a quotient ring of functions A, , C D
containing A, such that p is again a prime ideal in A, , such that A, ,/p is a
skewfield, hence p is the Jacobson radical of A, ,.

Proof. Since left ideals of A, are two-sided the multiplicative set S = A, — p is an
Ore set (left and right) so we have a localized domain S™' A, of left (right) fractions.
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Now write A, , = STIA,L A, C Ay, and pA, , # A, ), because p NS = @. By
general localization results pA, , is a maximal ideal of A, ,, say M = pA, ,. If
x € M — A,, then there are A, & € A, such that Axu € A, — pbut Axu € M
and Axpu € A, must imply Axu € p (otherwise M would contain a unit of A,), a
contradiction. Consequently M = p.

Fory € A,, — p,if y € A, theny € S and then y is a unitin A, ,. On the
other hand if y & A, then y~! € A, and thus again y is a unit in A,, p- Therefore
p is the unique maximal ideal of A, , (hence completely prime) and A, ,/p is a
skewfield. O

1.3.2.20 Corollary

In the situation of foregoing theorem, A, , is a total subring of D, in case p is an
invariant prime of A, then A, , is a valuation ring of D.

Proof. If x & A, , then xVeA, CA, p- If p is invariant then the localization of
A, at p is also invariant (in fact S = A, — p is also invariant), in combination with
the first statement A, , is then a valuation ring. O

Finally let us return to the notion of specialization as introduced before
Lemma 1.1.16 for arbitrary primes.

The situation p C A, C A, , with (p,A,) and (p, A, ,) being complete
primes of D yields that (p, A,) is a specialization of (p, A, ,) in the sense of
Lemma 1.1.16, denoted by (p, A, ) = (p,A,). It is clear that A,/p is a total
subring of A, ,/p = D(p), the residual skewfield for A, ,. In case p is invariant
in A, then A,/p is a valuation ring of D(p). The prime place A, — F(v) =
A,/ P,, where P, is the maximal ideal of A,, is called the place corresponding
to the valuation v, the prime place A, , — A, ,/p = D(p) is called the place
corresponding to p even if this is not a place of a valuation in general (unless p
is invariant). Now (P,/p, A,/ p) is the induced complete prime in D(p) and the
primeplace p, : A, , — D(p) may be composed with p, : A,/p — A,/P, =
F(v) to a morphism defined on p;l (Av/p) C A, Of course p;l (A,/ p) contains
the valuation ring A, and it is therefore again a total subring. We now obtain
Theorems 3 and 6 as in [61, p. 16, 17].

1.3.2.21 Theorem

1. With notation as above assume that p is invariant and let A C T be the invariant
isolated subgroup of I' corresponding to p. Then A, , defines a I'/ A-valued
valuation of D and A,/ p defines a A-valuation for D(p).

2. Let v be a I'-valuation of the skewfield D with residual skewfield D(v) and w
is a I';-valuation of D(v) with residual skewfield D(w). If the inverse image of
A, C D(v) in A, under p, : A, — D(v) is invariant then it defines a valuation,
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let us denote it by w.v, with value group I' having an isolated subgroup I'j with
I} = T, and such that:

0->Ty—>T—>T;—>0,ie. /T, =T

Proof. 1. The valuation vr, is defined by vr/a(a) = v(a)modA € I'/A. Observe

that '/ A is totally ordered (Proposition 1.3.1.2). This is obviously a valuation.
If vr/a(a) > O then either v(a) > 0 or v(a) = —6 for some § € Ay. In the
second case @ = b~! for some b with v(b) € Ay, then b € A, — p and thus
b~!' € A, ,; hence in both cases a € A, ,. Conversely if ad™! € A, , with
v(a) > 0,v(d) € A4 thenvr/a(ad™") = vr/a(a) = v(a)modA, therefore A, ,
is contained in the valuation ring of vr/a and thus equal to it. For X € D(p)
we define va (X) = v(x) where x is any representative for X (the definition of
va does not depend on the choice of representative). Clearly va(X) € A and all
elements of A are values of elements in D(p) because only elements of A, , — p
have values in A where (A, , — p)modp = D(p) — {0}. Standard verification
leads to the observation that v, is a valuation and its valuation ring in D(p) is

A,/ p.

. If p;'(A,) is invariant then it is a valuation ring because it is a total subring

(see remarks before the theorem) and the corresponding valuation is w.v. If T’
is the value group of w.v. then the isolated subgroup of I' corresponding to
p;1(0) = P, is order isomorphic to I'; and I'/ T, = I'y,where I'} is the copy of
I'; identified in I". O

Let ¢ be the value function for an arithmetical prime (P, R?) for any ring R. We
may consider for any y € I' = R in the value group (only assumed to be a partially
ordered group for now) F,R = {r € R,¢(r) > y}. We write the operation in I
additively and write O for its neutral element.

1.3.2.22 Lemma

With notations as above:

[ I S NOST \ R

6.

. Fory € T, F, R is an additive subgroup of R.

.Fory,6 e, F,RFsR C F,sR.

. The unit of R, say 1, isin FyR.

. UyerFyR = R.

. For the set of elements r € R such that ¢(r) > y forall y € I" we write FooR.

Then F R is an ideal of R.
If y > 6 in I then we have F),R C FsR.

Proof. 1. Take x,y € F, R for acertain y € I', then ¢(x), ¢(y) > v, thus ¢(x +

¥) > y (see Corollary 1.3.2.2.(ii) and the remarks following it), hence x + y €
F,R.

. Takex € F, R,y € FsRthenp(xy) = ¢(x)+¢(y) > y+4,thenxy € F,sR,

soif >'_, x;y; € F, RFsR then we obtain ¢(}_"_, x;y;) > y + & because each
@(xiy;) >y +8andthus Y i, x;y; € F,4sR.
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(O8]

. Obvious from ¢(1) = 0.

. Clear because ¢ is surjective.

5. It is clear that Fo R is an additive subgroup of R. Take r € R,x € FyR,
since r € F),R for some y € I', we have rx € F,sR forall § € I" and since
y + T' = T, because I is a group as (P, R") is arithmetical, it follows that
rx € FooR. In a similar way xr € FoR and consequently Fio R is an ideal
of R.

6. Obvious. O

N

1.3.2.23 Definition

For a partially ordered group I" and aring A, a " -filtration of A is obtained from an
ascending chain of additive subgroups f, A,y € I',i.e.if § < y then fs4 C f, A,
such that f, Af;A C fy4-Afory,v € I'and 1 € fyA. We say that the I'-filtration
fA is exhaustive if U,cr f, A = A.

1.3.2.24 Corollary

The value function of an arithmetical prime (P, R”) of R defines an exhaustive
I-filtration f, R = F, R, with respect to the opposite partial order of I" in the
indexes.

1.3.2.25 Remark

For an arithmetical prime (P, R”) of R we have a subring Op of R given as
Op = FyR (with notation as above). Just like in Proposition 1.3.2.3. it follows
that Op is invariant under inner automorphisms of R but it need not be equal to
Ueu(r)zRY 271, where U(R) is the group of units of R!

The restriction of ¢ : R* = R — {0} — R to U(R), say ¢|U(R) : U(R) — R
has image a partially ordered subgroup I' of R (this works for any separated prime
of R, it need not be arithmetical) and we obtain an exact sequence of groups:

1 - UOp) — U(R)i>l" —> 0 (this may be checked along the lines of
Lemma 1.3.2.4. This extends the notion of a valuation function to value functions
of arbitrary separated primes, but it is only defined on U(R) which is different from
R* in general if R is not a skewfield.

The relation between FyR and R” is not too clear in general, even in the case of
a skewfield R = D we obtain FyD = Op and from Proposition 1.3.2.3 it is clear
that the relation between Op and D may be traceable sometimes but it need not
be as strict as one might hope for in an optimistic mood.

On the other hand, the theory of filtered rings and algebras is well developed,
see [40] for example; therefore it is plausible to start from the idea that suitable
filtrations on R forcing convenient relations between R and Fy R are natural replace-
ments for value functions or valuations. In the remainder of this section we merely
introduce some basic facts postponing full detail on filtration methods to Sect. 1.7.
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For a ring A with [-filtration fA we may view the filtration on a basis of
neighbourhoods of o that allows us to view A4 as a topological ring. From this point
of view f_ooA = NyerfyA # 0 would obstruct the Hausdorf property, hence
we are interested in a condition that would correspond to the separation conditions
(like Hausdorf, 73, ...). In case ¢ derives from a value function there is a special
property of the filtration stemming just from the fact that ¢ is (well-) defined, that
is: forevery x € A thereisaunique y € I' (infact ¢(x) = y) suchthat x € F), A but
forevery y’ > y wehave x ¢ F,sA. Indeed, x € F)» A would mean ¢(x) >y’ > vy,
contradiction. Uniqueness of y follows from: x € FsA means ¢(x) > § hence either
y =¢(x)=08and FyA = FsAor¢(x) > §and x € F,A C FsA and FsA does
not have the minimality property.

1.3.2.26 Definition

A T'filtration of A as above is said to be separated if for every x € A there exists
a (unique) y € T such that x € f, A but for every y’ < y we have x ¢ f,/A.
Obviously this is a version of the property of F'A as above but taking into account
that then f, A = F, A, passing to the opposite partial order on I'.

When T is a totally ordered subgroup of the additive group Rﬁthen a more
intrinsic characterization of separatedness is available.

1.3.2.27 Proposition

LetI' C Rﬁ be totally ordered and fA a ['-filtration of a ring A. The following
statements are equivalent to one another:

(i) The filtration fA is separated.
(ii) Iffor y € T we have that y = inf{r € I, t € J}, for some family 7, then
JyA = Nieg fr A, in particular we demand: Nyer f, A = 0.

Proof. () = (ii) Suppose y = inf{r € J C I'} and put B = N.c7 f: A. Suppose
x € B — f, A. Separatedness of fA entails that there is an element § € I" such
that x € fsA — fy A, forall § < §. Since x ¢ f, A we cannot have § < y thus
8 > y because I’ is totally ordered. Since y = inf{r € J} there is some t € J
such that § > t > y. From t € J it follows that x € f;A but from § > t
it follows that x ¢ f;A, a contradiction. Consequently B = f, A. The second
statement is easy (and very similar).

(i) = (i) Considerany x € Aandput J, = {y € I', x € f, A}. Put§, = inf{J,},
then f5, A = N, ey, f contains x, i.e.§, € J, is the least element of J. O

For a separated filtration fA it is possible to define the principal symbol map,
0:A— T, x> 8, where§, is such that x € f5 Abutx & fyr A when §’ < §,.

In case fA derives from a value function ¢ of an arithmetical prime (P, A”) of
A then o and ¢ coincide. Indeed if a # 0 in A then ¢(a) = P : ain T = A
and clearly a € fyuA.Ifa € f,A with y < ¢(a) in the opposite ordering of T",
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iie.a € FyA C Fyq)A then ¢(a) > y in the original ordering hence ¢(a) < y
in the opposite ordering, or ¢(a) = y follows. Thus o(a) = ¢(a). If x € A* is
in all F) A then ¢(x) > y for every y € I" hence I' has a maximal element ¢(x);
but ¢(x) + ¢(x) > @(x) in the partial ordered group I' if ¢(x) > 0 in I". On the
other hand if ¢(x) < 0 then —¢(x) > 0 and —¢(x) = ¢(y) for some y € A*
by definition of ¢ (surjective!). Thus unless ¢(x) = 0 for all x € A* there is no
maximal element in I'. However for p € P we have that ¢(p) = P : p contains
all (x,y) with x,y € A", then ¢(P) = O leads to xy € P forall x,y € A"
and thus 1 € P, a contradiction. In conclusion, the filtrations fA stemming from
an arithmetical prime (in particular separated) is a separated filtration! Note that in
general, the principal symbol map o is not necessarily multiplicative: more about
filtrations in Sect. 1.7.

1.4 Dubrovin Valuations

In this section Q is a simple Artinian ring, hence a matrix ring over a skewfield. A
pair (M, R) defines a Dubrovin valuation ring R of Q if the following properties
hold:

DV.1  Thering R/M is a simple Artinian ring.
DV.2  Forany ¢ € Q — R there exists r,7’ € R such that we obtain rg, gr’ €
R—M.

1.4.1 Lemma

If R is a Dubrovin valuation ring of Q then (M, R) is a localized prime of Q.

Proof. Look at a,b € Q such that aRb C M and suppose that b ¢ M. If both a
and b are not in R take r, s such that ra,bs € R — M ; then raRbs C rMs C M
yields a contradiction because M is prime. henceif a & R then b € R, select r such
that ra € R — M, again raRb C M entailsh € M.Incasea € R and b ¢ R then
select s such that bs € R — M and if follows that aRbs C M yieldsa € M; the
case where both a,b € R is clear. So we have established that (R, M) is a prime.
In order to check the localized property look at ¢ € QO — R and we have to find
x,y € R — {0} such that xgy € R — M, but this is clear because we may take
(x,y) = (r,1) or (1,7") with r and r’ as in DV.2. O

1.4.2 Lemma

If R is a Dubrovin valuation ring then M is the Jacobson radical of R i.e. M =
J(R), in particular M is the unique maximal ideal of R.
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Proof. 1t suffices to prove that forallm € M,1+m € U(R). If 1 +m)x =0

for some x € Q then either x € R and x = —mx or x ¢ R but then there is a
b € R such that xb € R — M and xb = —muxb is then a contradiction. Hence
we only have to deal with the first case x € R and x = —mx € R. Since Q is

simple Io(1 + m)ro(1 + m) = Oorelse 1 € lo(1 + m)ro(l + m), where for
any r € R [g(a)(rg(a)) is a left (right) annihilator of @ in Q. In the latter case
1 =% xy withx;(1 +m) =0,(1+m)y; =0,thus: 0 = > x;(1 + m)y; =
1+, x;my;. The foregoing entails that both /o (1+m) and r (1+m) are contained
in R, thus ), x;my; € M cannot be equal to —1. Thus we only have to consider
the case where /(1 + m)ro(1 + m) = 0. Since Q is Artinian hence Noetherian,
the ascending chain: /o (1 +m) C lo((1 +m)?) C ... Clo((1 +m)") C ... must
terminate, say at 2. Since (14+m)" = 14+m’ with m’ € M we may assume from the
start that /o (1 +m) = lp((1 +m)?) = ... because from [y (1 +m’) = 0 it follows
that /o (1 +m) = 0. In Q we write Q(1 4+ m) = Qe for some idempotent element
eof Q. Then: ro(14+m) =ro(Q(1+m)) = (1—e)Q andalso lp(ro(1+m)) =
Qe = Q(1 + m). From lo(1 + m)ro(1 + m) = 0 it follows that /o (1 + m) C
lo(ro(14+m)), hence any x € [p(1+m) necessarily has the form x = g(1+m) for
a suitable g € Q in view of the above deduction. Then from g(1 4+ m)(1 +m) = 0,
orq € lo((1 +m)?) = lop(1 + m) it follows that x = 0, thus we have established
lo(1 +m) = 0. Since a (left) regular element in Q is invertible in Q it follows that
(14m)~" € Q. Suppose (14+m)~" & R, thenalso (1+m)~'—1 ¢ R so there exists
y € Rsuchthat (14+m)~'—1)y € R—M . We calculate: (14+m)((14+m)~'—1)y =
—my and also, ((14+m)~'=1)y = —my—m((14+m)~'—1)y € M, a contradiction
and (1 + m)~" € R leads to the conclusion. O

Denote R = R/M,m : R — R being the canonical ring epimorphism. For any
simple Artinian ring A any finitely generated A-module is completely reducible i.e.
a finite direct sum of simple A-modules. For a finitely generated A-module M we
have M = S,®...®S,; where S;,i = 1,...,d, are simple A-modules; the number
d = d4 (M) depends only on M and not on the chosen decomposition of M into
simple components. In case d4(M) < d4(A) then M is a cyclic A-module; on the
other hand if d4(M) > d4(A)then M =~ A & N with d4(N) = d4(M) — d4(A).
These basic facts about finitely generated modules over simple Artinian rings may
be applied to the study of Dubrovin valuation rings.

1.4.3 Lemma

Let R be a Dubrovin valuation ring of Q and N a finitely generated R-submodule
of O, then N is a cyclic R-module.

Proof. First we establish dx(N/J(R)N) < dz(R). Suppose the opposite, then
N = N/J(R)N decomposes as R @ T and so we may select a,b € N
such that Ra + J(R)N/J(R)N =~ R and (Ra + Rb + J(R)N)/J(R)N =
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(Ra + J(R)N)/J(R)N & (Rb + J(R)N)/J(R)N with b ¢ J(R)N. Since
Ra N J(R)N D J(R)a and we have that Ra/(Ra N J(R)N) = (Ra +
J(R)N)/J(R)N = Ritfollowsthat Ra N J(R)N = J(R)a,hence Ra/J(R)a =
R and thus [g(a) C J(R).Forg € Q,RgNR C J(R) entailsq € Rand g € J(R)
(note thatif ¢ ¢ R,rq € R — J(R) for some r € R with rqg € Rg N R). Therefore
[r(a) C J(R) entails [p(a) C J(R). Then [p(a) = 0 because otherwise this left
ideal of Q contains an idempotent e but then e(1 — e) = 0, with 1 — e being a
unit in R since e € J(R), yields e = 0. The latter means that @ is unit in Q. Now
Ra N J(R)N = J(R)a yields RN J(R)Na™' = J(R)ie. RN Rx C J(R)
for every x € J(R)Na~', leading to x € J(R) hence J(R)Na™' C J(R)
or J(R)N C J(R)a. Thus J(R)N = J(R)a. By the choice of a,b we have
RanN Rb C J(R)N = J(R)a, therefore R N Rba~' C J(R) with ba™! € Q.
Again the latter means ba~! € J(R) and b € J(R)a = J(R)N, a contradiction.
Hence dz(N/J(R)N) < d%(R) or N/J(R)N is a cyclic R-module as R is simple
Artinian. Since N is finitely generated we may apply the Nakayama lemma and
conclude that N is cyclic too. O

1.4.4 Proposition

Let R be a Dubrovin valuation ring of Q. Then:

1. R is an order of Q.
2. Finitely generated left (right) ideals of R are principal.
3. R is a prime Goldie ring.

Proof. 1. Let us check that R is a right order in Q, the left symmetric statement is
easily checked in a similar way (using the right module version of Lemma 1.4.3).
Forg € O, R+ Rq = Rs for some s € Q. In particular 1 = rs for some
r € Rand g = ts for some ¢ € R. It follows that ¢ = tr~! with¢ € R and r
regular in R. Conversely if r regular in R and gr = 0 for some ¢ € Q — R, then
there is an r’ € R such that r'q € R — J(R) and r’qr = 0; the latter contradicts
[r(r) = 0. Hence [g(r) = O entails /o (r) = 0 or r is invertible in Q since Q is
simple Artinian.
2. Follows from Lemma 1.4.3.
3. It is a well-known result that prime Goldie rings are exactly orders in simple
Artinian rings, cf. [47]. |

1.4.5 Definition

A subring R of S is called an n-chain ring of S on the left if for any n 4 1 elements
50, ...,8, of S there is an i such thats; € Zﬁéi Rs;. A right n-chain ring of S is
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defined similarly and R is said to be an n-chain ring of S if it is an n-chain ring of
S on the left and on the right.

If R C T C S and R is an n-chain ring of S, then it is obvious that R is an
n-chain ring of T and T is an n-chain ring of S. Also if an ideal / of S is contained
in R and R is a (left) n-chain ring of S, then R/ is a (left) n-chain ring of S/1.

1.4.6 Lemma

Let R be semisimple, i.e. J(R) = 0. Then R is (right) Artinian if and only if R is a
(right) n-chain ring for some #.

Proof. If R is a right n-chain ring in some n, then for every ao, ...,a, € R some
a; mustbein ) j#i Raj. Theleft Artinian property of R will follow if we establish
that a finite intersection of maximal left ideals of R is zero. Consider the descending
chain:

ROM\ DM NM,D>...OoOMN...NMgD...

where each M; is a maximal left ideal of R. We have
R/Min..NMy;=(R/M))&...H (R/My)

with each R/ M asimple left R-module. Selectay, ..., a, € R, preimages of some
nonzero elements @y, ...,ds in R/ My, ..., R/ M, respectively. Clearly, no a; can
be in the left ideal generated by the others. The remark starting the proof then learns
that M; N ... N M, = 0. Conversely look at a semisimple Artinian ring R and put
n = d(R). For any ay, ..., a, € R, different elements of R, the chain of left ideals:
Ray C Rap+ Ra; C ... C Rag + ...+ Ra, has length at most 7, thus there is an
i such that Rag+ ...+ Ra; = Ray+ ...+ Ra;;1,hencea; 1 € le=0 Raj. O

Anorder R in Q is called a left Bezout order if any finitely generated left ideal is
principal. A right Bezout order in Q is defined similarly and R is called Bezout if
it is left and right Bezout. R is called left semi-hereditary if any finitely generated
left ideal is projective. A right semi-hereditary order in Q is defined similarly and
R is said to be semi-hereditary if it is left and right semi-hereditary. O

1.4.7 Theorem

For a subring R of a simple Artinian ring Q, the following are equivalent:

1. R is a Dubrovin valuation ring of Q.

2. R is alocal Bezout order in Q.

3. R is alocal semi-hereditary order in Q.

4. R is a local n-chain ring in Q for some n with n = d(R), where R = R/J(R).
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Proof. 1. = 2. Follows from Lemma 1.4.2 and Proposition 1.4.4.

2. = 3. This is a special case.

3. = 2. Let I be a finitely generated left ideal of a local semi-hereditary order

R. If I is essential, then / is generated by regular elements (cf. [47]). If [ is
not essential, then there are by,--- ,b, € R such that I @ Y Rb; is essential.
If we could prove that this left ideal is principal, say I @ Y Rb; = Rc and
¢ = x4+ Y rb; forsome x € [ and r; € R, then I = Rx. Thus we may
assume that / is generated by regular elements. Moreover we may assume that /
is generated by two regular elements a, b € I.
Letwr : R® R — I = Ra + Rb be an epimorphism of left R-modules such
that (r, s) = ra — sb, where r, s € R. Since [ is projective, we have R @ R =
M & N, where M =~ [ and N = Ker m = {(r,s) : ra = sbh}. It is clear
that either dz(M/J(R)M) < d(R) or dx(N/J(R)N) < d(R) holds. If the first
holds, then M is cyclic and we are done. If the second holds, then N is cyclic
with generator x. Furthermore, by the Ore condition,we have ra = sb for some
r,s € R with r regular, that is (r,s) € N. Thus the left annihilator of x is zero
and N = R follows. Therefore d(M/J(R)M) = 2d(R) — d(R) = d(R) and
M is cyclic.

1. = 4.Letn = d(R) and for qo, -+ ,q, € Q, Rq; + --- + Rg, = Rx for some
x € Q. Since d(Rx/J(R)x) < n it follows that for some i

Zqu + J(R)x = Rx.
J#i

By Nakayama’s lemma ¢q; € Rx = Zj +; Rqj and R is a left n-chain ring of Q
and it is a right n-chain ring of Q by a left-right version of the argument.

4. = 1. By Lemma 1.4.6, R is simple Artinian. Let e;,--- ,e, € R be selected
preimages of the primitive orthogonal idempotents of R, i.e. n = d(R). For
¢ € O — R we have either: Rg mod (J(R)) C Y_ Re; mod (J(R)) or Re; mod
(J(R)) C (Rq + Zﬁé, Rej) mod (J(R)) for some i. Since g € Q — R the first
possibility cannot happen and so e; = rq + Zj 4 rjej +awithr,r; € Rand
a € J(R).

Thusrg = e; —Zj 2 rjej—a € R—J(R). Inasimilar way by aright version
of the argument, one establishes that there is an 7’ € R such thatgr’ € R—J(R).
O

Anideal P of R is called a Goldie prime ideal if R/ P is a prime Goldie ring, i.e.
R/ P has the classical quotient ring which is a simple Artinian ring. We denote by
C(P) ={c € R:cisregularmod P}.
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1.4.8 Corollary

In the situation of the theorem, let P be a Goldie prime ideal of a Dubrovin valuation
ring R. Then R/ P is a Dubrovin valuation ring of its quotient ring Q(R/P).

Proof. Since J(R/P) = J(R)/P, (R/P)/J(R/P) = R, simple Artinian and
R/ P is a Bezout order in Q(R/P), hence R/P is a Dubrovin valuation ring of
O(R/P). O

1.4.9 Theorem

Let R be a Dubrovin valuation ring of a simple Artinianring Q andlet R C S C Q
be an overring of R. Then the following hold:

1. The ring R/J(S) is a Dubrovin valuation ring of the simple Artinian § =
S/J(S).

2. S is a Dubrovin valuation ring of Q and J() is a Goldie prime ideal of R.

3. Cr(J(S))isan Ore setof R and S = Rys).

Proof. Observe that J(S) C J(R) follows from J(S) N R C J(R). Since S is an
n-chain ring with n = d(R), S is also an n-chain ring of Q. Then S is Artinian by
Lemma 1.4.6.If I is a proper ideal of S then / C J(R)and 1+ 1 C U(R) C U(S)
then yields I C J(S), hence S is local and S/J(S) is a simple Artinian ring.

1. Since d(R/J(S)/J(R)/J(S)) = d(R/J(R)) = d(R) = n it follows that
R/J(S) is a local n-chain ring with n = d(R), thus R/J(S) is a Dubrovin
valuation ring of S.

2. Forq e Q —Sthereisanr € R,rqg € R— J(R) C S — J(S), similar there is
anr’ € R such that gr’ € S — J(S) hence S is a Dubrovin valuation ring. From
(1), R/J(S) is a prime Goldie ring, hence J(S) is a prime ideal of R.

3. Pick ¢ € Cg(J(S)) = C then ¢ maps to a regular element of R/J(S) hence
to a unit of S/J(S) because of (1). Thus ¢ is a unit of S and cJ(S) = J(S).
Consider r € R, then there are ¢’ € C,r’ € R such that cr’ — r¢’ = s for some
s € J(S) = ¢J(S). Hence cr’ — r¢’ = ¢z for some z € J(S) and thus r¢’ =
¢(r’ — x); thus C satisfies the right Ore condition, the left Ore condition follows
in a similar way. Since C C U(S), every element of C is regular and R ;(s) C S.
Then R s/ J(S)Rys) = O(R/J(S)) = §/J(S), the latter following from (1).
For any x € S there exists an r € Ry(s) such that x —r € J(S)Rys) C Rys),
hence x € Ry(s) and § = R (s) follows. O

We now check that any Goldie prime P of a Dubrovin valuation ring R of Q
corresponds to an overring R C S C O, § = Rp, this follows from the following
lemma and proposition.
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1.4.10 Lemma

Let R be a Dubrovin valuation ring of Q then for regular elements x, y € R the left
(right) ideal Rx N Ry (resp. xR N yR) is principal.

Proof. Let x,y € R be regular then there are r,s € R with r regular such that
xs = yr (Q = Q(R)!). We have xR + yR = zR for some z € R, then z is regular
and x = zxp, ¥y = zYo for some xg, yo € R. Moreover z = xu + yv for some
u,v € R, thus 1 = xou + ygv. Pick w € xR N yR, then w = xw; = yw, for some
w1, wy € R. Thus we obtain

w = zxow1 = zZ(Xou + YoV)XoWw1 = ZXoUXoW] + ZYoVXoW1

= XUxowi + YvxXowi = XuYowa + YVXoWwj.

The last equality follows from xow; = yow, since xw; = yw, with x = zxo,
y = zYo and z is regular. It follows that xR N yR C xuyoR + yvxoR. However
xuyyo = (z—yv)yo =y — yvyo = y(1 —vyp) is in xR N yR; similarly yvxy €
XR N yR Thus we obtain that xR N yR = xuyoR + yvxo R is finitely generated and
then it is principal. O

1.4.11 Proposition

Let R be a Dubrovin valuation ring of Q. Let P be a Goldie prime ideal of R then
C(P) is an Ore set of R and Rp is a Dubrovin valuation ring with J(Rp) = PRp.

We postpone the proof till after the following reduction of Dubrovin valuations to
Dubrovin valuations in skewfields.

1.4.12 Lemma

Let R be a Dubrovin valuation ring of M,,(A), A a skewfield. Then there exists a
subring S of A and ¢ € U(M,,(A)) such that gRg™' = M, (S).

Proof. Let {e;;} be a complete set of matrix units for M, (A). There is a regular
a € R suchthat e;ja € R fori,j = 1,---,n. Consider {a'e;;a} = X. Clearly
aX C R and X is also a complete set of matrix units for M, (A). Since aXR is
finitely generated there exists a regular b € R such that aXR = bR, i.e. XR =
a”'bR. Since XR D R, the foregoing entails a~'AR O R and b~'aR C R or
b™'a € RPutA =1{r € RrX C R} =1{r € Rira'h € R} = Rb"'a
From AX = A it follows that Rb—'aX = Rb'a, thus Rb~'aXa~'b = R. Since
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(b~'e;;b) is a complete set of matrix units of R there exists a subring S of A such
that DR~ = M, (S). O

1.4.13 Lemma

Let R be a Dubrovin valuation ring of Q = M, (A), A a skewfield.

1. M,,(R) is a Dubrovin valuation ring of M,,(Q) for any m € N.

2. Let e be an idempotent of R, then eRe is a Dubrovin valuation ring of e Qe.

3. There exists a Dubrovin valuation ring S of A such that R = ¢~ ' M, (S)q for
some g € Q.

Proof. (1) and (2) are easy enough.

3. There is a subring S of A such that gRg~" = M, (S) in view of Lemma 1.4.12.
Clearly qRq_1 is a Dubrovin valuation ring of @, say R;. Then S = e; Rje;; is
a Dubrovin valuation ring of A in view of (2). |

1.4.14 Corollary

The property of being a Dubrovin valuation ring is Morita invariant.

1.4.15 Lemma

Let R be a Dubrovin valuation ring of Q and P a Goldie prime ideal of R. Then for
regular elements r,s € R with s € C(P), there exists r’, s’ € R, with s’ € C(P),
such that rs’ = sr'.

Proof. We have: rR + sR = dR for some d € R, hence r = du,s = dv, where
u,vare regular and uR + vR = R. Write X € R/ P for the canonical image x € R.
Froms = dv it follows that v is regularin R/ P, hence v € C(P). By Lemma 1.4.10:
uR NvR = uxR for some x € R, thus for some y € R, ux = vy. Therefore rx =
dux = dvy = sy. It is enough to prove that x € C(P) then put s’ = x,r" = y.
From uR 4+ vR = R we obtain:

R/vR = (uR 4+ VvR)/vR =2 uR/(uR NVR) = uR/uxRk.
Since u is regular in R it follows that R/vR = R/xR.Letw : R/vR — R/xR be

the latter isomorphism. There exist a,b € R such that 7(a + vR) = 1 + xR and
(1l +vR) = b + xR. Since R/P is a Goldie ring, ae = v f for some e, f € R
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with e regularin R/P.Put p =ae —vf € P, thenn(p +vR) = n(l + vR)p =
(b 4+ xR)p = bp + xR. Also we obtain:

w(p +vR) =n(ae +vR) = nw(a + vR)e = ¢ + xR.

Consequently bp = e — xc for some ¢ € R, hence x € C(P). O

Proof of Proposition 1.4.11

We write Q = M, (A) and we may assume that R = M, (S) for some Dubrovin
valuation ring S of A, P = M, (p) for some prime ideal p of S. In view of the
foregoing lemma Cg(p) is an Ore set of S. Then S, is an overring of S in A hence
a Dubrovin valuation ring of A and J(S,) = p. In view of Lemma 1.4.13 we have
that M, (S,) is a Dubrovin valuation ring of Q containing R and J(M,(S,)) =
M, (p) = P. As a consequence of Theorem 1.4.9(3) it follows that C(P) is an Ore
set and M, (S,) = Rp. O

1.4.16 Corollary

There is a one-to-one correspondence between the set of all Goldie prime ideals of
R and the set of all overrings of R, which is given by P — Rp and S — J(S),
where P is a Goldie prime ideal of R and S is an overring of R. Moreover if P and
P’ are Goldie prime with P 2 P’, then Rpr 2 Rp.

1.4.17 Proposition

Let S be a Dubrovin valuation ring of Q and let R be a Dubrovin valuation ring of
S =S8/J(S). Then R = {r € S,r+ J(S) € R} is a Dubrovin valuation ring of Q.

Proof. Let M = {m € R,m+ J(S) € J(ﬁ)}. M is an ideal of R such that R/ M
is simple Artinian. Let ¢ € Q — R. First suppose ¢ € S. There are r and r' € R
such that gr + J(S) and r'qg + J(S) € R — J(R). Hence qr and r'g e R—M.
Suppose g ¢ S. Then I = J(S)g NS ¢ J(S) the image I of I in S contains a
non-zero idempotent. If / C M, then I C J(R), a contradiction. Thus I ¢ M
and there is s € J(S) C R such that sg € S — M. Hence xsq € R — M for some
x € R. Similarly gr € R — M for some r € R. Hence R is a Dubrovin valuation
ring of Q. O
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1.5 Ideal Theory of Dubrovin Valuation Rings

In this section we study ideal theory of Dubrovin valuation rings R. We first show
that the set of R-ideals is linearly ordered by inclusions. We define the prime
segments to study prime ideals and primary ideals. As an application we show that
any ideal is a product of a primary ideal and a stabilizing element under a mild
condition.

1.5.1 Lemma

Let R be a Dubrovin valuation ring of Q with R # Q and X a left R-submodule
of Q.If X contains a regular element, then any element of X is sum of two regular
elements. In particular this holds for X = R.

Proof. By assumption we have R # Q thus J(R) # 0 because R/J(R) simple
Artinian. Hence J(R) contains a regular element (an ideal of a prime Goldie ring),
zsay. Let x € X be a regular element then for any y € X thereis ac € U(Q) such
that: R(y —x) + Rzx = Rc, being contained in X .

Now (see claim) Rc = R(y —x + rzx) forsomer € R, and y —x —rzx is
regular as ¢ € U(Q). Then it follows that y = (y — x + rzx) + (1 — rz)x is a sum
of two regular elements. O

Proof of Claim

If X + Ra = Rb for some a,b € Q then there is an x € X such that R(x + a) =
Rb. There are two cases to consider:

1. There is a regular element in Rb.
2. There is no regular element in Rb.

1. If Rb contains a regular element then b is regular and Xb6~' + Rab™' = R.
Then there exists x € X such that xb™! + ab~! = u unitin R (a general fact for
(semi-)local rings [41, Lemma 6.1]). Hence R(x + a) = Rub = Rb.

2. Then Qb & Qc = Q for some ¢ € Q hence Rb & Rc contains a regular
element and Rb @ Rc = Rd for some regular element d € Q. We then arrive
at: X+ Ra+Rc = Rb+Rc = Rd = R(x+rc+a) forsomex € X andr € R
by the part (1). Therefore: b = y(x +rc +a) = y(x +a) + yrc = y(x + a),
some y € R, because Rb N Rc¢ = 0. This leads to Rb = R(x + a) and finishes
the proof of the claim. O
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1.5.2 Lemma

Let R be a Dubrovin valuation ring of Q and let X, C X be left R-submodules of
O such that

1. X, contains a regular element in Q.
2. 8 = 0,(X2) =1{q € O, X2g C X} is right Bezout.

Then either X; = X, or J(R)x; D X, for some regular x; € Xj.

Proof. Let x; € X, be regular. Then R N Xox7!' + J(R) = Re + J(R) for some
e € R.If e € J(R), then R N Xox;' C J(R), which implies Xox;! C J(R)
and X, C J(R)x; follows. In the case where e ¢ J(R) for any regular x; € Xj,
choose x; € X; such a way that d(Re + J(R)/J(R)) is minimal. Let x, € X,
be any regular. There is a regular x € X, such that x; S 4+ x,§ = xS and hence
(S:x8) =8x71C Sx7' N Sx;!'. Consequently RN Xox™! = RN X,Sx™! C
RN szl_l N Xsz_ The choice of x; yields (RN Xpx™ 1) + J(R) RN Xle_
J(R) = Re + J(R). Thuse € RN Xox~!' + J(R) C RN Xpx5' + J(R) for any
regular x, € X;. Let r € R be any regular. Then rx; € X is also regular and we
obtain:

er € (RN Xox;'r™' 4+ J(R))r C RN Xoxi' 4 J(R)
CRﬂXzX +J(R)CX2X + J(R)

Hence from Lemma 1.5.1, we have eR C X,x;! + J(R). Since ¢ ¢ J(R),
R = ReR C Xox5' 4+ J(R), hence x; € Rxy C X + J(R)xa, i.e. x2 = x' + 2x2
for some x” € X5,z € J(R). Consequently x, = (1—z)~!x’. Since x; is any regular
element of X, X = X, follows. O

Let R be an order in Q. A left R-submodule / of Q is said to be a (fractional)
left R-ideal if / NU(Q) # ¥ and Ia C R for some a € U(Q). In a similar fashion
(fractional) right R-ideals and (fractional two-sided) R-ideals are defined. If [ is
both a left R-ideal and a right S-ideal for some order S in Q then [ is called an
(R, S)-ideal.

1.5.3 Proposition

Let R be a Dubrovin valuation ring of Q and S be a Bezout order in Q.

1. The set of left R and right S-ideals of Q is linearly ordered by inclusion.
In particular, the set of R-ideals is linearly ordered by inclusion.
2. Let I be an (R, R)-bimodule in Q with I # Q. Then [ is an R-ideal.
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Proof. 1. Let X; and X, be left R and right S-ideals of Q and X = X; N X,.
If X = X, then X; C X>. So we may assume that X & X. Then, by Lemma
1.5.2, J(R)x; D X forsomeregular x; € X;. Thus X,NRx; C XoNX; =X C
J(R)x; and Xox7! C J(R), which implies X>x;' C R.Hence X, C Rx; C X,
follows.

2. I contains a regular element in Q since I N R is a non-zero ideal of R. Applying
Lemma 1.52to I = X, and Q = X, we have J(R)a D I for some regular
a € Q.Hence R D J(R) D Ia™!, showing [ is a left R-ideal. Similarly / is a
right R-ideal. O

For any R-ideal A, define O;(A) = {g € O,qA C A} called a left order of A4,
0,(A) = {q € Q,Aq C A}, aright order of A and A™! = {g € Q, AqA C A},
the inverse of A.

1.5.4 Lemma

Let R be a Dubrovin valuation ring of Q.

1. 0,(J(R)) = R = 0,(J(R)) and either J(R) = aR = Ra or J(R) = J(R)>.
2. If J(R) = J(R)? then J(R)™" = R.

Proof. 1. Suppose R & O;(J(R)). Then R C J(R)c for some ¢ € O;(J(R))
and ¢c™' € J(R). Thus 1 = cc™! € O;(J(R))J(R) = J(R), a contradiction.
Hence O;(J(R)) = R and similarly O,(J(R)) = R. Suppose J(R) 2 J(R)>.
Then there is an a € J(R) with J(R)?> € J(R)a, which implies J(R)a™' C
0,(J(R)) = Rand J(R) C Ra.Hence J(R) = Ra. R = 0,(J(R)) = a~'Ra
entails J(R) = Ra = aR.

2. Since J(R)J(R)"'J(R) C J(R), we have J(R)J(R)™" C 0;(J(R)) = R and
J(R)J(R)™"' C J(R), because J(R) = J(R)>. Thus J(R)™' C R and hence
J(R)™' = R. o

1.5.5 Corollary

Let P be a Goldie prime ideal of R. Then O;(P) = Rp = O,(P).
Proof. Follows from Corollary 1.4.16 and Lemma 1.5.4. O

1.5.6 Lemma

Let R be a Dubrovin valuation ring of Q and A be an R-ideal of Q with S = O;(A4).
Then the following are equivalent:
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1. A is principal as a left S-ideal.
2. AA™' = 8.
3. A2 J(S)A.

Proof. 1. = 2.and 2. = 3. are obvious.
3. = 1.Thereis aregulara € A with J(S)a D J(S)A and Aa™' C O,(J(S)) =
S. Hence A C Sa and A = Sa follows.

1.5.7 Lemma

Let R be a Dubrovin valuation ring of Q and A be an R-ideal of Q. Then O;(A4) =
O0,(A7 " and O,(A) = O;(A™").

Proof. Put S = O;(A) and T = O,(A™"). We may assume that R C S C T
by Proposition 1.5.3. If S = AA™' then A = Sa for some regular a € A by
Lemma 1.5.6 and A~! = a~'S. Hence O,(A™") = S follows. If S 2 AA™" then
AA™Y C J(T), otherwise AA™" 2 J(T) implies T = (AA™")yiq) = AA™'T =
AA™" S S, a contradiction. Suppose T 2 S. Then TA 2 A and TA D Sc D
J(S)c D A for some regular ¢ € TA. Multiplying 7 on the relations from the
left, it follows that TA = Tc. Sc¢ D Aentails ¢! € A7, Thus T = TAc™' C
TAA™" C J(T), a contradiction. Hence S = T and similarly, O,(A4) = O;(A™").
O

Let A be an R-ideal with S = 0;(4) and T = O,(A). Note that A= = (T :
Ay =1{g€ Q.qA C Tyand A7 = (S : A), = {qg € Q,Aq C S}. Define
*A=(S:(S:A4),),and A* = (T : (T : A))),.

1.5.8 Proposition

Let R be a Dubrovin valuation ring of Q and let A be an R-ideal of Q. Then

*A = N{Sc,Sc D A forsome ¢ € U(Q)}.

*A = (A—l)—l = A*

**A) = *Aand * (A7) = A7,

. If A is not a principal left S-ideal then AA™! = J(S) and J(S) = J(S5)>.
LIfAS YA then*A = Sc and A = J(S)c for some regular c € *A.

Proof. 1. Tt is clear that *A C N{Sc,Sc D A for some ¢ € U(Q)}. Since (S :
A), = > xS, where x runs over all regular in (S : A),, it follows that *4 =
(S:Y xS), =nNSx~!and Sx~!' O A. Hence the statement follows.

2.4 ' ={qe0. A qA c AT} ={qe Q. A7 qC Ty =(T: 47", =
(T : (T : A);), = A* by Lemma 1.5.7. Similarly (A™")™! = *A.

3. These are obvious.

N
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4. 1t follows from Lemma 1.5.6 that § 2 AA™! and AA™" C J(S). If AA™" &
J(S), then AA™" C J(S)c for some regular ¢ € J(S) and AA™'¢™'A C
J(S)A € A. Thus A '¢7' c A 'and ¢! € 0,(47") = 0;(4) = S, a
contradiction. Hence AA™" = J(S). If J(S) 2 J(S)?, then J(S) = Sx for
some x € J(S). So AA™'x™! = Sand A7'x™! C (S : A), = A7!, which
entails x~' € 0,(47") = S, a contradiction. Hence J(S) = J(S5)>.

5. Note that A is not a principal left S-ideal. *A 2 A implies J(S)c D A for some
regular c € *Aand J(S)c C J(S) *A = (AA™H)*A = AA7'(A™H C
AT = A.Hence A = J(S)c. Furthermore, A~' = ¢7'J(S)™! = ¢7'S by
Lemma 1.5.4 and *4 = (A™")~! = Sc. ]

An R-ideal A is called divisorial if A = *A (note: *A = A = A* if A is
divisorial).

1.5.9 Lemma

Let R be a Dubrovin valuation ring of Q and A, B be R-ideals with O,(4) = S =
O;(B). Then O;(AB) = 0;(A) and O,(AB) = O,(B).

Proof. It is clear that O;(AB) D O;(A) and A > ABB~' since S O BB~
If A = ABB™', then O;(A) = O;(ABB™') D Oi(AB). If A 2 ABB™',
then BB™' # S and B is not a principal left S-ideal. Thus BB~' = J(S)

by Proposition 1.5.8 and A 2 AJ(S). Hence A is a principal right S-ideal by

the right version of Lemma 1.5.6, say, A = aS for some regular a € A. It
follows that O;(AB) = O;(aB) = aO;(B)a™' = aSa™! = 0,(A). Similarly
O,(AB) = O,(B). O

For divisorial R-ideals A, B with O,(A) = O;(B), define a product “o” with
Ao B = *(AB).

1.5.10 Lemma

Let R be a Dubrovin valuation ring of Q and A, B, C be divisorial R-ideals such
that O,(A) = O;(B) and O,(B) = O;(C). Then

1. Ao(BoC)=(AoB)oC.
2. Ao A" = 0/(A)and A7 0 A = O,(A).

Proof. 1. Ao (BoC) = Ao (BC)" = (A(BC)*)* = (ABC)* = *(ABC) =
*(*(AB)C) = *((AoB)C) =(AoB)oC.

2. Since S = 0;(A) D AA™!, it follows that S D A o A~'. To prove the converse
inclusion, suppose that A4~" C Sc for some ¢ € U(Q). Then AA™'¢c™! C §
and A'¢™!' € (S : A), = A7 Thusc™! € 0,(47") = S implies S C ¢S.
Hence AoA™' € Sand Ao A™' = § follows. Similarly A~ !0 A = 0,(4). O
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1.5.11 Corollary

Let S be an overring of R. Then Dg(R) = {A : divisorial R -ideal, O,(4) = S =
0O;(A)} is a group.

1.5.12 Remark

See [21,41] for more detail results on divisorial R-ideals.
We will classify prime ideals of Dubrovin valuation rings in terms of prime
segments.

1.5.13 Lemma

Let R be a Dubrovin valuation ring of Q and / be an idempotent ideal of R. Then:

1. 1 is not principal as a left O;(/)-ideal and a right O, (1 )-ideal.
2. O)(I) = 17" = O,(I)and I = J(S), where S = O;(I). In particular, [ is a
Goldie prime.

Proof. 1. Put S = O)(I)and T = O,(I).If I 2 J(S), then S = ST = I since
S = Rys). which is a contradiction. Thus / C J(S). Suppose / is principal as
a left S-ideal, say, I = Sa forsomea € I. I = 1?2 = SaSa entails S = SasS.
Write 1 = Y s;at; for s;,1; € S. There are ¢,d € C(J(S)) with ¢s;,t;d € R
and cd = ¢()_s;at;)d € I, a contradiction. Hence 7 is not principal as a left
S-ideal. Similarly 7 is not principal as a right T'-ideal.

2. Note that (S : I), = I~ = (T : I);and I"!' D S,T. By Proposition 1.5.3,
either S D T or S C T. Suppose S C T and let x € I~!. Then Ix C S and
Ix = I*’x C IS C IT = I, whichentails x € T and I~! = T follows.
Since I 7'1 = J(T) C R by Lemma 1.5.6 and (1), it follows that /'] C I and
I"'Cc O;(I)=S.Hence S = I7' =T and I = J(S). O

1.5.14 Lemma

Let R be a Dubrovin valuation ring of Q and let {P;,i € J} be a set of Goldie
primes of R.

1. P = NP; is a Goldie prime and Rp = URp,.
2. P/ = UP; is a Goldie prime and Rpr = NRp,.

Proof. 1. Put S = URp,, an overring of R such that P = NP; D J(S). If P 2
J(S) then S = PS and write 1 = >_ p;s; for some p; € P and s; € S.
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There is an iy such that s; € Rpl.o foralli and 1 = > p;s; € PioRpl.O = P,
a contradiction. Hence P = J(S) and Rp = O;(P) = O;(J(S)) = S by
Corollary 1.5.5.

2. If there is an io such that P;, D P; forall i, then P’ = P;, is a Goldie prime and
Rpr = NRp,.Forany i, thereisa j with P; 2 P;. Then P’ D P> D P; foralli
which entails P’ = P"?. Hence P’ is a Goldie prime and Rpr C NRp, = T. Let
x € Tand p € P'. Thenthereisa P; with p € P; and px € P;Rp, = P; C P’.
Thus P'x C P’ and x € O,(P’) = Rps. Hence Rpr = NRp,. O

Let A be a proper ideal of R that is not a Goldie prime. It follows from
Lemma 1.5.14 that there is a pair of primes P 2 P; such that P 2 4 2 P,
and there are no further Goldie primes between P and P;. Such a pair of primes
is called a prime segment. The maximum length of sequences of Goldie primes is
called the rank of R.

1.5.15 Lemma

Let R be a Dubrovin valuation ring of Q and A be anideal of R. Then P = N2, A"
is a Goldie prime.

Proof. Suppose that P is not a Goldie prime. By Lemma 1.5.13, 4 2 A?. There is
a prime segment Py 2 P, such that Py 2 A 2 P,. Put B = P{AP,. Then A*CB
and P = NA" = NB". In addition, P and B are Rp,-ideals. After localizing at
P; we obtain Rp; 2 Py D B 2 NB" = P 2 P, and P is not a Goldie prime
in Rp,. We therefore can consider Rp, /P, and assume that R has rank one with
RD>J(R) =P DB 2P =nNB"2 (0). We consider the following set W of
idealsin R :

W={L,P2L2P}

which is non-empty, because W > B” for n > 2. In the first case we assume that
W contains an ideal L with L # *L. Since R is of rank one, it follows that
O;(L) = Randso *L = Ra, L = J(R)a = Pja for some regulara € *L
by Proposition 1.5.8. Since R = O,(*L) = a~'Ra, we have L* = Ra = aR
and a"R = Ra" forn > 1. Hence the set C = {a",n € N} is an Ore set in R
and the localization R¢ of R at C is a proper overring of R and hence Q = Rc.
For any regular element ¢ € P, ¢V = a™r forsome r € Randn > 1. Hence
P > a" = rcimplies ("L)" C P.If P & *L, then B C *L for some m and
(B™" C (*L)* C P.Thus P = B™ and P?> = (B™")?> = P, a contradiction.
Hence P O *L 2 L, which is also a contradiction. Therefore P is a Goldie prime.
In the second case we have L = *L for every ideal L in W. By Corollary 1.5.11,
the set of all divisorial R-ideals forms a group and hence L™ 2 R forevery L € W.
Hence Q = U{L™!, L € W} as before. Let ¢ be a regular element in P. There is an
LeWwithc'e L 'ande¢™'L ¢ L7'L ¢ R,i.e. L C ¢cR C P, acontradiction.
Hence P is a Goldie prime. O
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Let C be a prime ideal of R that is not Goldie. There is a prime segment P 2 P,
in R with P 2 C 2 Pj. Such a prime segment is called exceptional. It follows from
Lemmas 1.5.13 and 1.5.14 that P = P? and P, = NC". On the other hand, we say
that a prime segment P 2 P of R is Archimedean if for every a € P — P, there
is an ideal / ; P witha € I and NI" = P;. It follows from Lemma 1.5.15 that
this exactly the case when either P # P?>or P = P> and P = U{I : ideal, P 2
I 2 Py}. The following theorem shows that there are exactly three types of prime
segments of R.

1.5.16 Theorem

For a prime segment P 2 P; of a Dubrovin valuation ring R of Q exactly one of
the following possibilities occurs:

1. The prime segment P 2 P; is Archimedean.

2. The prime segment P 2 P is simple, i.e. there are no further ideals between P
and P;.

3. The prime segment P 2 Pj is exceptional.

Proof. We consider L(P) = U{/ : ideals, P 2 I}.If L(P) = P, then the prime
segment P 2 Py is simple, characterizing the possibility (2). The prime segment
is exceptional if and only if P 2 L(P) 2 P; and P = P2.1If these conditions
are satisfied, and A, B are ideals of R properly containing L(P), then A 2 P and
B 2 P and AB D P? = P, which implies that L(P) is prime but not Goldie. The
converse was proved before starting the theorem. Finally suppose P = L(P). This
is exactly the case when the prime segment is Archimedean. O

1.5.17 Remark

1.If P = U{P;, P 2 P; Goldie primes}, then we can not construct the prime
segment P 2 P;. Such a prime ideal is called upper prime.

2. See [6] for examples of the prime segments. If Q is a finite dimension over its
center, then any prime segment is Archimedean which follows from Proposi-
tion 1.6.3, because any prime segments of commutative rings are Archimedean.

If we define K(P) = {a € P, PaP & P}, then it is an ideal of Rp as well as R
and the following result holds:

1.5.18 Corollary

The prime segment P 2 P; is Archimedean if and only if K(P) = P, it is simple
if and only if K(P) = Py, and it is exceptional if and only if P 2 K(P) 2 P;.In
the last case K(P) = C is a non-Goldie prime.
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1.5.19 Lemma

Let R be a Dubrovin valuation ring of Q and let C be a non-Goldie prime with the
prime segment P 2 C 2 P;. Then O;(C") = Rp = O,(C") forany n € N and
C = *C.

Proof. C is an ideal of Rp since C = {a € P,PaP & P} and hence S =
O;(C") D Rp.IfS 2 Rp,then P 2 J(S)and C 2 J(S), because J(S) is Goldie
prime. Thus C" 2 J(S) and C" N C(J(S)) # @, which shows C" = SC" =
Rj5)C" = Ry(s), a contradiction. Hence S = Rp and similarly O,(C") = Rp.
If *C 2 C,then C = J(Rp) *C = P *C by Proposition 1.5.8, which is a

contradiction, because C is prime. Hence *C = C follows. O

1.5.20 Lemma

Let R be a Dubrovin valuation ring of Q. Suppose the prime segment J(R) 2 P is
Archimedean.

1. If J(R) = RxR forsome x € J(R), then J(R) is a principal left and right ideal.
2. If R is of rank one and J(R) = J(R)?, then forany a € J(R), I = RaR is a
principal left and right ideal with J(R) 2 I.

Proof. 1. We consider F = {A, A anideal and x ¢ A} that is non-empty and
inductive set. It contains a maximal element in F, say, B. Since there are no
ideals between J(R) and B properly, B is prime if J(R) = J(R)?. In this case,
it follows B = P, which contradicts the Archimedean property. Hence J(R) 2
J(R)? and J(R) is principal as left and right ideal by Lemma 1.5.6.

2. It follows form (1) and the assumption that J(R) 2 . Suppose [ is not principal
as a left ideal. Then I = J(R)I. Write a = ) _r;ax; for some r; € J(R) and
X; € Rand Rr = > Rr; for some r € J(R). It follows that I = RrRI
and RrR & J(R). There is a regular s € J(R) such that RrR C sJ(R). Thus
I = RrRI C sJ(R)I C sI ands™' € O;(I) = R. This implies that s is a
unit in R, a contradiction. Hence [ is a principal left ideal and similarly it is a
principal right ideal. O

Suppose R is of rank one. Since Q is the only proper overring of R, we have
0;(I) = R = O,(I) for every non-zero R-ideal I of Q. The set D(R) of divisorial
R-ideals is a group by Corollary 1.5.11. Let / be an R-ideal of Q such that I = Ra
for some a € Q Then R = O,(I) = a~'Ra and hence aR = Ra. We denote
by H(R) the set of principal R-ideals. An R-ideal I of Q is either divisorial or
*I = Ra =aR,I = J(R)a and J(R) is not a principal left R-ideal. The lattice of
R-ideals is therefore known completely if D(R) and H(R) are known.
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1.5.21 Lemma

Let R be a Dubrovin valuation ring of Q with rank one. D(R) is order isomorphic
to a subgroup of (R, +).

Proof. Let I & R be a divisorial ideal. Then N/" = (0) by Lemma 1.5.15 if
I S J(R)orI = J(R) # J(R)? since R has rank one. If J(R) = J(R)?, then it
is not divisorial by Lemma 1.5.4. If K = N *(I") # 0, then it is clearly divisorial
and K D I* for some k € N. Thus *K = K D *(/¥) and *(I¥) 2 *(I**") since
D(R) is a group, which is a contradiction. Hence K = 0 and therefore Holder’s
Theorem (cf. [23]) shows that D(R) is order isomorphic to a subgroup of (R, +).
O

1.5.22 Proposition

Let R be a Dubrovin valuation ring of Q with rank one. Then exactly one of the
following possibilities occurs:

1. The prime segment J(R) 2 (0) is Archimedean and either:

@ J(R) 2 J(R)? and then D(R) = < J(R) > = H(R) is an infinite cyclic
group or

(i) J(R) = J(R)? and then D(R) = (R, +) and H(R) is a dense subgroup of
D(R)

2. The prime segment J(R) 2 (0) is simple and then D(R) = H(R) = < R > is
the trivial group.

3. The prime segment J(R) 2 (0) is exceptional and C is a non-Goldie prime with
J(R) 2 C 2 (0). Then D(R) = < C > is the infinite cyclic group generated
by C = *C and H(R) = < *(C¥) > for some integer k > 0.

Proof. 1.(i) Since J(R) 2 J(R)?, it follows that J(R) = aR = Ra for some
a € J(R) and hence J(R)" = a"R = Ra" forany n € N. Let I be any
non-zero ideal. There is an n € N with J(R)"™' 2 I D> J(R)" and R 2
IJ(R)~"=Y 5 J(R). Hence I = J(R)" which shows the statement.

1.(i) Note that D(R) is order isomorphic to a subgroup of (R,+) by
Lemma 1.5.21. For any non-zero element @ € J(R), there is an ideal /
with I > a, i.e. I D RaR which is principal by Lemma 1.5.20. For every
RaR & J(R) thereisa b € J(R) — RaR and RaR & RbR & J(R). Hence
H(R) and D(R) are isomorphic to a dense subgroups of (R, +). Let /; be
divisorial ideals of R. Then L = NI; is also divisorial if L # 0 and hence
D(R) is complete and D(R) = (R, +) follows.

2. This is clear.
3. By Lemma 1.5.19, C is a maximal divisorial ideal. For any / € D(R) with
R 2 I, there is a minimal n € N such that / > C" and hence C"™' 2 1 D
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*(C™). Tt follows that R = *(C"~')o *(C~=D) 2 I o *(C~"D) and, by
the maximality of C, C = I o *(C~"~V) which entails / = *(C"). Hence
D(R) = < C > and H(R) is equal to < *(C*) > for some k > 0. O

We will describe primary ideals by using the prime segments which are applied to
obtain the structure of ideals of Dubrovin valuation rings under a natural condition.

1.5.23 Lemma

Let R be a Dubrovin valuation ring of Q with rank one. The prime segment J(R) 2
(0) is not simple if and only if R is bounded, i.e. any essential one-sided ideal
contains a non-zero ideal.

Proof. Suppose the prime segment J(R) 2 (0) is simple. It is clear that R is not
bounded. Suppose the prime segment J(R) 2 (0) is not simple. If it is exceptional
with non-Goldie prime C and put S = U2 (*(C"))~! which is a proper overring
of R and hence S = Q. Let ¢ be a regular element in R. Then ¢! € (*(C"))™!
for some n € Nand C"¢™! ¢ C" *(C")™' € R.Hence C" C Rc and C™ C cR
for some m € N. Hence R is bounded. Suppose the prime segment is Archimedean.
If J(R) 2 J(R)?, then J(R) = bR = Rb for some b € J(R).If J(R) = J(R)?,
then for any non-zeroa € J(R), RaR = bR = Rb for some b € RaR. In any
cases, C = {b",n € N} is an Ore set with Q = R¢. Hence as in the case of the

exceptional prime segment, we have that R is bounded. O

For any ideal A, we denote by P(A) the prime radical of A. If R is a Dubrovin
valuation ring, then P(A) is a prime ideal of R. An ideal A is called left P(A)-
primary if aRb C A, where a,b € R, implies eithera € P(A) orb € A.

1.5.24 Lemma

Let R be a Dubrovin valuation ring of Q and let A be a non-zero ideal of R with
P = P(A) Goldie prime. Then S = O;(A) C Rp. In particular if A4 is left
P-primary, then S O Rp, for any Goldie prime P; with P; 2 P.

Proof. Either A 2 J(S) or A C J(S). If the former holds then A N C(J(S)) # @
and A = SA = Ryi)A = Ry(s), a contradiction. Thus A C J(S) which entails
P C J(S). Hence Rp D Ryis) = S. Suppose A is left P-primary and P is a
Goldie prime with P, 2 P. Then P = RpP = Rp P D Rp A. Letx = c"la e
Rp, A, where ¢ € C(P;) anda € A. Then Pix = Pic"'a = Pia C A implies
x € Aand hence RpA = A,i.e. Rp, C O;(A) = S. ]

It is not necessarily true that O;(A) = Rp for any ideal A with P = P(A); even
if A is left P-primary (cf. [9]).
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In order to classify left primary ideals of a Dubrovin valuation rings, for a fixed
Goldie prime P, we consider the following four cases:

P1 There is a Goldie prime P such that Py 2 P is a prime segment.

(a) Pi 2 P is Archimedean.
(b) Py 2 P is exceptional such that P, 2 C 2 P with C non-Goldie prime.
(c) Py 2 P is simple.

P, P is lower limit, i.e. for any Goldie prime P; with P; 2 P, there is a

Goldie prime P, such that Py 2 P, 2 P. This is equivalent to P =

N{P;, P; is a Goldie prime with P; 2 P}.

1.5.25 Lemma

Let R be a Dubrovin valuation ring of Q and A be a non-zero ideal of R with
P = P(A) Goldie prime. Suppose one of P; (a), P; (b) or P, holds. Then A is left
P-primary if and only if O;(A) = Rp.

Proof. Suppose O;(A) = Rp and aRb C A witha € R— P and b € R. Then
RaR 2 P, RpRaR = Rp and hence b € Rpb = RpaRb C A. Hence A is
left P-primary. Conversely suppose A is left P-primary. First assume that P, (a) or
‘P1 (b) holds. Then Rp; A = A by Lemma 1.5.24. To prove that O;(A) = Rp, let
x =c'a € RpA, where ¢ € C(P) anda € A. Then ¢cR 2 P by right version
of Proposition 1.5.3, because ¢R and P are both left cRc™! and right R-modules
(note (,’RPC_l = Rp). Put Fpl = RPI/P 2 Fl = J(EPI) 2 (6) Then Fpl
is of rank one and the prime segment is either Archimedean or exceptional. Since
¢ is regular, there is a non-zero ideal ‘B such that B C FPIE by Lemma 1.5.23,
PSS B+ P CRpc+ Pand (B + P)x C (Rpc+ P)x C Rpa+ Pa C A.
Hence x € A,i.e. RpA = A and therefore O;(A) = Rp by Lemma 1.5.24. Next
assume that P, holds. Then Rp = URp, by Lemma 1.5.14. Let x = ¢ la e RpA,
where ¢ € C(P) and a € A. There is an i with ¢! € Rp, and Pix = Pia C A.
Hence x € A and RpA = A follows. Hence O;(A4) = Rp. O

1.5.26 Lemma

Let R be a Dubrovin valuation ring of Q and A be a non-zero ideal of R with
P = P(A) Goldie prime. Suppose P; (c) holds. Then A is left P-primary if and
only if either O;(A) = Rp or O;(A) = Rp, and A = *A.

Proof. Assume that A is left P-primary. Then Rpy C S = O0;(A) C Rp and
hence either Rp, = S or Rp = S. In the case Rp, = S,if A # *A, then
A = J(S) *A = P; *A by Proposition 1.5.8, which is a contradiction. Hence
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A = * A follows. In order to prove the if part, first assume that O;(4) = Rp. Then
an argument similar to the one in Lemma 1.5.25 shows that A4 is left P-primary.
Assume that O;(A) = Rp, and A = *A. Suppose aRb C A, wherea € R — P
and b € R. Since RaR 2 P, we have either RaR = P; or RaR 2 Py, ie.
Rp,aR = Rp,. Furthermore we may assume that b is regular element in R, because
RbR is generated by regular elements in RbR. If RaR = P;, then A D RaRb =
Pband A = *A D *(PibR) = *(*P1RbR) D Rp,b > b, because *P| = Rp,
by Lemma 1.5.4 and Theorem 1.5.16 (note that J(Rp,) = Pi1). If Rp.aR = Rp,,
then b € RpaRb C A. Hence A is left P-primary. O

1.5.27 Lemma

Let R be a Dubrovin valuation ring of Q and C be a non-Goldie prime such that
P 2 C 2 Py is the exceptional prime segment. Let A be an ideal of R with
C = P(A). Then A is left C-primary if and only if O;(A) = Rp and A = *A.

Proof. First we prove that S = O0;(A) C Rp. If A 2 J(S), then Ryis) =
RjsyA = SA = A, a contradiction. Hence J(S) D A and J(S) D P since J(S) is
a Goldie prime. This implies Rp O § = R (s). Suppose that A is left C-primary. To
prove that S = Rp, on the contrary, assume that Rp 2 S. Then RpA 2 A and for
anyx = c 'a € RpA— A, wherec € C(P) anda € A, we have Px = Pa C A,
a contradiction. Hence 0;(A) = Rp. If *A 2 A, then *A = Rpd and A = Pd
for some d € *A — A by Proposition 1.5.8, which is again a contradiction. Hence
*A = A follows. Conversely suppose O;(A) = Rp and *A = A.If aRb C A with
a € R—C andb € R,then RaR D P and as before we may assume that b is regular.
It follows that A D PhRand A = *A = *PbR = *(*PRbR) D Rpb > b.

Hence A4 is left C-primary. O

We denote by / — stp(R) = {a € R, Rpa is an ideal of R}. The following is a
complete description of left primary ideals of Dubrovin valuation rings (cf. [9] for
examples).

1.5.28 Theorem

Let R be a Dubrovin valuation ring of a simple Artinian ring Q.
1. Let P be a Goldie prime of R satisfying one of the Pja),P1b), or P,.

i IfP 2 P2, then {P",n € N} is the set of left P-primary ideals of R and
P" = p"Rp = Rpp" forsome p € P.

(i) If P = P2, then {P,Pa,A,a € | —stp(R) with P(Rpa) = P and A is
an ideal with P = P(A), O;(A) = Rp and A = *A} is the set of left
P-primary.
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2. Let P be a Goldie prime of R satisfying Pc).

@

(i)

IfP 2 P2 | then {P",Rpaand A,a € | —stp(R) with P = P(Rp,a)
and A is an ideal with P = P(A), O;(A) = Rp, and A = *A} is the set of
left P-primary ideals. In particular, P* = p"Rp = Rp p" forsome p € P
with P = pRp = Rpp.

If P = P2, then {P, Pa,Rp b, and A, Rpa with a € [ — stp(R) with
P = P(Rpa),b € | —stp(R) with P = P(Rp b) and A is an ideal with
P = P(A),A = *A and either O;(4) = Rp or O;(A) = Rp,} is the set
of left P-primary.

3. Let C be a non-Goldie prime of R. Then {*(C"),n € N} is the set of left C-
primary ideals of R.

Proof.

1.(ii)

2.3i)

2.(ii)

1.(i) Since P = pRp = Rpp forsome p € P by Lemma 1.54, P" =
p"Rp = Rpp" foralln € N and P" are all (left) P-primary by Lemma
1.5.25. Let A be left P-primary. Then P D A D P, = NP". We may
assume that P" D A 2 P"*! forsomen € Nand Rp D p™"A 2 pRp =
P.If p™A 2 R, then A 2 p"R, a contradiction. Thus p™A4 C R and
C(P)N p™™A # ¢ whichentails p™A4 = Rp,i.e. A= p"Rp = P".

It is easy to see from Lemma 1.5.25 that P, Pa and A stated in (ii) are left
P-primary. Let B be left P-primary. Then Rp = O;(B).If B = *B, then
there is nothing to do. If B & *B, then B = Pb and *B = Rpb for
some b €* B — B by Proposition 1.5.8 (note b € Rp). If b € U(Rp) then
B =P.If b € U(Rp) then we prove P D Rpb,i.e. b € [ —stp(R). Suppose
P S Rpb. Then Pb™' C P since P = P>andsob™! € O,(P) = Rp,
a contradiction. Hence B = Pb with b € | — stp(R) and P = P(Rpb)
follows.

It follows from Lemma 1.5.26 and the proof of 1.(i) that P", Rp,a and A are
all left P-primary, where a € [ — stp,(R) with P = P(Rp,a), and A is an
ideal with P = P(A), O;(A) = Rp, and A = *A. Let B be left P-primary.
If O;(B) = Rp,then B = P" for some n € N as in 1.(i). Suppose that
O;(B) = Rp,. If B is a finitely generated left Rp -ideal, i.e. B = Rp ,a with
a €l —stp (R). If B is not a finitely generated left R p,-ideal, there are two
cases: either B = *Bor B & *B with B = Pib and * B = Rp b for some
b € *B — B.In the latter case, B is not left P-primary.

P, Pa, Rp b and A in 2.(ii) are all left P-primary. Let B be left P-primary.
Suppose O;(B) = Rp. Itis shown as in 1.(ii) that B is one of P, Pa or A,
where a € [ — stp(R) with P = P(Rpa) and A = *A with 0;(A) = Rp.
Suppose O;(B) = Rp,. Then Bisone of B = *B or B = Rpb with
bel—stp(R)and P = P(Rpb) asin2.(i).

. SinceC = *C D *(C") D C"foralln € N, it follows that C = P(*(C"))

and O;(*(C")) = Rp by Lemmas 1.5.7 and 1.5.19. Hence *(C") is left
C -primary by Lemma 1.5.27. Let B be left C-primary. Then B = *B and
O;(B) = Rp.Since Py = NC", thereisann € Nsuchthat C" D> B D C"*t!
and Rp DC™"C"D>C"BDC"C"L,
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Taking *-operation, Rp D*(C™"B) > *C=C.If *(C™"B) D P,
then *(C™B) D *P =Rp and hence Rp = *(C7"B). Hence B =
(*(creT)B) = (CM(CT"B)) = *(C"Rp) = *(CM). I P 2
*(C™B), then C D* (C™"B), *(C"™') D B and hence B = *(C"*!)
follows. O

1.5.29 Lemma

Let R be a Dubrovin valuation ring of Q and I be an R-ideal of Q. If I is not
a finitely generated as a left S-ideal, where S = O;(I), then I™' =(S : I), =
(R:I),and I(R: 1), =J(S).

Proof. 1t follows from Lemma 1.5.6 and Proposition 1.5.8 that I = J(S)1, J(S) =

J(S)?>and I17" = J(S). Hence (R : 1), = (R : J(S)I), = (R : J(S)), :
1), = (Or(J(S)):I)r:(S:I)r:I_l- O
1.5.30 Lemma

Let R be a Dubrovin valuation ring of Q and / = RgR for some g € Q with § =
O;(I) and T = O,(I). Suppose the prime segment J(S) 2 P is Archimedean,
then I = Sa = aT forsomea € I.

Proof. To prove that I = Sa, it suffices to prove that I 2 J(S)/. Suppose, on the
contrary, I = J(S)I.Thenqg = xqr; + -+ + x,qr, and xS = xS +--- + x,,.S,
where x;,x € J(S),andr; € R.Itis clearthat I = SxSI.If J(§) = SxS§, then
J(S) = 5§ = Ss for some s € J(S) by Lemma 1.5.20. Thus / = s/ and s™! €
O;(I) = S, a contradiction. Hence J(S) 2 SxS which implies tJ(S) D SxS§
for some ¢ € J(S). Then I = SxSI C tJ(S)] =tl andt™' € O;(I) = S, a
contradiction. Hence I = Sa forsomea € [ and I = aa™'Sa =a0,(I) = aT.
O

1.5.31 Proposition

Let R be a Dubrovin valuation ring of Q and let / be an R-ideal with O;(I) =
S = O,(I) and I is not finitely generated as a left R-ideal. Suppose J(S) is
Archimedean, i.e. the prime segment J(S) D P is Archimedean. Then either
I =aS = Saor I = Aa for some J(S)-primary A and some a with aS = Sa.

Proof. First suppose [ is finitely generated as a left S-ideal, say / = Sa. Then
S = 0,(I) =a 'Saand hence aS = Sa = I. Suppose I is not finitely generated
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as a left S-ideal. By Lemma 1.5.29, I(R : I), = J(S). Consider F = {x,x €
(R : I),} with J(S) = P({xS), which is non-empty, because J(S) is
Archimedean. We claim that B = [ xS is J(S)-primary for any x € F. It suffices
to prove that O;(B) = S = O,(B) by Lemma 1.5.25 and its right version. It is clear
that O;(B) D § and assume that O;(B) 2 S. Then O;(B) D Rp, because there are
no Goldie primes between J(S) and P and then B = Rp B = Rp, a contradiction.
Hence O;(B) = S and similarly O,(B) = S. Since (R : I), = (S : I),
and I(R : I), = J(S), we have (R : I), = J{SxS,x € (R : I);} D
U{SxS.x € FLIF(R : 1), 2 U{SxS.x € F}, then thereisay € (R : I),
such that y ¢ SxS§ forany x € F,ie. SyS 2 SxS. However y ¢ F implies
P D IyS D IxS foranyx € Fand P D P(IxS) = J(S), a contradiction.
Hence | J{SxS,x € F} = (R : I), holds. We shall prove that S = 0;(SxS)
for some x € F. Suppose O;(SxS) 2 S forall x € F. Then O;(SxS) D Rp
and hence Rp(R : I), = (R : I), follows. Since I=' = (R : I),, we have
RpI™' =Tvand Rp C 0/(1_1) = O,(I) = S, a contradiction. Thus there is
some x € F such that O;(SxS) = S.Put A = ISxS, a J(S)-primary. It is clear
that O,(SxS) = S since O,(4) = S. By Lemma 1.5.30, SxS = ¢S = Sc for
some ¢ € SxS. Hence we have I = Ac™! with ¢c™!S = Sc¢™!. O

Note If Q is a finite dimension over its center K, then O,(I) = O;(I) for any
R-ideal I of Q and J(S) is Archimedean (cf. Corollary 1.6.6). However these
properties do not necessarily hold (cf. [6,33]).

We end this section with the following which will be used in Sect. 1.7.

1.5.32 Proposition

Let S be a proper overring of a Dubrovin valuation ring R.

1. (R:S), = J(S)=(R: ),
2.(R:J(S); =S =(R:J(S)),.

Proof. 1. It is clear that (R : §); D J(S). If (R : S§); 2 J(S), then
(R:8) = (R:S5);S = S,because (R : §); is an ideal of R and § = Ry(s) by
Theorem 1.4.9, which is a contradiction. Hence (R : S); = J(S) and similarly
(R:8), = J(S).

2. It is clear that (R : J(S)); D S. To prove the converse inclusion, first assume
that J(S) = sS = Ss for some s € J(S). Then we have (R : J(S)); =
(R:S);s7' = S by (1). Next, assume that J(S) is not finitely generated as a
one-sided S-ideal. Then, by Lemma 1.5.4, J(S) = J(S)?> and so (R : J(S)), C
(S J(S)) = 0/(J(S)) = S by Lemma 1.5.4. Hence (R : J(S)); = S and
similarly (R : J(S)), = S.
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1.6 Dubrovin Valuation Rings of O with Finite Dimension
Over Its Center

Throughout this section, Q will be a simple Artinian ring with finite dimension over
its centre K and R will be a Dubrovin valuation ring of Q with V = Z(R).

1.6.1 Lemma

Let M and N be V-submodules of an K-module X with N C M and J(V)M C N.
Then [M : N] < [X : K], where M = M/N and V = V/J(V).

Proof. 1t suffices to prove that my,--- ,m, € M is linearly independent over K if
my,--- ,m, is linearly independent over V. Assume that kym; + --- + k,m, = 0
with some k; # 0, where k; € K. We may assume that ky % 0 and k; V' D k; V for
alli,1 <i <n.Thenk; = k,v; forsomev; € V and iy +vamiz+---+vpm, = 0,
a contradiction. |

1.6.2 Lemma

Let g € Q such that either gR C Rg or gR D Rq. Then

1. Rq" = Rk forsomen € Nand k € K.
2. Rq = qR and Sq = ¢S for any overring S of R.

Proof. 1. Suppose n = [Q : K]. There is a non-trivial linear dependence
knq" + --- + kig + ko = 0, where k;, € K. Let Rg DO ¢R. Then
Rk,q",---, Rk1q, Rk are all R-ideals so that there is a maximum one, say,

Rkiq'. Rkiq' = Y, 4; Rkjq’ C Rkiq' forsome ! # i, ie. Rkiq' = Rkiq'.
Hence Rq® = Rk for some k € K and some e < n.

2. Suppose Rq 2 gR. It follows that ™" Rgq" 2 R forany n € N. But g"“Rq¢ =
k' Rk = R, a contradiction. Hence Rg = gR. Since ¢Sq~" and S are both
R-ideals, we have either gSq™' C S orgSq~"' D S. Hence Sq = ¢S as before.

O

1.6.3 Proposition

Let R be a Dubrovin valuation ring of Q with V' = Z(R). The following hold:
1. V is a valuationring of K and J(V) = J(R)N V.
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2. Any prime ideal P of R is Goldie prime such that Rp = R, and P = J(R),),
where p = P NV is a prime ideal of V.

3. The map: P — p is a bijection between the set of prime ideals of R and the set
of prime ideals of V', where P is a prime ideal of R.

4. The map: S — J(S) is a bijection and anti-inclusion preserving between the
set of overrings of R and the set of prime ideals of R, where S is any overring
of R.

5. For any prime ideal P of R, there is an / € N such that P/ = pR, where
p=PnNnV.

6. Let S be an overring of R with V = Z(S). Then S = R.

Proof. 1. For any x € K, we have Rx NV = Vx. This shows the set of principal
ideals is linearly ordered by inclusion. Hence V is a valuation ring of K. Since
J(V)R is a proper ideal of R, we have J(V)R C J(R). Hence J(V) D J(R) N
VOJIV)RNV D J(V)and J(V) = J(R) NV follows.

2. Itis clear that p = P N V is a prime ideal of V and P, " R = P. Thus P, C
J(P,) & R by Theorem 1.4.9 and P, = P follows. Since [R,/P : V,/p] <
[O : K], R,/ P is an Artinian ring and there is an n € N such that J(R,)" C P,
which entails J(R,) = P. Hence P is Goldie prime and R, = Rp.

3. For any prime ideal p of V, P = J(R,) is a prime ideal of R with P NV = p.
Hence the statement follows form (2).

4. This follows from Corollary 1.4.16 and (2).

5.By (2) P = J(R,) and pR = pV,R = pR,, anideal of R,. Thus Pl c PR,
for some / € N by Lemma 1.6.1.If P = P2, then P! = P = PR,. Otherwise
P = aR, = Rpa for some a € P by Lemma 1.5.4. Let [ be the smallest
natural number such that P! C pR, i.e. alRp C PR, & a’_lR,,. Then aR, C
a”'"'pR, S R, and P! = pR,, follows.

6. Suppose that S 2 R. Then p = J(§) NV is a prime ideal of V with p # J(V').
Hence S = R, and Z(S) = V), 2 V, a contradiction. Hence S = R. O

1.6.4 Lemma

Let R be a Dubrovin valuation ring of Q and I be a finitely generated R-ideal of
Q,ie.l = RxiR+---4+ Rx,R forsome x; € I. Then I = aS = Sa for some
ae€land O;(1) = O,(1), where S = O0;(1).

Proof. Since R is Bezout, we may assume that / = RxR for some regular x € I.

(1) Inthe case I = J(R). It follows from Lemma 1.5.4 that O;(I) = R = O,(1).
As in Lemma 1.5.20, let B be an ideal maximal with x ¢ B and assume that
J(R) = J(R)>. Then B is a prime ideal, the prime segment J(R) D B is
simple and R = R/B is a Dubrovin valuation ring of Q(R/B) with rank
one such that the prime segment J(R) 2 (0) is simple. However R is a prime
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P.I-ring (cf. [47, (13.6.5)]),1.e. R is bounded, which contradicts Lemma 1.5.23.
Thus J(R) 2 J(R)? and hence J(R) = aR = Ra forsome a € J(R).

(ii) Inthe case I # J(R), to prove that I = Sa, assume that / = J(S)I. We can
write ¢ = Y ', x;qr;, where x; € J(S) and x; € R. LetxS = Y 7_, x;S,
where x € J(S) and SxSI = I. Suppose J(S) = SxS. Then J(S) = yS
for some regular y € J(S) and yI = I,ie. y ! € O/(I) = S, a
contradiction. Hence SxS & J(S) and SxS C sJ(S) for some regular
s € J(S) by Lemma 1.5.2. This implies I = SxSI C sJ(S)I C sl and
s™' € 0,(I) = S, a contradiction. Hence / = Sa for some regular a € I
and O,(I) = a~'Sa. Since S and O,(I) are overrings of R, we have either
S ca'SaorS Da"'Sa.Hence Sa = aS by Lemma 1.6.2and S = O,([).

O

1.6.5 Proposition

Let R be a Dubrovin valuation ring of O with finite dimension over its center K.
Then the set of R-ideals forms a commutative semi-group.

Proof. It suffices to prove that RyRzR = RzRyR for any non-zero elements y, z €
Q.By Lemma 1.64, RyR = sS = Ss and RzR = (T = Tt for some regular
s,t € Q,where S = O;(RyR) and T = O;(RzR). We may suppose that T C S.
Then tS = St by Lemma 1.6.2. Hence RyRzR = sSTt = sSt = stS and similarly
RzRyR = Sts. There is ann € N and u € K such that s"S = uS and (¢ ~'st5)" =
t71s"tS = t715"St = t7'uSt = s"S = (sS)". Since S-ideals are linearly ordered,
t7'stS = sS,i.e stS = tsS. Hence RyRzR = RzRyR. O

For any R-ideal I of Q, wehave I = 10,(I) = O,({)] and I = O;(I)] =
10;(I). Thus we have
1.6.6 Corollary

For any R-ideal I of Q, O;(1) = O,(1).

1.6.7 Lemma

1. Let R be a subring of Q with Z(R) = V. If R is an Azumaya algebra, then it is
a Dubrovin valuation ring of Q.
2. Suppose that V' has no minimal prime ideals.
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(i) For any K-basisay,--- ,a, of Q, there is an Azumaya algebra S in Q(S #
Q)suchthat S =a W @ --- D a,W and W = Z(S).

(i) If R is a Dubrovin valuation ring of Q, then there is an Azumaya algebra S
of Q suchthat Sy =a W, & ---® a,W; suchthat S; D Rand W; D V.

Proof. 1. It follows from the properties of Azumaya algebras that J(R) =
J(V)R and R/J(R) is a simple Artinian ring with finite dimension over the
center V/J (V).

Thus forany g € Q — R, thereisav € V such thatgv € R — J(R). Hence
R is a Dubrovin valuation ring.

2.(i) Write aja; = Za,a,-j,, where o;;; € K. It follows that N = (a;a;) €
M, (Q) has its inverse N7, say, N7l = (cij), where ¢;; € Q (cf. [41,
Proposition A.10]). Write ¢;; = Y_a,Bij: and 1 = )" a;y;, where Bij;. v €
K. Since V' has no minimal prime ideals, there is an overring W(# K) of
V with o, Biji,yi € W forall i, j,t. Then S = aiW & --- @ a,W is
a subring of Q and M = a;J(W) @ --- @ a,J(W) is an ideal of S. It is
clear that Z(S) D W. To prove the converse inclusion, let « € Z(S) and
f € Homg(Q, Q) with f(a;) = 1 and f(a;) = 0fori = 2,---,n. Write
aie = aywy + -+ + a,wy,, where a; € W. We have ¢ = f(a10) = wy
and Z(S) = W follows. Hence S is an Azumaya algebra over W because
N~' e M,(S) (cf. [41, Proposition A.10]).

(i) Letby,--- b, bea K-basis of Q being containedin R and write b; = Y a;$;,
where §; € K. Asin (i), putb;b; =) b;yij, (dij) € M,(Q) is the inverse of
(bibj), dij = )" bsv;j; and 1 = )" b;e;. Then there is an overring W (# K)
of V such that W contains all §;, vijr, Viji, &, %je, Biji. v - Put S1 = a1 Wi @
@ a,Wyand S, = bW & --- ® b, W; which are both Azumaya algebras
over W, such that S; D S, and S| = S, by Proposition 1.6.3. Furthermore
RW; D Sy and Z(RW;) = W;.Hence S, = RWj and S, D R. O

The set of all elements in Q which are integral over V' is not necessarily a subring
of Q. 1Incase Q is a skewfield there is a close connection between this property and
total valuation rings.

1.6.8 Theorem

Let D be a skewfield with finite dimension over its center K, V' be a valuation ring
of K and T be the set of all elements in Q that are integral over V. Then T is a ring
if and only if there is a total valuation ring R of D with Z(R) = V. In this case
T = N{R, R is a total valuation ring of D with Z(R) = V'}.

Proof. Suppose there is a total valuation ring of D whose center is V. It suffices to
prove that T = N{R, R is a total valuation ring of D with Z(R) = V}.Lett € T
and " + vy t" " 4 - 4+ vt + vy = 0 for some v; € V and m € N. Assume that
there is a total valuation ring R of D with Z(R) = V and¢ ¢ R. Thent~' € J(R)
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and 1 = —(vyu—1t™' 4+ --- 4+ vot™™) € J(R), a contradiction. Hence T € S =
{R, R is a total valuation ring of D with Z(R) = V}. To show the converse
inclusion, let s € S and f(X) be the monic irreducible polynomial of s in K[X].
By Wedderburn’s Theorem (cf. [41, Theorem A.20]), f(X) = (X —a1)--- (X —a,)
fora; = d,-sdi_l, 0 # d; € D. However S is invariant under inner automorphism
of D so that every a; € S. Thus the coefficients of f(X) arein S N K = V and
hence s is integral over V.

Conversely suppose that 7' is a ring. It is clear that 7" is invariant under inner
automorphisms of D. Since J(V)T is a proper ideal of T, there is a maximal ideal
M of T containing J(V)T and M NV = J(V). The set T — M is a regular Ore
set since 7T is invariant. We show that 7y N K = V. Otherwise there is an element
ue K—Vsuchthatu =ts~', wheret € T,s e T—Mands =u"'t € J(V)T,a
contradiction. It remains to prove that Ty, is a total valuation ring. Let x € D — Ty,
and K(x) is the commutative subfield of D. Then A = T N K(x) is the integral
closure of V' in K(x) and hence it is a Priifer domain (cf. [22, Theorem 13.4]). Since
B = Ty N K(x) is a local overring of A, it is a valuation ring (cf. [22, Corollary
11.6]). Hence x~! € B C Ty and Ty is a total valuation ring. O

In Proposition 1.3.2.16 we considered valuation extensions. In case the base ring
is a commutative valuatin ring, we have a more concrete result. We denote by Nr(g)
the reduced norm of ¢ € Q (cf. [57] for reduced norm).

1.6.9 Proposition

Let D be a skewfield with finite dimension over its center K and let v be a valuation
on K with the value group I'y. Then v is extended to a valuation on D if and only
if v has a unique extension to each field F with K C F C D. In particular, under
these conditions, if R is a valuation ring of D with Z(R) = V, then R is integral
over V', where V' is the valuation ring of K with valuation v.

Proof. Suppose that v uniquely extends to any field F with K C F C D. Define a
functionw : U(D) — A =Ty ®zQ, w(d) = %V(Nr(d)), where d € U(D) and
n = 4/[D : K] € Z. Clearly the restriction w |x of w to K coincides with v. We will
show that w is a valuation on D. We will prove first that for every maximal subfield
F of D, w |F is the valuation on F extending v. Let N be the normal closure of
F over K and let  : U(N) —> A be any valuation on N extending v on K. For
any a € U(F),Nr(a) = Npx(a) = a,---a,, where Nk is the norm from F' to
K and each a; € N is a conjugate of a over K. Thus there is a K-automorphism
o; of N with 0;(a) = a;. Since u |f and (uo; |F) are valuations on F extending
v, by hypothesis, they must coincide and p(a;) = po;(a) = pu(a). Hence w(a) =
Ly(Nr(a)) = Lp(ar---a,) = Lu(@)) + -+ + u(an)) = p(a). Therefore w|p =
| F, which is the valuation on F extending v. To prove that  is a valuation on D,
let a,b € U(D). Because Nr is multiplicative, we have w(ab) = w(a) + w(b).
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Assume that b # —a and let F be any maximal subfield of D containing ab™".
Since w|r is a valuation, (1 + a~'b) > min{w(1), w(a~'h)}. Thus w(a + b) =
w(a) + o(1+a7'h) > w(a) + min{w(l),w(a~'h)} = min{w(a), w(h)}. Hence ®
is a valuation on D.

Conversely, suppose that v extends to a valuation w on D. Let R = {a,a €
U(D),w(a) = 0} U {0}, the valuation ring of w. Note that I'y is abelian by
Proposition 1.6.5. Thus w(aba™") = w(b) for all a,b € U(D). For any a € R,
let f(X) = X* + ¢, X' +--- 4+ ¢y € K[X] be the minimal polynomial of
a over K. Then f(X) = (X —ay)---(X — ay) as before, where a; = b;ab;!
for some b; € U(D). Thus w(a;) = w(a) > 0 and hence the coefficients of f
liein RN K = V,ie. every a € R is integral over V. Let I be any field with
K C F C D.Then Ry = RN F is a valuation ring of F and integral over V.
Hence it is the integral closure of V' in F and so the valuation of Ry, i.e. w|F is the
unique extension of v to F' (cf. [22, Corollary 13.5]). O

From the properties of Henselian valuation rings (cf. [22, (16.4) and (16.6)]) and
Proposition 1.6.9, we have the following.

1.6.10 Corollary

Let D, K and v be as in Proposition 1.6.9. If V' is a Henselian valuation ring of K,
then there is a valuation ring R of D such that Z(R) = V and R = {a € D, a is
integral over V' }. O

1.6.11 Lemma

For a total valuation ring R of D with Z(R) = V/, the following are equivalent:

1. R is a valuation ring.
2. R isintegral over V.
3. R is the only Dubrovin valuation ring of D with its center V.

Proof. 1. = 2. If R is a valuation ring, then I'y C T'r naturally and so the
valuation on K is extended to a valuation on D. Thus R is integral over V' by
Proposition 1.6.9.

2. = 3. Note that R is a valuation ring by Theorem 1.6.8. Let S be a Dubrovin
valuation ring of D with Z(S) = V. We will first claim that J(S) C J(R). Let
0+#seJ(S)and f(X) = X"+a,—; X""'+---+ag be the minimal polynomial
of s over K. Then g(X) = X" +ay'a; X" + -+ + ay'an—1 X + ay’ is the
minimal polynomial of s~! over K. Assume that s™! € R. Thenaj'a; € V for
alli,0 =i = n witha, = 1. It follows that —1 = a;'s" + ay'a,—1s""' +
o+ agtays € J(S), a contradiction. Hence s™! ¢ R, ie. s € J(R) and
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J(S) C J(R). Next assume that S # R. Then S € R by Proposition 1.6.3 and
let s € S — R. There are k € K and m € N such that s R = kR. Since s ¢ R,
we have s ¢ R,k ¢ Randk~'s” ¢ J(R)and k~! € J(R)N K = J(V). But
k='s™ € J(V)S C J(R), a contradiction and hence S = R.

3. = 1. This follows from Theorem 1.6.8. O

1.6.12 Lemma

Suppose that there is a total valuation ring of D with its center V. There is a
valuation ring S of D such that S # D and S D R for all total valuation rings
Rwith Z(R) =V

Proof. First suppose that V' has a minimal prime ideal p. Then W =1V, is a

valuation ring with rank one. Let K be the completion of K with respect to the
valuation defined by W, i.e. with respect to the topology defined by ideals of W
and we denote by W _the corresponding completion of W. Then D = D Qk F K is
a skewfield with Z (D) K. There is a valuation ring S of D with Z (S) w by
Corollary 1.6.10, because any complete rank one valuation ring is Henselian (cf. [22,
(17.18)]). It follows that S = S N D is a valuation ring of D with Z(S) = W. Now
let R be any total valuation ring of D with Z(R) = V. Then R,, is a total valuation
ring of D with Z(R,) = W and R, = § by Lemma 1.6.11. Hence S D R for
any total valuation ring R of D with Z(R) = V. Next suppose that V' has no
minimal prime ideals. For a total valuation ring Ry with Z(Ry) = V/, there is a
Dubrovin valuation ring S which is a finitely generated over its center W D V such
that S D Ry by Lemma 1.6.7. Thus S is a valuation ring of D by Lemma 1.6.11,
because any overring of a total valuation ring is again total. Hence, as in the first
case, S D R for all total valuation ring R of D with Z(R) =V

1.6.13 Lemma

Suppose that there are, at least two, total valuation rings of D with center V. Let
S be the minimal valuation ring of D with property: S O R for all total valuation
rings R of D with Z(R) = V (the existence S is guaranteed by Lemma 1.6.12).
Then Z(S) 2 W, where W = Z(S) and S = S/J(S).

Proof. Assume that Z(S) = W. Then {R = R/J(S), R runs over all total
valuation rings R of D with Z(R) = V} is the set of all total valuation rings
of § with Z(R) = V/J(W) = V by Theorem 1.4.9 and Proposition 1.4.17.
By Lemma 1.6.12 there is a valuation ring S; # S of S containing all R. Thus
Sy ={seS,s+ J(S) € S} is a valuation ring of D with § 2 S| D R forall R,
contradicting the minimality of §. O
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1.6.14 Proposition

Let R be a valuation ring of D with Z(R) = V. Then Z (R) is a normal extension
of V and any V-automorphism of Z(R) is induced by an inner automorphism i, of
D,whered € D, ie.iy(a) = dad™" for anya € D.

Proof. Let7 € Z(R), where r € R and f(X) be the monic minimal polynomial
of r in K[X]. Since r is integral over V, f(X) € V[X]. Write f(X)=(X —
ap)---(X —a,) € D[X] with r =a, and a; =d;rd" =iy (r) for some d; € D,
i=2,---,t. It follows that ¢; € R for all i since R is invariant. Note that,
for any d € U(D), iy naturally induces an automorphism i; of R, because
ig(J(R)) = J(R). Thus all elements @; are in Z(R) and hence Z(R) is a normal
extension of V, because f(X) = (X —a;)---(X —a,) € V[X]. Let C be the
maximal separable extension of V in Z(R). We can choose r € R above such that
C = V(¥), because C is a finite separable extension. Let g(X) be the irreducible
separable polynomial of 7 over V. Then g(X) = (X — a;,)---(X — a,) for
certain ay,,- -+ , dx, ini{a,---,a,} above. We reorder the @; if necessary and write
g(x) = (x —ay)---(x —a@y). Bachof the @, i = 1,--- ,m is in C and this shows
that C is a Galois extension of V' with Galois group G = {iq,,j = 1.--- . m}.
Since Gal(Z(R)/V) = Gal(C/V)(cf. [82, Corollary 4, p. 75]), any element in
Gal(Z(R)/V) is induced by an inner automorphism of D. O

1.6.15 Proposition

Suppose that there is a total valuation ring of a skewfield D with center V. Then
any Dubrovin valuation ring of D with center V is total and any two total valuation
rings are conjugate in D.

Proof. We will prove the proposition by induction on n = [D : K]. In the case
n = 1, there is nothing to do and if R is the unique total valuation ring of D,
then it is a valuation ring of D by Theorem 1.6.8 and is the unique Dubrovin
valuation ring of D by Lemma 1.6.11. Thus we may assume that there are at least
two total valuation rings of R, Ry of D with Z(R) = V = Z(R;). Let R’ be any
Dubrovin valuation ring of D with Z(R’) = V, S be the minimal valuation ring
of D with the property in Lemma 1.6.13 and W = Z(S). Then Z(S) 2 W by
Lemma 1.6.13 and R, is a Dubrovin valuation ring of D with Z(R;) =W =1V,
where p=J(W). Hence S = R, D R’ follows by Lemma 1.6.11. Put

R = R/J(S) and R, = Ri/J(S). Slnce Z(S) is a normal extension of W, there
are 0,7 € Gal(Z(S)/W) with a(Z(Rl)) = Z(R) and ‘C(Z(R ) = Z(R) (cf. [22,
(14.1)]). By Proposition 1.6.14, o and t are induced by inner automorphisms i4, i,
of D such thatis(S) = S = i.(S), where d, e € U(D). Thus we may assume that
Z(Ry)) = Z(R) Z(R’) andsince [D : K] % [S : Z(S)], by induction hypothesis,
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R'isa total valuation ring and so is R’, which proves the first statement. Again, by
induction, R and R; are conjugate in S. Hence R and R, are conjugate. O

1.6.16 Lemma

If rank V' = 1, then there is a Dubrovin valuation ring R of Q suchthat RNK =V
and it is integral over V.

Proof. Put Q = M, (D), where D is a skewfield. As in Lemma 1.6.12, let K be the
completion of K with respect to the valuation defined by V', and V be the valuation
ring of K with VN K= V, corresponding completion of V. Furthermore D=D ) ®k
Kis a skewfield with Z(D) = K and [D:K]= [D K] and Q - 0 ®k K =
M, (D) By Corollary 1.6.10, there is a valuation ring S of D with S NK = V
Note that every complete valuation ring is Henselian. It follows that R = M, (S )
is a Dubrovin valuation ring of Q with Z (R) = V. We denote R N Q by R and
J (R) N Q by M, and we will prove that R is a Dubrovin valuation rlng of QO with
Z(R) = V. To claim R R+ J(R) first, let FeR and r=qki+ -+ qk; for
some g; € Q and k; € K (we identify 0 ® K 0 K). There is 0 75 a € V with
gia € J(R) since K-R = Q and J(V)R - J(R) Since K is dense in K, there is an
x; € K withv(k; —x;) > V(a) for each i, where V'is the valuation corresponding V.
Weobtain7 =Y q;x; + > qi (ki —x;), where >_ q; (ki — x;) € J(ﬁ), > gixi € Q
and so in R, which proves the claim. It follows that

R _ ONR (QﬂR)+J(R) R
M 0nJR) J(R) IR

which is simple Artinian. Letg € Q — Randsoq € Q —R.Thus thereisan7 € R
with g7 € R — J(R). As before, 7 = > gqiki, where q; € Q and k; € K. Then
there is 0 # a € V with gg;a,qia € J(R) for all i. Again 9(k; — x;) > V(a) for
some x; € Kand7 =) q;x; +Y_q;(ki — x;), where the second sum is in J(ﬁ)
and the first sum is in Q N R = R. Hence q(Zq,x,) =qr—> qqi(ki —x;) €
(on ﬁ) (on J(R)) since the last sum is in J(R) Hence R is a Dubrovin
valuation ring of Q with RN K = V. R= M, (S ) is integral over V since sois S
by Corollary 1.6.10 and hence R is integral over V. O

1.6.17 Lemma

There is a Dubrovin valuation ring of Q whose center contains V.
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Proof. 1f V has a minimal prime ideal p, then W = V,, is a valuation ring of K
with rank one. Hence there is a Dubrovin valuation ring R of Q with Z(R) = W
If V has no minimal prime ideals, then the lemma follows from Lemma 1.6.7. O

1.6.18 Lemma

Let R; be total valuation rings of D with Z(R;) = V and Ry # R,,i = 1,2. Then
[Ri:V]+[R,:V]<[D:K].

Proof. Since R} € R, there is an x| € R} — R,. We may assume that x; ¢ J(R;),
otherwise replace x; by 1 +x;. The element y; = x;' € (R;—J(R;))NJ(R,). Let
ai,--- ,a, beaV-basis of Ry, wherea; € R and we may assume thata; R, D a; R,
foralli,i = 2,---,r. After replacing a; by yiay 'a;, we may assume that the a;
are all in J(Rz) Slmllarly we can find a V-basis b of Ry withb; € Ry N J(R)),
j=1,---,s. Iftheset{a,---,a,, b1, -+, bs}is 11nearly dependent over K, there
is an equation > aivi + ijvj’ = 0 for some v;,v;” € V, notall in J(V'). This
leads to a contradiction. O

Total valuation rings of D whose center is V' do not necessarily exist (cf. [68]).
However if we extend the category of non-commutative valuation rings to Dubrovin
valuation rings, then we have the following existence theorem.

1.6.19 Theorem (the Existence Theorem)

Let Q be a simple Artinian ring with finite dimension over its center K and V' be
a valuation ring of K. Then there is a Dubrovin valuation ring of Q such that the
centeris V.

Proof. We will prove the theorem by induction on n = [Q : K]. We may assume
that n > 1 and let R be the set of Dubrovin valuation rings R of Q with R # Q
and R N K D V, which is non-empty by Lemma 1.6.17. We first assume that there
isan S € R with S = M,,(Dy), Dy is a skewfield and m = 1. It follows from
Lemma 1.6.1 that [Dy : Z(Dy)] =< [Dy : W] [S W] < n, where W =

§ N K and that V= V/J(W)is a valuatlon ring of W. Let Vo be an extension
of Vo Z (D). By induction, there is a Dubrovin valuation ring Ro of Dy with
Ro nZz (Do) = Vo and so Ro N W V. Thus M, (Ro) is a Dubrovin valuation
ring of S with M,, (Ro) nJ W = V.1t follows from Proposition 1.4.17 that R =
{reS,r+J(S) e M,(Ry)} is a Dubrovin valuation ring of Q with RN K = V.
Next we must be the case where J(S) is completely prime of S for every S €
R, ie. S is a skewfield. It follows from Theorem 1.4.7 that S is a 1-chain ring
of O and so is Q. Thus Q = D is a skewfield and S is a total valuation ring.
If there is an S € R with [S : W] 5 n, where W = Z(S), then we can use
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the induction to obtain a Dubrovin valuation ring Rof S with RNW = V and
there is a Dubrovin valuation ring R of Q with R N K = V as before. We are
left the case that all R in R are total valuation rings and [R : W] = n, where
W = Z(R). In this case, we will prove below that either Ry C R, or Ry C R,
for any R;, R, € R. Assuming this fact, let Ry be the intersection of all R; € R.
Then Ry is the minimal element in R. If Vo = Z(Ro) 2 V, then Ry D V 2 V and
there is a Dubrovin valuation ring R of Ry with Z (ﬁ) oV by Lemma 1.6.17. Then
R ={r € Ro,r + J(Ry) € ﬁ} is a Dubrovin valuation ring of Q with Ry 2 R
and R N K D V, a contradiction. Hence Z(Ry) = V. To prove the above claim, let
R, R, € R and we may assume that V] = Z(R,) C V> = Z(R»), because these
rings are overrings of V. Let S| = RV, be an element in R with Z(S;) = V5.
If S; # R», then, by Lemma 1.6.18 and the assumption, we have the following
contradiction: n = [S] : V3] + [Rs : V5] = 2n. Hence R, = S| D R;. O

1.6.20 Lemma

Let R and R; be any Dubrovin valuation rings of Q with Z(R) =V = Z(R;).If
eitherrank V =1orR =a,V & --- ® a,V for some a; € R, then R and R, are
conjugate in Q. Furthermore, in the case rank V = 1, Z(R) is a normal extension
of V and any element in Gal(Z(R)/V) is induced by an inner automorphism of Q.

Proof. Suppose that rank V' =1. Let Q = M,,(D), where D is a skewfield with
Z(D) = K. It follows from the proof of lemma 1.6.12 that there is a valuation ring
B of D with Z(B) = V. Hence R and R, are conjugate in Q by Lemmas 1.4.12
and 1.6.11. In order to prove the second statement, we may assume that R =
M, (B). Then Z(R) = Z(B), Z(B) is a normal extension of V and any element
of Gal(Z(R)/V) is induced by an inner automorphism of D by Proposition 1.6.14.
Suppose that R = |V & --- @ a,V for some a; € R. Thereis ag € QO with
aiRi+---4+a,R; = qR,.Since R C a1 R;+---+a,R;,itisclearthatg € U(Q). It
remains to prove that R = gRq~". Letby,--- ,b, € Ry withqg = ajby+---+a,b,,
ie.l =aibig™' +---+ayb,q . Sincea;a; € R CajRy + ...+ a, Ry we have
aiajqu_l € (@R +---+ a,,Rl)q_l = (]qu_l. Thus a; = aialblq_l + -+
ajaybyq' € qRig™" and R C qRiq™". Z(R) =V = Z(R)) = Z(qRig™")
implies that R = gR;q~" by Proposition 1.6.3. O

1.6.21 Lemma

Let R and R; be Dubrovin valuation rings of a skewfield D with Z(D) = K and
Z(R) =V = Z(Ry).If P and P; are the maximal completely prime ideals of R
and R; respectively,then P N K = Py N K and P; = qPq~"' for some g € U(D).
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Proof. Without restriction, we may assume that py = PN K C p = P N K. The
completely primeness of P implies that R, is a total valuation ring, because R,/ P,
is a skewfield. Thus R;, is also a total valuation ring by Proposition 1.6.15. Hence
J(Ry,) = P1, is completely prime. Since Ri,, D Ryp, P1 = J(R1,,) C J(R;),)
and, by the choice of P;, P = J(R; ) follows. Thus PiINK = J(R;,)NK = p =
J(R,) N K = P N K. By Proposition 1.6.15, Ry, = qR,q~" for some g € U(D)
and P, = gPq~' follows. O

1.6.22 Theorem (the Conjugate theorem)

Let R and R; be Dubrovin valuation rings of a simple Artinian ring Q with finite
dimension over its center K and Z(R) = V = Z(R;). Then thereisa g € U(Q)
such that R = gRyq ™.

Proof. We will prove the theorem by inductiononn = [Q : K]and n > 1.

Case 1. Q = M;(D) for a skewfield D with Z(D) = K and [ > 1. There are
Dubrovin valuation rings B,B; of D with Z(B) = V = Z(B;), r,s € U(D)
such that rRr~' = M;(B) and sRs™' = M;(B;) by Lemma 1.4.13. By
induction hypothesis, B and B; are conjugate in D and so are R and R;.

Case 2. Q is a skewfield and (0) is the only completely prime ideal of R. By
Lemma 1.6.21, (0) is the only completely prime ideal of R;.

(i) If V has a minimal prime ideal p, then R, and R;, are Dubrovin valuation
rings of Q with Z(R,) = V, = Z(R;,), rank one. By Lemma 1.6.20, R,
and Ry, are conjugate Thus we may assume that R, = R;,, and R =
R/J(R ) and R, = Ri/J(R)) are Dubrovin valuation rings of R with
RN V], = R1 N V By Lemma 1.6.20, we may even assume that RN
Z(R],) RN Z(Rlp). Since J(R ) is not completely prime, R is not a
skewfield. Thus R and R are conjugate by case 1. So it follows that R and
R are conjugate.

(i) If V has no minimal prime ideals, then there is a valuation ring W of K,
W # K containing V and K-basis {a;,--- ,a,}of Q suchthat S = oW &

-+ @ a, W is a Dubrovin valuation ring of Q with Z(S) = W and S D R
by Lemma 1.6.7. It follows from Lemma 1.6.20 that S and S| = R W are
conjugate. Since S is not a skewfield and Z(S) = W, we have R and R,
are conjugate in Q which is proved in a similar way in (i).

Case 3. Q is a skewfield, and the maximal completely prime ideal P (resp. P;)
of R (resp. R;) is non-zero. By Lemma 1.6.21 and its proof, we may assume that
P = P and Rp is a total valuation ring of Q containing R and R;. Let S be
a minimal valuation ring of Q containing Rp and W = Z(S). Then WNR=
V = W N R; and, by Proposition 1.6.14, we may assume that RN Z(S) =
RN Z(S).If Rp is not a valuation ring, then [Q : K] > [S : W] [S : Z(S)]
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by Lemma 1.6.13. Hence R and R are conjugate by induction. If § = Rp, then,
by case 2, R and R; are conjugate since (O) is the only completely prime ideal of
R. Hence, in both cases, R is conjugate to R;. O

1.7 Gauss Extensions

Throughout this section, V' is a total valuation ring of a skewfield K, I" is a group
with a pure cone P, i.e. P is a subsemi-group of I' such that P U P~' = T and
P NP7 = {e}, where P7!' = {y~!,y € P} and e is the identity element. We
define a left order <; on I' as follows; for any y,§ € I', y <; § if and only if
y~'8 € P and similarly we define a right order. Note that T is a left and right
totally ordered group (the simplest example is: I' = Z and P = Ny in which the
operation is additive).

Let K * I' be a crossed product of I" over K, i.e. it is a ring with a left K-basis
{y,y € I'}, a copy of I'. Thus each element of K * I" is uniquely a finite sum
Y era,y with a, € K. The multiplication is determined by the following; for any
y.8 € T,76 = ¢(y.8)y8, where ¢ : I' x I' — U(K) and ya = a7y for any
a € K,whereo : ' — Aut(K), a mapping. The mappings o and ¢ have to satisfy
the following two conditions:

c(y.8)e(ys, n) = (@, Ve(y, 8n)
forany y,8,n € T, since (78)7 = 7(87), and
c(y, g)aa(yS) — (a0(5))0(1/)c(% 8)

forany y,8 € I'and a € K, since (y8)a = y(8a).

The associativity of the multiplication in K * I'" follows from the conditions
above, and we refer the reader to the books [56] for some elementary properties of
crossed products. It is easy to see that K * I' is a domain, because I is a left and
right ordered group and that K * I' is a graded division ring, i.e. every non-zero
homogeneous element is invertible (see [52, p. 38]).

We assume in this section that D = Q(K * I''), a skewfield of left quotients of
K * T exists, or equivalently that K * I ia a left Ore domain.

If T is an infinite cyclic group, then D = Q(K * I') exists and see [8] for such
examples. Furthermore, in order to study graded subrings of K * I' lying over V,
we consider the following condition:

c(y.8) e U(V°YD) forany y,8 € T.

If K * I" satisfies the condition, then it is called a V' -crossed product of I" over K.
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In this section, we always assume that K * I' is a V' -crossed product and that ¢
is normarized, i.e. c(y,e) = 1 = c(e, y) for any y € I so that e is the identity of
K = I'; (see [57, Exercise 1, p. 255] or [56, Exercise 2, p. 9]) for normalizing factor
sets, and note that K * I" is still a V'-crossed product after normalizing if K % I" is a
V -crossed product).

A graded subring A = ®,er A4,y of K * I' is called a graded total valuation
ring of K * G if for any non-zero homogeneous element ay, either ay € A or
(ay)~! € A. A graded total valuation ring A = ®yer 4,7 is said to be a graded
extension of Vin K x "'if A, = V.

A Gauss extension R of V' in D is a total valuationringof D with RN K =V
and the property that forany ¢ = a1y, +---+a,y, € K * T,

Ro = Ra;y;

for some i with Ra;y; O Ra;y; forany j,1 < j <n.

This concept is motivated by commutative valuation rings of function fields. Let
v be a valuation on a field F with value group I'; and I'; be a totally ordered abelian
group containing ['y. For a fixed y € T’y and any f(X) = @, X" +---4+a¢ € F[X],
the mapping V' : F[X] —> T defined by v'( (X)) = inf{v(a;) + iy} determines
a valuation of the function field F(X) which is an extension of v (cf. [25, (18.4)]).
O/, the valuation ring of F(X) associated to V' is called a Gauss extension of O, in
F(X). Note that O f(X) = Oya; X' for some i with Oya; X' D Oya; X/ forall
J,0=j=<n

We will use graded extensions of V in K * I" to determine all Gauss extensions
of V in Q(K * I') and study the ideal theory of Gauss extensions and residue
skewfields. Furthermore we will provide some standard Gauss extensions.

The following lemma is easy and is frequently used in this section without
reference.

1.7.1 Lemma

Let A = ®,er A,y be a graded subring of K * I" with A, = V. Then A, is a left
V and right VV°)-submodule of K.

For any non-zero homogeneous elements ay and bg, where y,§ € I' and
a,b € K, it follows that

@)=yl =Ty Ty T = e T ey Ty T
and _ _
@p)(b3) = ab*Pe(y.8)y3

Thus, the set of non-zero homogeneous elements of K * I' is a group PP under
multiplication. We write P(4) = PN A, the set of non-zero homogeneous elements
of A = @)/EFAVV'
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1.7.2 Lemma

Let A = @,er A,y be a graded subring of K * I with A, = V. Then the following
are equivalent:

1. Ais a graded extension of V in K * I.

2. The set of graded left ideals of A is linearly ordered by inclusion and K * I
is the gr-quotient ring of 4, i.e. K * ' = {f7'a, & € A and B € P(A)} =
{af™!,a € Aand B € P(A)}.

11
3. Foranyy € T, K = A4, U(4;,)"% ) where Al =t{a70#ae A}

Proof 1. = 2. For any a, 8 € P, we have either ™! € Aor o™ ! = (@f™!)7' €
A and so {Aa,a € P} is linearly ordered by inclusion. Let / and J be graded left
ideals of A. Suppose I 2 J andlete = o) + -+ + &, o; € J NP, be an element
in J but not in /. We may assume that Aoy D Ac; foralli, 1 <i < n and hence
Ao C Aoay. For any element 8 = 81 + --- + f; in I with ; € I NP, we may
assume that A8 C AP, as before. Since Aoy 2 AP, we have B € Aoy C J.
Hence I C J.Lleta = o) + -+« € K xI' with o; € P. By the right
version of the before, we may assume that ;4 D o; A foralli, 1 < i < m,ie.
A>3 a'la; = Bi.Ifay € A, thena € A. If o) ¢ A, then o' € A and hence
a= () "B+ -+ Bn) withay! € P(4) and By + -+ + By € A. Similarly
we have K * I' = {¢f~',a € A and B € P(A)}. Hence K * I is the gr-quotient
ring of A.

2. = 3. Lety eI'anda € K.Ifay € A,thena € A,. Ifay ¢ A, then 4 >
@)™ =y et =y Ty Tla = ey 7@ )Y Dy and so
c(y )@ )70 € A Since c(y!, y) € U(V), wehave (a=1)?0 ) = b
for some b € A,—1. Hencea = (h1)°0™)7" ¢ (A;,ll)"(y_l)_l.

3. = l.Letay € P.Ifa € A,,thenay € A Ifa ¢ A, thena =
(b1 for some b € A, and so (@H°"™) = b follows. Thus, (ay)~" =

ey~ y) @) D=1 € A,~y~T C A. Hence A is a graded extension of V
inK xTI. O

1.7.3 Lemma

1. Foranya € K and y,8 € ', (a°®)°") = ¢(y,8)a®"c(y,8)7 L.
2. Let W be aleft V and right VV-module in K. Then (W°©®)?®) = Wwod for any
y.8 € I. In particular, if Wo®) > W, then W D Wo0 ™),

Proof. 1. From the associativity, we have c(y, §)a®?® = (a®®)°We(y, §).

2. It follows from (1) that (W) W) = ¢(y, )W (y,8)1 = W9 because
c(y.8) e U9y and WO is a VoUd bimodule in K. If W) > W, then
W) ¢ (weye ™) = W, O
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1.7.4 Lemma

Let A = @,er A,y be a graded extension of V in K * I'. Then:

1. Either Ay D Vor A,—1 D V foranyy € I'.

2.If A, D V, then Ay—l C V for any y € T'. In particular, if 4, 2 V, then
A= CJ(V).

3.1f A4y =V = Ay~ then Ve =y,

4. A, = K ifandonly if A,—1 = (0).

Proof. 1. Since A, is a left V-submodule of K, we have either 4, D V or4, & V
forany y € I'. Suppose A, & V and A,—1 & V for some y € I'. Then 4, C
J(V)and A,—1 C J(V). We may assume that 4, D A,—1 andleta € V — A,.
Then a~' ¢ A, and there are b,c in A, such that a = (b~ and
a' = ()" by Lemma 1.7.2. Thus 1 = a~'a = ((cb)"")°" ™" and
c¢b =1, a contradiction. Hence either A, D V or Ay—l D Vforanyy €I

2. It follows that A),?Ay—lF = A),(Ay—l)"(y)c(y, y~) C Vand
A1y 14,7 = A,-1(4,)° De(y~!,y) C V. Thus we have

Ay(4,-)°") C V and 4,1 4797 C V. (%)

If A, DV, then A,—1 C V by (%) since I € A(;(yil). Suppose that 4, 2 V and
Ay~ £ J(V). Then A,~1 = V and A, C V, a contradiction. Hence 4,—1 C
J(V).

3. It follows from (*) that V) € V and Vo0 ™) C V. Thus V = (Vo0 D))o ¢
Vo) C V by Lemma 1.7.3 and hence V = Vo),

4. This follows from (x) and Lemma 1.7.2. O

We will write Jg(A) for the graded Jacobson radical of A, the intersection of all
graded maximal left ideals of A. It turns out that J,(A) is the intersection of all
graded maximal right ideals of A (cf. [52, (1.7.4)]). If A is a graded extension of V'
in K * I', then we have the following about the graded Jacobson radical J,(A):

1.7.5 Lemma

Let A = @yer A,y be a graded extension of V' in K * I'. Then

1. Jg(A) = {a = Xa,y, a,y ¢ U(A) forall y € Supp(a)}, where Supp(ar) =
{y € Fva}/ 7é 0}

2. J4(A) is a completely prime ideal of A with Jg(4) N K = J(V).

Proof. 1. Let M = {a = Xa,y € A, a,y ¢ U(A) for all y € Supp(a)}. Let
a,y,asé € P(A) N M and we may assume that Aa,y > as8. Thena,y + asd €
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Aa,y & A, which shows M is an additive subgroup of A. Let a,y € M and
asé € P(A). Then ay7a5§ and agga)ﬁ are both not units in A4, because a,y ¢
U(A). Hence M is an ideal. Furthermore, it is easy to show from the definition
of M that M is a unique graded maximal right ideal and hence M = Jg(A)
follows.

2. Leta =a;y; +---+a,y,and B = b181 44 byby € A— J¢(A). Suppose
Vi <t ¥V, <t o+ <y Ynand §; <, 8y <, +++ <, 8. Since J4(A) is a graded
ideal, there are a minimal index i with a;; € U(A) and a minimal index j with
b; 5 ; € U(A). We claim that y;§ ;-term in the product «f is a unit in A and hence
af ¢ J,(A). The productaﬁibjgj is aunitin A. Since y;/8; # y;8; fori’ > i,
Jj' = jand (i, j) # (i’, j'), there are no contributions to the y;§;-term of o8
from the products a; ;b8 withi’ > i, j' > jand (i, j) # (i’, j').

Since the remaining product a;#y;,b;»8 ;» with either i” < i or j” < j are
all contained in J,(A), the y;6;-term of the product «f has the form ‘W =
ai7ib]‘gj +nwithc € K andn € Jg(A). Since J,(A) is an ideal and a,?,-bjgj ¢
Jg¢(A), it follows that cyi_é’j ¢ J4(A), which proves our claim. Therefore Jg(A)
is a completely prime ideal. O

1.7.6 Theorem

Let A = @yer A, be a graded extension of V in K * G. Then A — J,(A) is a left
Ore setand R = Ajg(A) is a Gauss extension of V in D.

Proof. Let o and 1 be in A with n ¢ J,(A). Then an™' = A7!B for some B, A €
K *xG,ie. Aa = Bn. Write B = 1 +---+ B,and A = A; + --- + A,;, where
Bi.A; € P. We may assume that 814 D f;Aforanyi,1 <i <n,and 114 D A; A
forany j, 1 < j < mby Lemma 1.7.2. If 814 D A4, then B 'Aa = BBy
and B4, BB € Abut BB ¢ Jo(A). Thus B'A ¢ J,(A) since Jo(A) is
completely prime. If 814 C 14, then (A7'V)e = (A['B)npand A4, A1 e A
but A4 ¢ Jo(A). Hence A—Jg(A) is aleft Ore set. Leta = oy +---+a, € K*G,
where o; € P. Suppose Aoy D Aw; foralli, 1 <i < n. Then aal_l € A—Jy,(A)
and Ajg(A) =R= Raal_l, i.e. Re; = Ro. Similarly we have R = «; R for some
i witha; A D ajAforall j,1 < j < n. With these properties, we will prove that R
is a total valuation ring of D. Let o, 8 € K * I'. Then B~ 'aR = B~'a; R for some
a; € Pand Ra!'B = Rn for some 7y € P, because ;! € K x T'. Since 4 is a
graded extension of V in K * G, it follows that either 7; € A or ;! € A. Suppose
n' € A. Then B~'aR = p'ayR = (R : Ray'B), = (R : Rm), = n;'R C R.
Thus B~'a € R follows. Suppose 7, € A. Then Ra™'B = (R : p~'aR); =
(R: B 'ayR); = Ra;'B = Ry C Rand R 5 o' = (B 'a)”!. Hence
R is a total valuation ring of D. it is clear that R N K * I’ D A. To prove the
converse inclusion, let § = n7'a € K x ', where o, € A and n) ¢ J,(A). Write
B = p1+ -+ By, where §; € P with AB; D AP, foralli, 1 <i < n. Then we



1.7 Gauss Extensions 75

have R D Ra = Rnf = RB; and B; € RN K * I'. Again write 8; = pu~'A for
some A, ;€ Aand pu ¢ Jo(A) withA = A +---+A;and 0 = g + -+ + s
where A;, u; € P(A) and u; € U(A) for some i. Then ;B = A; for some j
and B = pu;'A; € A. Since AB; D AB; for all i, we have B € A and hence
RNK T = A.Inparticular, RN K = RNK*«xI'NK = AN K = V. Therefore
R is an extension of V' in D, and it follows from an earlier observation that R is a
Gauss extension of V' in D. O

Conversely we will prove that every Gauss extension of V' in D is obtained by
left localization of a graded extension of V' in K * I' at its graded Jacobson radical.

1.7.7 Theorem

Let R be a Gauss extension of V in D. Then A = RN K * I is a graded extension
of Viin K x I" with J,(A) = J(R) N K * ["and R = A, (4).

Proof. Forany y € I', put A,y = RN Ky. Itis clear that A D @,er4,y. To
prove the converse inclusion, let « = o + --- + «, be any element in A, where
o; € Ky; for some y; € I'. Suppose that ;R D «o; R forany i, 1 <i < n.Then
RO aR =oRando; € Rforalli. Thuso; € Ky; N R = A, which proves
A C ®yegA,Y. Hence A = @,erA,y, a graded subring of K * I'. Similarly,
J(R) N K * I' is a graded ideal of A4, ie. J(R) N K * I' = @,erJ, ¥, where
J,v = J(R) N K. To prove that J,(A) = J(R) N K * I', it suffices to prove
that I = A for any graded left ideal / of A with I € J(R) N K = ". Let B =
Br+ -+ Bw el —(J(R)NKxT), where §; € IP and suppose R; D Rp;
foranyi, 1 <i < m. Then R = R = Rf; and,Bl_1 e RNKx+«T = 4,ie.
B1 € U(A). Since B, € I, we have [ = A as desired.

To prove that A is a graded extension of V in K % I', let ay € P. Then either
ay € R or (ay)~' € R implies either ay € A or (ay)~' € A. Furthermore
V=RNA= AN K shows that A, = V. Hence A is a graded extension of V in
K «xT.

Since Jg(A) = J(R)N K *T", we have A — J,(4) C R— J(R) = U(R) and so
Ay, 4y C R. To prove the converse inclusion, let @ = n~'B € R. We may assume
that B, € A, because Q(K x I') is the quotient ring of A, (4) by Theorem 1.7.6.
Write n = ny + - -+ + n,, where ; € P(A) withnA D n;Aforanyi, 1 <i <n.
Thenn;'n € Aandn;'n ¢ Jo(A).Son;'n € U(A_]g(A)). Hence sincea = ' =
('m0 B), we have R D Ay, e = Az, n) (7' B) = AJL(A)W_IIB e
7]11,3 ie. 7711,3 e RNK*xG = A. Thusa € A_] Ao = AJg(A)ﬂl ,3 C Ajg(A)
Therefore R = A Jo(4) follows.

Let R be a Gauss extension of V in D andlet A = RN K % . Then A is called
a graded extension of V' in K x I' corresponding to R. From Theorems 1.7.6
and 1.7.7, we have the following.
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1.7.8 Corollary

There is a one-to-one correspondence between the set of all Gauss extensions of
V in D and the set of all graded extensions of V' in K * I', which is given by
A — ®(4) = Aj,uy and R — W(R) = RN K * T, where 4 is a graded
extension of V' in K * I" and R is a Gauss extension of V in D.

Proof. 1t follows from Theorem 1.7.7 that ®(W(R)) = R for any Gauss extension
Rof V. Let A be a graded extension of V. Then ®(A4) = A, (4) is a Gauss extension
of V by Theorem 1.7.6 and W(®(A)) = Aisa graded extension of V' containing A.
Leto € A. To prove o € A, we may assume that « is a homogeneous element since
A is a graded extension of V and that = n~ !B for B € Aand n € A — J,(A).
Then no = B € A implies ¢ € A, since the least component of 7 is a unit in A4.
Hence W(®(A)) = A. O

1.7.9 Theorem

Let R be a Gauss extension of V in D and A = @,er A, ¥ be the graded extension
of Vin K * I' corresponding to R. Then:

1. There is a one-to-one correspondence between the set of all left ideals of R and
the set of all graded left ideals of A, whichis givenby I — I, = I N K * T,
where [ is a left ideal of R and /, —> R/, for a graded left ideal /, of A.

2. I is an ideal of R if and only if /, is a graded ideal of A.

3. I is a completely prime ideal of R if and only if /, is a graded completely prime
ideal of A4, i.e. a graded and completely prime ideal of A.

4. I is a prime ideal of R if and only if /, is a graded prime ideal of 4, i.e. a graded
and prime ideal of A.

Proof. 1. Let I be a left ideal of R and I, = I N K * I'. It is clear that I, is a

left ideal of A. To prove that I, is graded, let « = oy + -+ 4+ @, € I, where
o; € P(A) with Aay D Aw; for all i, 1 < i < n. Then, since R is a Gauss
extension, it follows that Ry = R C [ sothaty € I N K xI' = 1,,
and hence o; € I, for all i. Hence I, is graded. To prove that RI, = I, let
a=n"'pel, whereB,ne Aandn ¢ J,(A). ThenI D Ra = Ry~'B = Rp
andso B € I,. Hence« € Rl; and I = RI, follows.
Conversely, let I, be a graded left ideal of A. Then we will prove that R/, N K *
I =1, Leta = n'B e RIgNK *T, where B € I, andn € A — Jo(A).
Then na = B € I,. Write B = B1 + -+ + B, where B; € P(4) and AB; D
AB; forall i, 1 < i < n. It follows that Re = Rna = RP = RP; and so
af;' € RNK*T = A.Hence @ € AB; C I, because I, is graded, proving
that RI, N K I = I,.
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2. If I is anideal of R, then I, is an ideal of A. Conversely suppose [, is a graded
ideal of A. In order to prove that R/, is an ideal of R, it suffices to prove that
an™' € RI, forany @ € I, and n € A — Jo(A). There exist B, A € A with
A ¢ Jg(A) such thatan™ = A71,i.e. \a = Bn. Write B = 1 + -+ + By and
n=mn+---+n, where B;,n; € P(A) with AB; D AB; foralli,1 <i <m
and Any D An; forall j,1 < j <n.Then RI; D RAa = Rfn = RBin and
soly = RI,NK*I" 3 Binby (1). Since I, is graded, it follows that 817n; € I,
and in particular, 817, € I so that B; € I, because n; € U(A) by Lemma 1.7.5.
Hence B € I, follows and thus an™! = A7'B € RI,, as desired.

3. Suppose I is a completely prime ideal of R. Then I, is completely prime,
because A/I, C R/I, a domain. Conversely, suppose that [, is a graded
completely prime ideal of A with 4 2 I, and that n7'a ¢ I, A7'B ¢ I,
where a, 8,7,A € A and 1, A not in J,(A). Note that « ¢ I, and B ¢ I,
by (1). There are j,k € A with u ¢ Jg(A) such that ™' = 7'k, ie.
up = kn ¢ Ig, because Jo(A) D I, and so k ¢ I, follows. Thus we have
RA'Bn~'a = RBn'a = Ru~'ka = Rka which is not contained in 7,
because ko ¢ I,. Hence I is a completely prime ideal of R.

4. Suppose I, is prime. It is easy to see that I is prime by (1). Conversely, suppose
that / is prime and that e A8 C I, witho ¢ I,, wherear, B € A. Then Roj AB =
RaAB C RI; = I for some «; € P(A) with Re = Ra;. Since Aa; A is a
graded ideal of A, we have RAw A is an ideal of R by (2). Thus 8 € I, because
ar ¢ 1,8 €1 NA=1I,andhence I, is prime. O

Let R be a Gauss extension of V in D. R = R/J(R) is called the residue skew
field of R by J(R). We will show that R is isomorphic to Q(V * E) for some
subgroup E of I', where Q(V x E) is the quotient ring of a crossed product algebra
Vs Eof EoverV =V/J(V).

1.7.10 Lemma

Let A = @,er A,y be a graded extension of V in K * I and J,(4) = @yerJ, ¥

be the graded Jacobson radical of A. Then:

1. E={yel'|A,2J,}isasubgroupof I'.

2. Forany y € Eandanyc, € A, —J,, A, = Ve, and J, = J(V)c,y.

3. If ay and by are both units in A, where y € E anda, b € A, then Va = Vb.

Proof. 1. Let y and § be in E. Then there are ¢, € A, — J, and ¢5 € As — Js.
Since J,(A) is completely prime, we have ¢,yc;8 = cycg(") c(y,8)y8 ¢ Jo(A),
ie. cyc;(wc(y, §) € Ays — J,5 and y§ € E follows. Furthermore, since ¢,y €
U(A) by Lemma 1.7.5, (¢, 7)™ = c(y 71, y)_l(cy_l)”(yfl)y—1 € A,~1y~1, but
not in Jy—lF and so y~! € E. Hence E is a subgroup of I.
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2. Since J, is a left V-module in K and ¢, ¢ J,, it follows that V¢, 2 J,. Let
a € A, — J,. Thenay € U(A), ie. Aay = A = Ac,y andso Va = Ve,
follows. Thus 4, = V¢, . To prove that J, = J(V)c,,let b € J(V') and suppose
that bc, ¢ J,. Then b € U(V), because ¢,y € U(A), a contradiction. Hence
be, € J,. Conversely, leta € J,. Thena = dc, forsomed € V.1t d ¢ J(V),
then dc,y € U(A), a contradiction. So a = dc, € J(V)c, and hence J, =
J(V)e,.

3. Aay = A = Aby implies Aa = Ab and so Va = Vb follows. O

1.7.11 Proposition

Let R be a Gauss extension of V in D and A = @,er A, ¥ be the graded extension

of V' in K * I" corresponding to R with J,(A) = @,erJ, Y. Then A= A/ Jq(A)

is isomorphic to V * E, a crossed product algebra of E over V = V/J(V), where
={yel|4,2J,}and R =R/J(R) = Q(V * E).

Proof. By Lemma 1.7.10, E is asubgroup of I'. For y € E, we can write 4, = V¢,
forafixed ¢, € A, — J,. Since A, is aright V?)-module, it follows from the right
version of Lemma 1.7.10 that A, = ¢, V°%) and J,, = ¢, J(V)°"). Thus we have
V =c,V°Wc tand J(V) = ¢, J(V)°Pc; ! Hence, for any v € V, the mapping
p(y) defined by

W) — cyv”(y)c;l

is an automorphism of V' and p(y) naturally induces an automorphism p(y) of V by
@) = uP) 4 J(V). Furthermore, for any y,8 € E, qﬁcsg = cycg(y)c()/, 8)ys e
U(A).So Veys = chcg()')c(y, §) by Lemma 1.7.10, i.e. cycg(”)c(y, 5)6’}/_51 e U(V).
Puty = ¢,y and § = cs. Then

78 = ¢, 758 = cyc§ Ve(y.8)c,y8 = f(.8)y8

where f(y,8) = cycg(y)c(y, 5)c ! ¢ U(V). Forany u € U(V) and 7,8 € E,
we have
Yu = ¢y yu = cyu"(y)c oV =c uo(y) y — Mp(y)),
GOu = f(.8)y8u= f(y.0u""ys
TG =@ V8) = @YY f(y.8)y5.
Thus w?¥® = f(y.8)  @®)PD) f(y.8) € UV). Similarly 7(§7) = H8)7
implies f(y,8) f(y8,m) = f(6, )"V f(y,6n)_€ U(V). Hence, forp : E —>

Aut(V) and f : E x E — V — {0} with f(y,5) = f(8 +JWV) eV,
7.8 € E, we have a crossed product algebra V * E with basis {7, y € E} over
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V,yu = ﬁﬁ(”)'fand')fg: . 8))78 foru € V,y,6 € E.Then A = A/J,(A) =
By Ve, 7/J(V)ey7 = @yepVy =V * E,and R = R/J(R) = Q(V * E), the
skewfield of left quotients of V * E. O

In the remainder of this section, we will give some standard Gauss extensions of
Vin D.

A subset H of T"is called a coneof T'if H-H C HandT' = H U H™'. The
cone H is proper if H # I'. We write U(H) = H N H~! for the group of units
of H. We can define (one-sided) ideals, (completely) prime ideals and the Jacobson
radical of a cone in the same way as in rings. Cones and valuation rings have similar
properties, see for example [5]. We collect some of these properties in the following
two lemmas:

1.7.12 Lemma

Let H be a proper cone of I". Then:

1. J(H) = H — U(H) is the maximal left and the maximal right ideal of H; it is
the Jacobson radical of H and a completely prime ideal of H .

2. Lety € . Theny € J(H) ifandonlyify~' € T — H.

3. I' — H is a semigroup.

Proof. 1. Lety € J(H)and § € H.If 8§y ¢ J(H),ie. 8§y € U(H), then y~! =
(8y)~'8 € H and y € U(H) follows. Hence §y € J(H) and so it is a left ideal.
It is clear that J(H ) is the maximal left ideal which is the Jacobson radical of H.
Similarly J(H) is the maximal right ideal of H.

2. Ify € J(H),theny™' ¢ H,ie.y ' e —~H.Ify"' e '—H,theny™' € H™,
ie.ye H.Ify ¢ J(H), thenitis in U(H ), a contradiction. Hence y € J(H).

3. Letyand§ € T' — H. Then (y§)~' = §~'y~! € J(H) by (1) and (2) and so
y8 € I' — H by (2) again.

1.7.13 Lemma

1. Let H be a proper cone of I'. Then there is a one-to-one correspondence between
the set of all proper cones Hy of I with Hy D H and the set of all completely
prime ideals Py of H, which is obtained by: Hy — J(Hy) and Hy = H U
(H — Po)~".

2. Let Py be acompletely prime ideal of H andlet Hy = HU(H —Py)~'. Then H—
Py is a cone of U(Hy) with J(H — Py) = J(H)— Pyand U(H — Py) = U(H).

Proof. 1. Let Hy be a proper cone of I" containing H and y € J(Hy). Theny~! €

I'-HyCI'—Handsoy € J(H) by Lemma 1.7.12. Hence J(H) D J(Hy)
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and Hy = H U (H — J(H,))™". Since J(H)) is a completely prime ideal of Hy,
it is a completely prime ideal of H.
Conversely, let Py be a completely prime ideal of H and let Hy = H U (H —
Po)_l. It is clear that I' = Hy U Ho_l. To prove that Hj is a semi-group, let
v,8 € Hy. Itis clear that y§ € Hy if either y,§ € Hory, =y~ 1,8 =68 €
H — Py. We may assume that y € H and § € (H — Py)™',i.e. § = §;! for
some §; € H — Py. Suppose that y§;! ¢ H.Theny$;! = n~! forsome n € H,
ny = 8 andson ¢ Py,i.e.n! € Hy. Hence y8;"! € Hy. Therefore Hy is a cone
of T'. To prove J(Hy) = Py, let§ € H — Py. Then H§ 2 Pyand H 2 Pys~L.
Thus Py = Py6~'8 implies Po§~! C Py and Py is a rlght ideal of Hj. Slmllarly
it is a left ideal of Hj. It is now clear that J(Hy) = Py.

2. This is obvious, because U(Hy) = Hy — Py. O

1.7.14 Proposition

Let H be a proper cone of I' with H D P. Then:

1. A = ®yevm)VY @ (Byesm)KY) is a graded extension of V' in K  I' if and
only if V°) = V forall y € U(H). The Gauss extension R = Ay, (4), with
Jg(A) = &yevn) J (V)Y @ (Byesn)KY), satisfies

(@) R=Ryforany y € U(H).
(b) Ry & Rk foranyy € J(H),0# k € K.

2. Let S be a Gauss extension of V' in D satisfies (a) and (b). Then SNK G = A,
where 4 = @yEU(H)V7 &) (@yE](H)K7)-

Proof. 1. If A = @®yevm)VY ® (Byesm)Ky) is a graded extension and y €
U(H), v € V, then yv = w®3 and V°® C V. Since, V°0U ) C V,
it follows from Lemma 1.7.3 that V°%) = V. Conversely, if V°0") = V
for all y € U(H), then A is multiplicatively closed and hence it is a graded
subring of K * I'. Therefore, by Lemma 1.7.2, A is a graded extension of V'
with Jg(4) = ®yevm)J (V)Y © (®yesu)KYy). Furthermore R = Ry, since
RS U(A) forany y € U(H). Also, forany y € J(H) andany 0 # k € K, we
have yk~! = (k™1)°Wy € J,(A) C J(R) S R and so Ry S Rk follows.

2.Let B = SNK=x*xI' = EByepByy, a graded extension of Vin K x T" by
Theorem 1 7 7.By (a)y € B forany y € U(H) and so B, D V. Furthermore,

B,VB,- = B,B i’;)c(y, ~!) C V implies B, C V, because 1 € B”(V).
Hence By V and V"(V) = V forany y € U(H) by Lemma 1.7.4. For any
y € J(H)and 0 # k € K, it follows from (b) thatky—! = ke(y =", y)y ' ¢ S.
Hence k ¢ B,—1 and so B,—1 = (0) for any y € J(H). It follows from
Lemma 1.7.4 that B, = K and hence B = A follows. O



1.7 Gauss Extensions 81

The mapping o : I' —> Aut(K) is called compatible with V if V' = V°®) for all
y € I'. If o is compatible with V, then the V -crossed product algebra of I" over K
naturally induces a crossed product algebra V x I" over V.

1.7.15 Proposition

1. If o is compatible with V', then A = V * I is a graded extension of V in K * I
with J,(A) = J(V) * I"andy € U(A) for all y € I'. Conversely,

2. If B = ®,er B,y is a graded extension of V' in K * I" with y € U(B) for all
y € I', then o is compatible with V and B =V % T.

Proof. 1. This is clear from Lemmas 1.7.2, 1.7.5 and the definition of crossed
product algebras.

2. Since ya = a°"y forany a € V and y € T, we have a°?) = yay ™' €
B N K = V, which implies V°%) C V for any y € I'. Thus it follows from
Lemma 1.7.3 that V = V°%)_ which shows o is compatible with V. Furthermore,
B> Vyand B D VF imply B, > V and B,—1 D V. So B, = V for any
y € I' by Lemma 1.7.4. Hence B = V' % I" follows. O

Incase A = V % I', we have a precise information about the relation between the
(one-sided) ideals of R = A J.(4) and the (one-sided) ideals of V. An ideal a of V/
is called o-invariant if a°?) = a forany y € I'. A o-invariant ideal p of V is called
o-prime if ab C p, where a and b are o-invariant ideals of V, implies either a C p
orb Cp.

1.7.16 Proposition

Suppose that o is compatible with IV. Let A = V x I" be the crossed product algebra
of I" over V and let R = A, (4). Then

1. There is a one-to-one correspondence between the set of all left ideals of R and
the set of all left ideals of V', which is givenby I — I, = I N K and I, —
RI,., where I is aleft ideal of R and 1, is a left ideal of V.

2. I is an ideal of R if and only if /, is a o-invariant ideal of V.

3. I is a completely prime ideal of R if and only if /, is a o-invariant completely
prime ideal of V, i.e. a o-invariant and completely prime ideal of V.

4. I is a prime ideal of R if and only if /, is a o-invariant prime ideal of V.

Proof. We recall that there is a one-to-one correspondence between the set of left
ideals of R and the set of the graded left ideals of A by Proposition 1.7.9.
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1. We will show that I, — I, = I N K and I, —> Al establishes a one-to-one
correspondence between the set of graded left ideals I, of A and the set of left
ideals I, of V.

For a left ideal I, of V, clearly A/, is a graded left ideal of A and Al, N
K = VI, = I,. It remains to show that AI, = I, for a graded left ideal
I, of A with I, = I, N K. By construction, A/, C I,. Conversely, let

a = ay + -+ + a, be an element in I, with o; = a;y; € Iy, for y; € T,
a; € V,since I, is a graded left ideal. To prove that o; € Al,, it is sufficient
to find an element b; € I, such that a;y; = ¥;b;, ie. a; = bf(m. By

o N
Lemma 1.7.3, we have b; = b7"" ") = c(y7 1. y) 17" ey ).
Thus, b; = C(Vi_la)’i)_l(ai)a(}/i_l)c'()’i_lyVi)- Since y; ' € A, 0 = a;y; € I,

— J— —1
c(y7 L y) € UWV), it follows that y 'a; = y7la;yr = a?(y" )c()/i_l, ¥;) isin

I, N K = I, and hence b; € I,. Therefore, o; = a;; € Al, for all i and
1, = Al,.

2. Suppose that [ is an ideal of R. Let @ € I, and y € I'. Then ya(y)™! =
a°") e I, because y € U(A) and so I, is a o-invariant ideal of V by
Lemmal.7.3. Conversely, let I, be a o-invariant ideal of V. Then forany y € I'
and a € I,, we have ay = yb, where b = a°?") € I, and so ay € Al,. Now,
we apply Theorem 1.7.9 to conclude that I = R/, is an ideal of R since A/, is
a graded ideal of A.

3. Suppose that I is a completely prime ideal of R. Then I, is completely prime,
because R/I D V/I,. Conversely, suppose that /, is o-invariant and completely
prime. Then I = R/, is an ideal of R by (2). It suffices to prove that /I, =
I N K * I'' is completely prime by Theorem 1.7.9. Assume that «f € I, and
o ¢ Iy, where o, B € A. Then Rae = Ro for some oy € P(A) and ;B €
RapNK«I' CINK=*xG = I, withay ¢ I;. Leta; = ay forsomea € V
andy € I.Theny 'ay =y 'ay ¢ [, N K = I, and 7 'a, B € I,. Thus
we may assume that oy € V — [, with a1 € I,. Write 8 = B + --- + B,,
where B; = b;y; forsome b; € V and y; € I'. Since /, is graded, it follows that
a1fi € Igforanyi, 1 <i <nand thatalﬂi%_l =ao1b; € I,. Thus b; € I, for
any i and so 8; € I.A C I,. Hence I, is completely prime.

4. Suppose that /, is a o-invariant prime ideal of V and let I/ = R/,, an ideal of R.
Assume that BC C I, where B and C are ideals of R. By (1) and (2), B = RB,
and C = RC, for some o-invariant ideals B, and C, of V. Thus B.C, C I,
implies that either B, C I, or C, C I,. Hence we have either B C [ or C C [
so that / is a prime ideals of R.

Conversely suppose that / is a prime ideal of R. Then /, is a o-invariant ideal of
V by (2). Assume that /, is not a prime ideal of V. Then there exists an ideal a
of V such thata 2 I, D a?. Let b = [ J{a, a is an ideal of V witha 2 1, D a?}.
Since the set of ideals of V' is linearly ordered by inclusion, b is an ideal of V'
and b 2 1, D b2 Hence b°%) 2 177 5 (6°)2 and 6°0) C b forall y € T.
It follows from Lemma 1.7.3 that 6°") = b for all y € I',i.e. bis a o-invariant
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ideal of V. Thus Rb 2 RI, =1 D Rb%> = RbRb = (Rb)? by (1) and (2), a
contradiction. This completes the proof of (4). O

Any graded ideal of A = V * I' is of the form a * I' = @,cray for some
o-invariant ideal a of V. So we have the following result.

1.7.17 Corollary

Suppose that o is compatible with 1. Let A = V x I" be the crossed product algebra
of I" over V' and let p be a o-invariant ideal of V. Then

1. p* I' = @yerpy is a graded completely prime ideal of A if and only p is a
completely prime ideal of V.

2. p * I is a graded prime ideal of 4 but not completely prime if and only if p is a
prime ideal of V' but not completely prime.

Finally we provide examples of graded extensions of V' in K * I which are related
with overrings of V' and cones of T".

1.7.18 Proposition

Let W be an overring of V' and H be a proper cone of I' with H D P.Set A =
®yer—uJ W)V S (®yevnV7)® (Byesn W ?)y). Then A is a graded extension
of V' in K * I' if and only if

1. VoW =V and W) = W forany y € U(H)
2. W) S W forany y € J(H)

Proof. Suppose that A is a graded extension of V in K * I'. To prove the first
statement (1), let y € U(H) and § € J(H). Then yV = V°Wy and FV =
Voo y=T imply V°® < V and V°0™) C V. Thus V°®) = V follows as
before. Furthermore

WoOEYy = WOV, y)y = WDe(s. y)8y.
which shows W?©@¢(8,y) € W?CY) since §y € J(H) and so W°©® C Woe) =
(WoONo® Thus W C W follows. Similarly, we have W0~ > W since

y € U(H) and hence W = W°®") by Lemma 1.7.3.
To prove the second statement (2), let y € J(H). Then we have

WeDTIW)y=2 = W) De(y.y )y~
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and so J(W)*Pe(y,y™2) C A,—1 = J(W). Since A, is a right Vo™ module
and c(y,y~2) € U(V°U™D), it follows that J(W)°¥) C J(W) and so W) > W
follows for any y € J(H).

Conversely, suppose that (1) and (2) hold. To prove that A is a ring, it suffices to
prove that A4 is closed under multiplication. This will be done in the following four
cases. Lety, § e I'.

Case 1. y,6 € H.If y and § are both in U(H ), then y§ € U(H) and Vyvs =
Ve(y,8)y§ =Vys. Ify e U(H)and § € J(H), then yé € J(H) and so

V7W0(5)7 — V(W”(S))“(V)c(y, 3)% — WU(VS)W_
Ify e J(H)and$§ € U(H), then y§ € J(H) and so

WG(V)7V3 — WG(V)VG(V)C(% 5)% — WG(V)C()/, 5)%
= (W) ey, 8)ys = werys.

If y, 6 are both in J(H ), then y§ € J(H) and
WU(V)7W0(5)§ — WU()’)([,{/0(5))0()/)6(),7 3)% — WG(&/)%

by (2).

Case 2. y € Hand § € T — H. Note that W D W°® and W) > W
by Lemmas 1.7.3, 1.7.12 and the assumption, and so J(W) C J(W)°® and
JW) D) c J(W).

Ify e U(H), then y§ € I' — H and so
VIJW)E = VIW) " We(y.8)y8 = J(W)e(y.8)y8 = J(W)ys,

because W = W"(_V) D (W) = K"(V‘g) and c(y,8) e UW). Ity € J(H),
then Wy J(W)§ = J(W)°We(y, 8)y8, which is contained in J(W)y$ if y§ €

I' — H as before. If y§ € U(H), then J(W)°e(y, 8)y8 Vﬁ,_because W"(_V) D
WeUd and V o JW)°W . If y§ € J(H), then J(W)°Ve(y,8)ys ¢ Wedys.

Case3. yeI'—Handd e H.If§ € U(H), then y§ € I' — H and thus
JW)YVS = J(W)Ve(y, 8)ys = J(W)ys,
because c(y,8) € U(V°YD) c UMW) c UW).If§ € J(H), then

JWYyWoD§ = JW YW De(y, 8)ys. (%)
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If y6 € U(H), then V = A,;, the yd-component of A. If y§ € J(H), then A5 =
Wowd 5 W andif y§ € I' — H, then A,s = J(W) and W°® < W. Hence in
any case, (**) implies that multiplication is closed.

Cased. y, § € ' — H,then y§ € ' — H by Lemma 1.7.12. So
JWYYIW)S = JW)T(W) Ve(y,8)ys = J(W)ys,

because ¢(y,§) € U(V0D) c UMWYy c U(W). We have proved that A4 is a
ring and it is easy to see that A4 is a graded extension of K * I by Lemma 1.7.2. O

1.7.19 Proposition

Under the notation as in Proposition 1.7.18, suppose that A = @yer—uJ (W)Y &
(®yevnVy) @ (®yesmyW°y) is a graded extension of V in K * I'. Then

1. Jo(A) = ®yer—u JW)Y & (®yevin J(V)Y) & (Byesny WeVY).
2.R=4 To(4) satisfies the following conditions:

(@ RIW)S Ry C RW°Yy) S Rforany y € J(H).
(b) ¥ €e U(R) forany y € U(H).

Proof. 1. Set Jg(A) = ®,erJ, ¥ as before. Forany y € J(H) and0 # a € W),
we have (ay)™' = (c(y_l,)/))_l(a_l)”(yfl)F. Assume that ay € U(A),
then (c(y~",y) (@)™ e J(W) and so (a=")°?") € J(W) and
((a_l)"(yfl))””’) € J(W)°™ It follows from Lemma 1.7.3 that

a™' = (clny N (@)Y De(y,y
ecy,y HIW)Pe(y,y™),

which is equal to J(W)°"), because c(y, y~') € UMW) Cc UW°Y). Thus | =
ala € JW)VWew) = J(W)°"), a contradiction and hence J, = W),
Similarly J, = J(W) forany y € I' — H. Forany y € U(H) anda € V,
ay € U(A) if and only if (c(y~!, y))_l(a_l)"(yfl) € V, which is equivalent to
a'eV,ie.aeUV). Hence J, = J(V) forany y € U(H).

2. Forany y € J(H), we have

JWyy = JW) ey y) Ty T = J(W)y T C Je(4) C J(R) S R,
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which implies RJ(W) & Ry. Furthermore, Wy C J,(A) entails Ry C
RW°™y C RJ,(A) C J(R) & R.Itisclear thaty € U(R) forany y € U(H)
since y € U(A).

The converse of Proposition 1.7.19 is true as it will be shown in the following:

1.7.20 Proposition

Let H be a proper cone of I' with H D P, W be an overring of V and let S be a
Gauss extension of V' in D. Suppose that S satisfies

(@) SIW)S Sy Cc SWeWy S Sforanyy € J(H).
(b) ¥y € U(S) forany y € U(H).

Then:
A=SN(K*T)=®yer—nJ (W)Y & (Byevm)Vy) & (ByesmnyW"7)

is a graded extension of V' in K * T'.

Proof. Let A = S N (K % I') = ®,erAd, 7, a graded extension of V in K x I’
by Theorem 1.7.7. First, we prove A, = J(W) forany y € I' — H. Let y €
I — H, equivalently, y = §~! for some § € J(H). By (a), S D J(W)(©$)™' =
JW) (@1, 8)716"1 = J(W)5~" and so J(W) C As—1 = A,. Since V D
Ag—lSTlWa(S)g = A We(87',8), wehave A, = A1 C (VW) . IEW 2V,
then (V : W), = J(W) by Proposition 1.5.32. Thus 4, = J(W) follows. If
W = V,then (V : W); = V and so we have either 4, = J(V)or 4, = V.
Suppose that A, = V,theny € Sand c¢(y,y™') = VF € S, whichis aunitin V.
Thus F e U(S), contradicting the fact F € J(S) by (a). Hence 4, = J(V)
follows and thus A, = J(W) foranyy € I' — H.

Secondly we prove that A, = V forany y € U(H). Since ¥ € U(S), we have
A, 7y~ = Ayc(y,y™") € V and A, C V. On the other hand, V¥ C S implies
V C A, . Hence A, = V forany y € U(H).

Finally we prove that 4, = W for any y € J(H). Itis clear from (a) that
W) c A,. To prove the converse inclusion, we claim first that W) > W. To
prove this we consider:

WeITIW)y=2 = JW) Dy )y~ T C Ay = J(W)y =",
Thus J(W)°We(y, y=2) € J(W) and so J(W)°") C J(W) since Ay— = J(W)

is a right Vo0 ™) -module. Hence we have W) > W, as desired.
To prove that W) > A, consider:
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JW)yTTA,7 = JW)ASY De(y™ y) €V and 457 € (V 1 J(W)),.
If W 2V, then (V : J(W)), = W by Proposition 1.5.32 Thus:
Ay = ey ™) THATY D@ y™) C ey ™) TIW Dy = W),

since c(y,y™!) e U(V) c UW°W).

If W =Vand J(V)> = J(V), then (V : J(W)), = V andso 4, C V°0)
follows similarly. If W = V and J(V) is principal, say, J(V) = bV = Vb for
some b € J(V), then (V : J(W)), = (V : J(V)),. On the other hand, V°) C 4,
implies V' C A‘;(y_l) and so V C A‘;(y_l) C b7'V = Vb~!. Thus we have either
V=439 or 45070 = b,

In the former case, we have V°0) = (A‘;(V_l))"(”) =c(y,y DA,c(y,y™H7
which shows V) = A, because U(V) C U(V°W).

In the latter case, it follows that:

(Vb—l)o(y) — (A(;(y_l))d(}/) =c(y. )/_I)Ayc(y, )/_l)_l

which implies A, = V@ (b~1)°") because U(V) C U(V°")), andso (b~ 1)°™) €
A,. Furthermore, since 4,7 C Sy & S by (a), we have (b™1)°"y € A,y C
J(S) N A = Jg(A) and so c(y.y™") = yb~'by=1 = (b)Y Vyby~1 ¢
A, 7J(V)y=t € A. Thus (b~")°WF € U(A), because c(y,y~") € U(V). This
is a contradiction since Sy & J(S). Thus 4, = Vo follows. Hence in any cases,
We® > A, andso W) = 4,

Therefore: SN K * ' = @yer—n J(W)V & (Byevin VY) @ (ByesnWy).

1.7.21 Remark

1. See [8] for complete descriptions of prime ideals in standard Gauss extensions
of V in D and for some concrete examples of graded extensions of V in K * I".

2. If I' = (X) is an infinite cyclic group, then the crossed product K x I' is a
skew Laurent polynomial ring ([47, (1.5.11)]),ie. K * I' = K[X, X', 0] for
some automorphism o of K. A complete classification of graded extensions 4 =
®iczA; X of V in K[X, X', 0] in terms of A;, A_; and O;(A,;) is given in
[43,44].

3. Let O, be a commutative valuation ring of a field F and let K be a finite Galois
extension of F with Galois group I'. Then Dubrovin valuation rings in Q (K *I")
lying over O, were studied in [28,32].
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1.8 Filtrations by Totally Ordered Groups

In Definition 1.3.2.23 a I'-filtration of a ring A, where I' is a totally ordered
group, has been defined. Separated filtrations were defined in Definition 1.3.2.25.
A T'-filtration on a ring A is said to be a strong filtration if for all 0,7 € " we
have: F, AF;A = F,4+.A. Itis clear that FA is a strong filtration if and only if for
everyo € I', F, AF_,; A = FyA. Strong filtrations on simple Artinian rings may be
thought of as being generalizations of Dubrovin valuations, this is motivated by the
following results concerning value functions of Dubrovin valuation rings.

Consider a simple Artinian ring Q and let I' be a totally ordered group with
additively written operation, even if I" is not assumed to be abelian.

1.8.1 Definition

A surjective map v : Q — ' U {oo} is a value function of Q if the following
condition hold:

V.1. v(q) = oo if and only if ¢ = 0. We have v(—1) = 0.

V2. v(g +q’) = min{v(q),v(¢)}, forq,q’ € Q.

V3. v(gq) = v(g) +v(q'),forq.q" € Q.

V.4. Definest(v) = {g € U(Q),v(¢™") = —v(q)}, then we have I = v(st(v)).

1.8.2 Properties

For a value function v on Q the following properties hold:

- Ifg e st(v) and g’ € Q then v(gq") = v(q) +v(¢'), v(¢'q) = v(q') + v(q).

. The set st(v) is a subgroup of U(Q) and v : st(v) — I' is an epimorphism.

-1 v(g) # v(g') then v(g + ¢) = min{v(g).v(¢")}.

. R, ={q € O,v(q) = 0}isaringand M, = {g € Q,v(g) > 0} is an ideal
of R,.

AW N =

Proof. 1. For ¢ € st(v),q' € Q we calculate: v(¢') = v(g"'qq") > v(g™") +
v(gq') = —v(q) +v(qq") = —v(q) +v(g) +v(q') = v(q'), yielding v(¢') =
—v(q) + v(qq’), hence the statement (1) follows.

2. Look at ¢,q’ € st(v). Then v((g™")™") = v(g) = —v(¢™") yields ¢! € st(v).
Using (1) we arrive at:

v((qg)™) =v(@ g™ =v@™) + @™ =
= —v(q") —v(q) = —(v(q) +v(¢") = —v(qq")
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hence gq’ € st(v). From v((=1)"') = v(=1) = 0 = —v(=1) it follows that
—1 € st(v), hence v(1) = v((=1)(—1)) = v(—1) + v(—=1) = 0 = —v(1), i.e.
1 € st(v). That v : st(v) — I is an epimorphism is clear from (1).

3. For all ¢ € Q we have v(—q) = v(—1) + v(q) = v(q). If v(g) > v(q’), then
v(g') = v((—q) + (¢ + ¢')) = min{v(¢),v(q + ¢')}. From v(g) > v(q') it
follows: v(q’) > v(g +¢’) > min{v(q),v(q’)} = v(¢’), establishing v(qg +¢’) =
min{v(), v(q").

4. In view of V.2, V.3, R, is closed under addition and multiplication; from v(g) =
v(—q) and 1 € R, it follows that R, is a ring. It is easy to see that M, is a
twosided ideal of R,, as claimed. |

To a value function v on Q we define a chain consisting of F,Q,y € I', in Q
defined by putting F, Q = {q € Q,v(g) > —y}.

1.8.3 Lemma

Ifv: Q — I U{oo} is a value function on Q then FQ is a strong filtration of Q.

Proof. If q,q" € F,Q then V.2 yields ¢ + ¢’ € F), Q; moreover —q € F, Q follows
from V.3 and V.1. From v(—¢q) > v(g) and v(q) = v(—(—¢q)) > v(—q), v(q) =
v(—q) follows. It is clear that FQ = {F,Q,y € I'} forms an ascending chain of
additive subgroups of Q with 1 € FyQ = R.

From V.3 it follows that F, QF;Q C Fs4,Q for ,6 in I" (using also V.2 as
every element of F), QF;Q is a sum of products of elements in F}, Q and F;Q).
Since v is surjective F'Q is exhaustive, i.e. U, F}, O = Q. To see that F'Q is strong,
consider F), Q then there is a g, € st(v) such that v(g,) = —y, thus ¢, € F, Q.
Since v(qy_l) = —v(gy), q;l € F_,0, hence we have 1 € F, QF_, Q, and since
the latter is an ideal of FoR, F},QF_,Q = FyQ forall y € I. O

Consider a Dubrovin valuation ring R of Q and define the stabilizer of R in Q as
st(R) = {q € O : gR = Rq}. Observe that a ¢ # 0 in st(R) is regular, e.g. ag = 0
yields aRg = 0 but R is a prime ring, hence st(R) = {g € O,qRq™' = R}. Put
Iz = st(R)/U(R). We define an ordering on 'y by putting @ > B, for o, f €
st(R), if R C BR. Since R-ideals of Q are linearly ordered it is obvious that 'y is
totally ordered. Observe that I'g is a group because U(R) is a normal subgroup of
st(R), so 'y is a totally ordered group.

1.8.4 Theorem

1. Let R be a Dubrovin valuation ring of Q and suppose that for all ¢ # 0 in Q
there is an x € st(R) such that RgR = xR. Then there exists a value function vg
on Q with R = {q € Q,vr(q) =0}, M = {q € O,vr(q) > 0}. For any such
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v, st(v) = st(R), U(R) = {g € st(R),v(q) = 0} and v induces an isomorphism
T'r = Imvy.

2. Suppose v is a value function on Q with R, = {g € Q,v(q) > 0}, M, = {q €
0Q,v(g) > 0}. Suppose that R, /M, is simple Artinian, then R, is a Dubrovin
valuation ring of Q with J(R,) = M,, moreover for ¢ # 0 in Q there exists
x € st(R,) such that R,gR, = xR,.

Proof. 1. Define vg : Q@ — I'g U {oo} by vg(0) = oo and for ¢ # 0 in Q,
vr(q) = a mod U(R) where o € st(R) is such that RgR = «R. Since «R = BR
if and only if «U(R) = BU(R) in ['g, the map vy is well-defined. It is clear that
RgR C Rq¢'R if and only if vg(g) > vg(q’). Condition V.1 is clear.

In order to check V.2, let vg(¢) > vr(q’), thus RgR C Rg'R and ¢+¢’ € Rq'R.
Hence R(g+¢")R C Rq’'R, yielding vr(q+¢") > vr(q’) = min{vzr(q),vr(¢’)}.
To check V.3 look at g¢' € (RqR)Rq'R), Rgqg'R C (RqR)(Rq'R), and thus
vr(qq") = vr(q) + vr(q’) follows from the definition.

For V.4 it is clear that Imvg = vg(st(R)). If « € st(R) then vg(a™') = —vg(a)
since vg(a~') + vg(a) corresponds to @' RaR = o 'aR = R, thus st(R) C
st(vg) and Imvg C vg(st(vg)). Since the converse inclusion is obvious, Imvg =
vr(st(vg)) follows. Now RgR C R, resp. RgR = R, if and only if vgr(g) >
vr(l) = 0, resp. vg(q) = 0. Since RgR = R ifandonly ifg € R — J(R) it
follows that R = {¢ € Q,vr(q) = 0}, J(R) = {q € Q,vr(q) > 0}. Finally
consider any value function v on Q with R = R, and M = J(R,). Take b €
U(R),thenb™! € R,v(b™") > 0. From 0 = v(1) = v(bb~") > v(b) # v(b™ )it
follows that 0 > —v(b™!) > v(h) > 0, thus v(h) = 0, b € {g € st(v),v(g) = 0}.
Conversely, if ¢ € st(v) has v(g) = 0, then v(¢g~!) = 0 and thus ¢,¢~' €
R, or ¢ € U(R). Consequently U(R) = {g € st(v),v(g) = 0}. To establish
st(v) = st(R) look at ¢ € st(v) then: v(¢q'q™") = v(¢’). Thus for any ¢’ € Q
we have v(qq’q™") > 0 if and only if v(¢’) > 0. Therefore ¢Rg~' = R and
thus ¢ € st(R). Conversely, if ¢ € st(R), then there is a go € st(v) such that
v(g) = v(qo) in view of V.4. Then v(¢q,"') = 0 (foregoing properties) and
q9;" € (R — J(R)) Nst(R) = U(R) C st(v). Thus g € st(v) and st(v) =
st(R) follows. Clearly v : st(R) — Imv is a homomorphism and 'z = st(R)/
U(R) = Imy.

2. We already know that R,/M, is simple Artinian. Pick ¢ € Q — R,, hence
v(g)< 0. Condition V.4 yields that there is a go € st(v) with v(g) = v(qo).
Hence, v(q; ') = —v(go) > 0, 0or gy ' € R,. Thus v(gq; ') = v(g) — v(qo) = 0.
Similarly, v(¢;'q) = 0. Thus gq;',¢;'q € R, — M,. Hence R, is a Dubrovin
valuation ring. Consider ¢ # 0 in Q, as before there exists gy € st(v) such that
v(gqy") = 0, hence gq;' € R, — M,. Thus R,qq; 'R, = R,. The argument
used in 1 yields st(v) C st(R,) and thus R,gR, = qoR,. O

We have defined a I'-filtration on any ring A in Sect. 1.3.2 and a separated I'-
filtration in Definition 1.3.1.25. We obtain from the principal symbol o a map ord
0:A4—TU{oc}o(a) =yify € I'issuchthata € FyAd,a & Y5, FsA =
F}f)A (corresponding to the principal symbol map o : A — G(A), where Gr(A)
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is the associated graded ring of FA, see hereafter). Put vi = —ordo. Then vg
satisfies, for a separated filtration FQ on a simple Artinian Q, the properties V.1,
V.2, V.3 of Definition 1.8.1, but not necessarily V.4. Conversely to any given map
w: A — I' U {oo} satisfying V.1, V.2, V.3, there corresponds a separated filtration
of A defined by F,(A) = {a € A,w(a) > —y}.

The fact that we consider ascending filtrations forced us to write —y in the
definition of F, (A) above and if we insist on F,(A4)F;(A) C Fy;(A) we have to
consider the filtration by the opposite group I'’ for a value function to I'. Usually we
deal with abelian I" (value functions extending a central valuation, or value functions
on Weyl fields etc. . .) so this then does not matter. For noncommutative I' when the
total order is respected both by left and right multiplication (as we always assumed
here) the switch from I" to I'° is harmless. To any prime of A there corresponds
a filtration in view of Lemma 1.3.2.22 albeit that we then consider only partially
ordered value groups I". For an arbitrary Dubrovin valuation R in Q there is a value
function with partial ordered value group as well as a filtration with respect to the
totally ordered (sub)group 'y = st(R)/U(R); the latter follows from the proof of
Theorem 1.8.4.1. where V.1,...,V.3 are checked without using the extra condition
on the Dubrovin valuation ring assumed in the theorem.

To a filtration FA of type I' we associate a I'-graded ring Gr(A) =
®,erGr(A4), where Gp(A), = F},A/F},OA and multiplication is defined by the
following, fora € Gr(A),, b € Gp(A)s, for y and § € T, we define @.b by taking
ab = (ab)modF)? 1sA where a € F,A,b € FsA are any representatives of a, resp.

b. We can also follow the T'-graded Rees ring (or blow up ring) E = @yer F) A that
may be identified to the subring of the groupring A" given as A = Zyer F,A.y.

§ince 1 € FsA for§ > Ofi\t/follows that T C 4 and as T' commutes with 4 in AT,
AT is a graded ideal of A, where 't = I'.y = {y € I', y > 0}. We write 'y for
OUTrtinT, Iy = {y € I,y > 0}. Note that the unit of the groupring is written as
1,1=14.0for0 € T, 1, the unit element of A4.

1.8.5 Proposition

Let us write I' multiplicatively. The multiplicative set Iy is a left and right Ore set
in A such that ([;)~'4 = AT.

Proof. Lookaté € I'y anda,y € Z),, then we see that (y§y~')a,y = ya,§ yields
the left Ore condition (the right Ore condition follows in the symmetric way). Now
look at Zy a,y and we reason by induction on the length of this sum, the case where
only one a, # 0 has been dealt with above. Suppose the claim has been established
for elements of length strictly less than n. Consider Y ', a,,y; € Aandt € Iy,
assuming without loss of generality that y; > y; fori = 2,...,n. Then we have:

iy iz ayvi) = apyit + X ap ity i
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The induction hypothesis yields the existence of § € ' such that:

n
S(Z ayyityy'yi) = a't witha' € A
i=2

Look at §y,ty; ! € I'4, then we obtain:

n
8Ty N ay8yit) = ay8yit +d't = (Say 1 +a)t
i=1

with 8a,, y1 + a’ in A since § € A. For the final statement observe that T4 consists
of regular elements in A because they are invertible in AT'. Hence '} A C AT.If
y € T theneither y € 'y or y~' € I'y hence I';, A = AT, we always assume FA
to be exhaustive. O

1.8.6 Lemma

Let FA be a I"-filtration on A4, then:

1. A/AT* =~ G (A) as 1s graded rings.
2. Let I be the ideal of 4 generated by the elements {y —1,y € '+, then A /I =A
and FA is obtained from the gradation filtration of A.

Proof 1. For § € T.(AT*)s = ¥, _(F,A.y)(—y™'6) = F{A - § hence we
obtain: Z/ZF+ -~ EBsengA/F80A ~ Gp(A) that the latter is indeed a ring
isomorphism (graded) is easily verified.

2. Note that the left ideal I of A generated by the {1 — y,y € 't} is actually
a two-sided ideal even if I" is not abelian; this follows from a.t(y — 1) =
(tyt~' = Dra,,fory e 't a, € F, A, where tyt~! € T'* too.

3.Ifr i A —> Z/ I is the canonical morphism then it extends naturally to 7¢
FI_IZ — Z/[, ie. AT — Z/[ and 7w°(AT") = A; the image of Zy = FAy
is identified with F), A4, hence the filtration of A is determined by the gradation
of A. O

1.8.7 Lemma

If FA is a strong filtration then the ring G A is strongly graded i.e.

Gr(A),Gr(A)s = Gr(A)yss forall 7,8 €T
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Proof. 1t is clear that zis strongly graded if FA is a strong filtration. Then any
graded quotient ring of A, in particular G (A4), is strongly graded too. O

The converse of Lemma 1.8.7 is true in case I' = Z but we do not have a proof for
general totally ordered groups. In case FrQ corresponds to a Dubrovin valuation
ring R of Q it follows that FrQ is a strong filtration hence the associated graded
ring Gr(Q) is strongly graded with Gr(Q)o = R/ M a simple Artinian ring, hence
Gr(Q) is a so-called gr-simple Artinian ring. Since for y € I'g there is ¢, € st(vg)
with vg(g,) = y and vR(qy_l) = —y itis easily checked that Fr, 0 = Rq;l from
(FryQ)qy C FroQ = R while qu_l C FryQ is clear. Moreover FRQ,)/Q =
qu_l follows for all y € I'g, and Gr(Q), = (R/M)q;1 ~R/M.

1.8.8 Proposition

Let R be a Dubrovin valuation ring of Q then Gr,(Q) = R/M x I'g, a crossed
product of the simple Artinian ring R/M by the value group I'g.

Proof. Write z, for the image of ¢, "in Ggr(Q),, z,—1 for the image of ¢, in
Gr(Q),. Clearly z,z,-1 = 1 = z,-1.z; hence z;l = z,-1. Since q},Rq;l = R,
9y Mq, ' = M it follows that q, induces an automorphism of R/M in fact
induced by conjugation with z,. Since g,¢s is g,s up to some c(y,8) € U(R),
say q,qs = c(y.8)qys. Associativity of Q yields that c(y, §) defines a two-cocycle
I'r x I'r = U(R). It follows that Gr,(Q) is a crossed product over Gr,(Q)o =
R/M with basis z,,, y € 'g. O

1.8.9 Lemma

Let A be a I'-strongly graded ring.

1. A is a domain if and only if A is a domain.
2. If Ay is a prime ring then A is a prime ring.

Proof. 1. We only have to establish that A is a domain if Ay is. Let ab =0 for
some nonzeroa,b € Aandleta = a,, + ... +ay,,b = bs, + ... + bs. with
Y1 < ...<v48 <...<8 inT.Thenab = 0 yields a,,bs, = 0, yielding
Ayd—laydbgeAge—l = 0 with 4 -1ay, # 0 (otherwise Ay Ayray, = 0 yields
ay, = 0) and also bs, As—1 # 0. This thus contradicts the assumption that A is a
domain.

2. If I, J are homogeneous ideals of A such that IJ = O0then I = Aly,J = AJy
because A is strongly graded, hence IpAJy = 0 and IyJy = 0. Since Ay is
prime, then either /y or Jy = 0 hence / or J/ = 0 too. Now look at adb = 0
witha =a,, +...+ay,,,b=bs +...+bs, withy; < ... <yz,61 <... <8,
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in I'. Then for every homogenous x € 4, a,,xbs, = 0, hence for every y € A4,
ay, ybs, = 0 or a,, Abs, = 0. Now the first part of (2) yields a,, = 0 orbs, =0,
a contradiction. O

1.8.10 Proposition

Let FA be a I'-separated filtration on A with principal symbol map o : 4 —
Gr(A).

1. Fora # 0in A, o(a) is (right) regular in Gr(A) if and only if vp(ab) =
vi(a).vp(b) forall b € A.

2. If Gr(A) is a domain then v satisfies vp(ab) = vr(a) + vp(b) and A is a
domain.

3. If moreover A is Artinian in (2) then it is a skewfield and FpA is a valuation ring
of A If I's = {y € I'Gr(A), # 0} then I'y is a normal subgroup of I" and
Gr(A) is strongly I'y-graded.

Proof. 1. If b = 0 then vp(ab) = vp(a).vr(b) holds, because co = vp(a).co. If
b # 0 then there is a unique € I"suchthath € Fr A=} _ F,A;similarlya €
FsA— Zy<8 F,A.1f o(a) is right regular then o (a)o (b) # O yields o(a)o(b) =
(ab)mod(zydﬂ F,A) = o(ab). Conversely, assume vr(ab) = vp(a).vr(b)
for all b € A, then deg o(ab) = dego(a) # dego(b) i.e. dego(ab) = §.t but
this entails o (a)o(b) #0asab & 3 s, . FyA.

2. That v satisfies vr(ab) = vr(a).vp(b) follows from (1). If @ # 0,b # 0, then
vr(a) # o0, vp(b) # oo hence ab # 0 and thus A is a domain.

3. If A is moreover Artinian then since it is a domain it is a skewfield. If a, €

FyA—3;_, FsAthen wehavea,' € F,A—) ;_ FsAforsomet € I'. From
~1
14

either z or z7! is in FyA and since vy (uxu™') > 0if vp(x) > 0, FyA is invariant
under inner automorphisms of A, hence a valuation ring of A. It is also clear that
Gr(A) is a gr-skewfield i.e. every homogeneous element of G g (A) is invertible.

The statements about I are easily checked. O

1 =aya, ando(1) = o(a,) + a(a;l), T = y~! follows. So for every z € A

1

Recall (cf. [55]) that a graded ring R of type G is said to have property (E) (the
gradation is nondegenerate) if every nonzero graded left ideal of R intersects R,
nontrivially (e is the neutral element of G), equivalently for every r, # 0 in R,
we have R;—1r, # 0. In case R, is semisimple, then property (E) is left-right
symmetric. In case R is strongly graded then it satisfies condition (E) (both left and
right versions).
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1.8.11 Theorem

Let A be a simple Artinian ring with separated filtration FR. Assume that Gy (A)
satisfies condition (E) and G (A) is a prime (left) Goldie ring, then:

1. Gr(A)o is a simple Artinian ring.
2. F)A = J(FyA) and FyA is local in the sense of Goldie.
3. The ring FyA is a Dubrovin valuation of A.

Proof. 1. From condition (E) it follows that a left regular 5 in Gy (A)y is still left

regular in Gr(A); indeed if zs = 0 for some z € G (A) then z,,5 = 0, where
=12y + ...+ 2z, withy; <... <y, is the homogeneous decomposition of z,
with z,,, # 0 hence there is a Yyt € G r(A) such that Yy # 0in Gr(A)o,
but Y12y, .5 = 0 contradicts left regularity of s.
Pick s € FyA such that o (s) = 5 is left regular, then s is left regular in A because
as = 0 would yield o(as) = 0, but o (as) = o(a)o(s) follows from Proposition
1.8.10.1, hence o (a)o(s) = 0 a contradiction. Hence there is an inverse s~ for s
in the simple Artinian ring 4 and again o(s~'s) = o(s~")o(s) hence o(s™") =
o(s)~! in Gr(A), and in view of the gradation of Gr(A4),0(s)™" € Gr(A)o.
Since Gr(A)y is a prime Goldie ring its classical ring of fractions is a simple
Artinian ring but since left regular elements of G (A)y are invertible in G (A)o
it follows that G (A)o is itself simple Artinian.

2. Take x € FYA = > y<o FyA and look at 1 + ax fora € FoA. Clearly, ax €
F, A for some y < 0 hence (1 4+ ax) = 1. As in the proof of (1), 1 4+ ax is
regular in A, hence it has an inverse y. Then from y(1 + ax) = 1 it follows
that o(y)o(1 +ax) = 1,oro(y) = 1 and y € FyA. This establishes FyA° C
J(FoA). Since FyA/FYA is simple (see (1)), F{ A is a maximal ideal of FyA
and thus Fy4° = J(FyA) follows.

3. We already know that Gr(A)o is simple Artinian so FyA will be a Dubrovin
valuation ring of A if for all a € A — FyA there exist x,y € FyA such that
xa,ay € FpA — F(?A. Fixa € A— FyA, leto(a) € Gr(A),. By condition
(E) there is a b e Gr(A),- such that Eo(a) # 0;sincea € FyA,y > 0 and
y~! <0.Pick b € Fy_lA such that o (b) = b; since bo(a) # 0, ba modF)A #
0, hence ba € FyA — FOOA, take x = b. Similarly, we find y such that ay €
FoA — FOOA. Hence FyA is a Dubrovin valuation ring of A. O

1.8.12 Corollary

Let FA be a separated I'-filtration on a simple Artinian ring A such that Gg(A)o is
a prime (left) Goldie ring. Then FA is a strong filtration, G (A) is strongly graded
and in fact a crossed product Gp(A)o * I



96 1 General Theory of Primes

Proof. Follows from the fact that FyA is a Dubrovin valuation ring of A (cf.
Proposition 1.8.8). O

1.9 Reductions of Algebras and Filtrations

In this section we consider a field K, I" an abelian totally ordered group written
additively and v : K — I"U{oo} a valuation of K, which is assumed to be surjective.
We write O, for the valuation ring of K associated to v, m, for its unique maximal
ideal and k, = O,/m, for the residual field. To a valuation v on K we associate a
I'-filtration on K, say f”K, defined by /K = {x € K,v(x) > —y}. Obviously
K =0, f2,K =m,.

Consider a finite dimensional K-vector space V' and M an O,-submodule of V.
Recall that M is said to be an O,-lattice in V' if it contains a K-basis of V' and it
is an O,-submodule of a finitely generated O,-submodule of V. We denote the k,-
vector space M/m,M by V. For an O,-lattice M in V we have dimkvv < dimgV;
when equality holds in the latter we say that M defines an unramified reduction
of V.

1.9.1 Lemma

Let M be an O, -lattice of V.

1. If M is a finitely generated O,-module, then M is a free O,-module of rank
less than or equal to dim, V' (this happens e.g. when I' = Z because then O, is
Noetherian).

2. If M defines an unramified reduction of V' then M is a free O,-module of rank
equal to dimg V.

Proof. 1. Since the O,-module M is contained in a K-vector space it is a torsion
free O,-module and finitely generated torsion free O,-modules over a valuation
ring are known to be free O,-modules; the rank condition is obvious.

2. Let {X|,....%,} be a k,-basis of V, n = dimgV. The {x,...,x,} C M is
linearly independent over O, hence over K. Form € M, there exist A1,..., A, €
K suchthatm = ) /_, A;x;. For some jj € {1,...,n} we have A;)IA,- € 0, for
alli €1,...,n.

If not all A; € O, (which we may assume since otherwise m € O,x; +
...+ O,x,) then A;}l € m, and we obtain A;)lm = Z?zl(kﬂ)lki)xi, reducing
modulo m, M to a nontrivial (because A;}lk jo = 1) relation for the Xy,...,X,, a
contradiction to the choice of the X;,i = 1,...,n. O

Given any O,-lattice M in V' we may define a filtration on V' by putting: F)V =
(f,)K)M for y € I'. Itis clear that F'V makes V' into an exhaustively filtered K-
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vector space, in fact for y > 0, F})’V D M and exhaustivity follows from KM = V.
In general it is not clear whether F'V is a separated filtration.

1.9.2 Lemma

If the O,-lattice M in V is a free O,-module then the filtration F"V defined by M
on V is I'-separated.

Proof. Let {xy,...,Xx,,...} be an O,-basis of M, so they are also K-independent
inV.Pickv € V. From KM = V it follows that there is an a € O, — {0} such
that av € M. Write av = Z;Zl Aix; with A; € O,, for some finite r. Putting
A¥ =a '\ € K, wehave x = Y |_, A¥x;. For the A* # 0 we put v(1}) =
—y; € T'. Up to a reordering we may assume y; < ... < y, = Y. We claim
that x € FJV but x ¢ Z‘ky F§'V. It is obvious that x € F)'V. Suppose x €
> sy F§'V, thenx € (fy K)M for some §y < y, and we may write x = X'ju;x;

with pu; € fsf)K and 8y < y. Since {xy,...,X,,...} is K-independent in V, we
derive x = Y [_ Afx; = > pu;x; and thus A* = u,, but v(1}) = —y and
v(ur) = —68 with §p < y, a contradiction. Hence for any x € V there exists a
y € T'suchthatx € FyVandx ¢ > 5, F5'V. |

Consider a field K and a K-algebra A with a separated Z-filtration FA such that
K C FyA. We assume moreover that F'A is finite in the sense that dimg F, A < o0
for all n € Z; then there is an ny € Z such that F, A = 0 for all n < ny. Without
loss of generality we may assume that F'A is a positive filtration. For a subring A of
A we define the induced filtration FA by putting forn € Z, F, A = F,AN A.

1.9.3 Definition

The subring A is called an F-reductor if A N K = O, is a valuation ring of K
and F, A is an O,-lattice in F,A for all n € Z. The ring A= A/m, A, where
m, is the maximal ideal of O,, is the reduction of A with respect to A. We say
that A is an unramified F-reductor in case F, A is an unramified reductor of F, A
for all n € Z. The valuation filtration F'A on A (defined from A) is given by:
F)A = (f/K)A,y € T', where f"K is the valuation filtration of K.

For a general reductor it is not clear whether the associated valuation filtration
on A is separated, for the unramified case we have the following result.
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1.9.4 Proposition

Let A be a filtered K-algebra with finite Z-filtration FA and A C A an unramified
F -reductor, then the valuation filtration F"A is I'-separated.

Proof. Since F, A defines an unramified reduction of F;, A, we may apply Lemma
1.9.1.2 and conclude that F, A is a free O,-module, for every n € Z. The filtration
FY(F,A) givenby F)(F,A) = (f)K)F,A is I'-separated in view of Lemma 1.6.2,
for every n € Z. Now we claim that for y € I', n € Z we have:

(fy AN F, A= (f,K)(ANF,A) = (f)K)(F,A) (*)

First the inclusion (/) K)(ANF,A) C (f;K)A N F,Ais obvious. For the converse
pick x € (fyK)A N F,A. Then (f2,K)x C A N F,A follows and thus x €
(fy K)(A N F,A) because (f/K)(f2,K) = fy'K > 1.

Now (*) means exactly that the filtration F”A induces the valuation filtration on
F, A defined with respect to F,, A. Take x € A, say x # 0, then x € F, A for some
n. Since the valuation filtration on F), 4 is I'-separated there exists a y € I" such that
x € F)(FyA)— F., (F,A) thus x € F)A— F. A, becauseif x € FfAwith§ <y
thenx € F,ANFJA = F,AN (fJK)F,A which by () equals (fy'K)F, A and
this leads to x € F, 8V<y(Fn A), a contradiction. Therefore F'V A is I'-separated. O

Note that for I' = Z an F-reductor necessarily defines a separated valuation
filtration, that is because in this case F,A is a finitely generated O,-module in
F, A hence it is free, making all F"(F,A) separated and then the same proof as
in Proposition 1.9.4 allows to conclude that F” A4 is separated!

On A we induce a Z-filtration F A by putting F,A = F,A/m,F, A with respect
to an F-reductor A of A. This filtration is exhaustive and is finite if F'A is finite (see
remarks before Lemma 1.9.1). It is easily seen that Gf(Z) = Gr(A)/m,Gg(N)
which may be seen as a graded reduction of G (A).

For any Z-graded K-algebra R = Y, ., R,, with K C Ry, a graded subring S
is a graded reductor for R if S N K = O, and S N R, is an O,-lattice in R, for
all n € Z. The G (A) appearing above is a graded reductor for G ¢ (A).

In the sequel we assume that R is finite graded, that is dimg R,, < oo for almost
all n and K C Ro. The valuation filtration F'R is defined by F'R = (f/K)A. A
graded filtration FR is such that F;, R = ®,en(F, RN R,) forall y € I,

1.9.5 Proposition

Let A C A be an F-reductor, then:

1. The valuation filtration F'V A is exhaustive.
2. FVAis separated if and only if FV(F,A) is I"-separated for all n € N.
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3. The induced filtration of F*A on F,A is the valuation filtration on F, A and
provided that it is I'-separated we get G,(F,A) = F,A * I', where F,A =
FuA/myFyA.

4. F, A defines a finite filtration on A = A/m,A, denoted by F A, and G¢(A) =
G(A) = G(A)/m,G(A).

Proof. 1. Since F,A = F,ANA is an O,-lattice in F, A, we have K(F,A) = F,A
for alln € N. As FA is exhaustive, we obtain KA = A. The valuation filtration
fVK is exhaustive hence KA = A entails that F'VA is an exhaustive filtration.

2. From (x) in the proof Proposition 1.9.4 we retain:

(KOAN Fyd = (f;K) (AN F,A)

Fix an x # 0 in A. There exits an n € N such that x € F,A. If we assume
that the induced valuation filtrations on all F,, A are separated, then there exists
ay € I' such that x € F)(F,A) — F. (F,A), hence x € FJA — F! A since
FY(F,A) is induced in F, A by F"A. Conversely if F"A is separated then each
FY(F,A) is separated, hence the valuation filtration of each F,, A is separated.

3. We have seen in (2) that the induced filtration of F'A on F, A is the valuation
filtration of F, A, F)/(F,A) = (f/K)(A N F,A). This is obviously a strong
filtration and G,(F,A) C G,(A) as G y(R)-modules because the filtrations are
supposed to be separated. Then G, (F, A) is G, o(F, A) ® (k,*T") where k,x " =
G,(K),ie. F,A* T where G, o(F,A) = F,A = (F,ANA)/m,(F,ANA).

4. Since A N F, A is an O,-lattice in F,, A we obtain that dimy, F, A < dimg F, A4,
hence F 4 is a finite filtration. It is easily verified that GF(4) = G (A). O

In the foregoing we may verify that Gr(A) C Gr(A) is a graded reductor for
Gr(A) since we have that A N F,A/A N F,_1A is an O,-lattice in Gg(A), for
every n € N. We have a graded version of the foregoing property.

1.9.6 Proposition

Let R be a positively graded K-algebraand A C R a graded reductor, then:

1. The valuation filtration F'V R is an exhaustive graded filtration.

2. FVR is separated if and only if F'VR, is separated for all n € N.

3. The induced filtration of F” R on R, is the valuation filtration on R, and provided
it is separated we obtain: G,(R,) = R, * T where R, = A,/m,A,.

4. R=@,R,and G,(R) = R T.

Proof. An easy modification of the proof of the foregoing proposition. O

We may now consider the lifting properties from (associated) graded rings to
filtered rings.
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1.9.7 Proposition

Let A be a K-algebra with finite positive filtration F'A and consider an O,-subring
A of A.

1. If A is an F-reductor then Gy (A) C G (A) and the Rees ring A C Aare graded
reductors. o
2. f GF(A) C Gp(A)or A C Ais agraded reductor then A C A is an F-reductor.

Proof. 1. That Gr(A) C Gr(A) is a graded reductor has been observed before, for
A C A it suffices to recall that A, = F, A i.e. A N A, is an O,-lattice for every
n.

2. IfA C Ais a graded reductor then KDZO =ANK = O, and Kﬂ;f,, ~ ANF,A
is an O, -lattice. o

3. If A is a graded reductor then from A N A, = A N F,A it follows that A is
an F-reductor. Assume Gp(A) C Gr(A) is a graded reductor. Thus Gg(A);
is an O,-lattice in Gg(A), since Gr(A); = FiA/O, it follows that FiA is
an O,-lattice. The proof can now be completed by induction i.e. Gg(A), is an
O,-lattice hence F,A/F,_1A is an O,-lattice, the induction hypothesis yields
that F,,—;, A is an O,-lattice and then it follows that F, A is an O,-lattice. O

1.9.8 Example

Let g be a finite dimensional Lie algebra over K and Uk (g) the enveloping algebra
of g over K. Fix a K-basis for g, say {xi,...,x,}. There are structure constants

Aij € K given by:
n
[xi, x;] = Zkffjxk
k=1

without loss of generality (up to multiplying by one (/\f-‘j)_l) we may assume that
all )\f.‘j € O, butnot all in m,. Put gp, = O,x1 + ...+ O,x,, itis aLie O,-algebra
with the induced bracket and it is an O,-lattice in g. On g = go,/m,go, we define
a Lie algebra structure over k, by putting:

n
[xi. %] =) Akx
k=1

where X; = x;-mod m,go,. By assumption g is not the trivial Lie algebra (some
Aij # 0). Obviously g depends on the choice of the K-basis {xi,...,x,} for
g. Put A = Up,(go,). Consider on A = Uk(g) the standard filtration (coming
from the gradation filtration of the tensor algebra 7'(g)) and on A the induced
filtration. Clearly F'A is a finite filtration. We have that G (A) = O,[X1,..., X,] C
K[X1,....X,] = Gp(A) and A is an F-reductor, G(A) is a graded reduction for
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G r(A) (use Proposition 1.9.7 for example). We also have that ¥ 4 is I'-separated
and G, (R) is a domain isomorphic to Uy, (g). The latter means that we can extend v
to a noncommutative valuation on the skewfield D(g), the total ring of fractions of
U(g) (see Proposition 1.8.10 (3).).

Again look at a K-algebra A as in Proposition 1.9.7. On G,(A) we define a
filtration fG,(A) by: f,(G,(A)) = G,(F,A), forn € N. When Gg(A) C Gp(A)
is a graded reductor then we also have a valuation filtration "G r(A) given by:

F(Gr(A) = (fK)Gr(A). fory € T

If FYA is I'-separated then the valuation filtration f'Gr(A) is also I'-separated
(similar to the proof of Proposition 1.9.5).

1.9.9 Proposition

Let A be as before and A C A an F-reductor such that F"4 is I'-separated. Then
we have that: G,(Gr(A4)) = G(A) * I' and G (G, (A4) = G, (Gr(A)).

Proof. We have G\(Gr(A)) = @yer(f)K)Gr(A)/(f2,K)Gr(A) and since
Gr(A) is O,-flat (because torsionfree) we obtain that G,(Gr(4)) = Byer (f,)K)/
(/2,K)®0, Gr(A). The latter means G,(K) ®0, Gr(A) = (ky*) ®0,Gr(A) =
G(A) = I'. The fact that G 7(G,(A)) = G,(Gr(A)) may be verified directly, it
follows by a general compatibility result of M. Hussein and F. Van Oystaeyen [49]
(see Proposition 2.4. loc. cit).

1.9.10 Corollary

Let A C A be an F-reductor such tat F"A is I'-separated. If G(A) is a domain then
so are Gr(A), G,(A) and A.

Proof. By Proposition 1.8.4 we get that G,(Gr(A)) is a domain; then Gg(A) is
a domain and A is a domain. From G/(G,(4)) = G,(Gr(A)) it follows that
G 7(G,(A)) is a domain and so is G,(A4). O

1.10 Appendix: Global Dimension and Regularity
of Reductions

This section is less self-contained so we add it as an appendix. Basic references
are:

— For Krull dimension, R. Gordon, J. C. Robson [27]
— For Noetherian rings, J. McConnell, J. C. Robson [47]
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— For dimensions of rings, C. Ndstdsescu, F. Van Oystaeyen [53]
— For Homological algebra, J. T. Rotman [59]

We study Z-graded D algebras having the commutative domain D for the part
of degree zero, where D is usually a regular (local) domain. The properties we
focus on are related to homological dimension and Auslander—Gorenstein regularity.
A problem is that the maximal ideal w of the local domain D is not necessarily
contained in the Jacobson radical of the D-algebra under consideration. In particular
when D is a discrete valuation ring, there is a link to noncommutative valuation
theory, hence the inclusion of these results in this work.

Let A be an algebra over a commutative domain D. Usually A is given by
generators and finitely many relations 0 - Q0 — D < X >— A — 0, where
D < X > is the free algebra over X = {X},..., X, } and Q is generated as a two-
sided ideal by finitely many p;,..., p; € D < X >.If K is the field of fractions
of D then A = K ®p A may be given by generators and the same relations viewed
in K < X >. Note however that for a given set of relations g;,...,q; € K < X >
defining A4, even if the ¢g; have coefficients in O,, need not yield a set of relations
defining A! We come back to this problem when studying extensions of valuations
of K to valuations of Q(A) in Chap. 3. Now starting from py, ..., p, we obtain the
residue algebra A = A /wA with respect to a maximal ideal w of D, by the reduced
relations py,..., p, overk,, = D/w (notby q,,...,q, in general!).

A ring A is called a quotient ring if every regular element of A is invertible.
A subring A of A is a right (left) order in A if each ¢ € A is of the form as™!
(resp. s~ 'a) for some a,s € A; by an order in A we mean a left and right order.
Two orders A and A, are equivalent, denoted by A; ~ A, if there exist units
ai,an, by, by in A suchthat: a; A1by C Ay, a1 Arb, C Ay. Anorder A is a maximal
order in A if A is maximal in its equivalence class. It is well known that a prime
Goldie ring is an order in a simple Artinian ring. We will study maximal orders in
Chap.2. A commutative domain is a maximal order if it is completely integrally
closed, in case it is a Noetherian domain this reduces to integrally closedness.

For a prime ideal p of D, let D, be the localization of D at p. We obtain the
exact sequence: 0 - D, ®p O — D, < X >— A, — 0. Let SpecD be the
prime spectrum of D and (D) the space of maximal ideals; both @ pespecp A , and
Bweq(p)Aw are left and right faithfully flat A-modules.

1.10.1 Proposition

Consider a domain A having a quotient ring A. If A, is a maximal order for every
p € SpecD, then A is a maximal order in A.

Proof. Since A = N{A,,p € SpecD} the statement follows easily from the
faithful flatness of @ pespecp A, (Or by a rather direct verification). O
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We write Kdim for the Krull dimension in the sense of Gabriel, Rentschler [24]
and gldim for the global (projective) dimension [47,53].

1.10.2 Proposition

1. KdimA = sup{KdimA ., p € SpecD}.

2. If A is left and right Noetherian then: inj.dimA = sup{inj.dimA ,, p € SpecD}.

3. If A is left and right Noetherian and gldimA is finite, then gldimA =
sup {gldimA ,, p € SpecD}.

Proof. See [40].

Recall that a left and right Noetherian ring R is said to be an Auslander—Gorenstein
(resp. Auslander) regular ring if R has finite injective (resp. global) dimension, say
1, and satisfies the Auslander condition, that is, for any finitely generated R-module
M, any 0 < k < p and any submodule N of Ext’ja (M, R) we have ExtR(N,R) =0
forn < k.

1.10.3 Proposition

Let A as before be left and right Noetherian

1. A is Auslander—Gorenstein regular if and only if A, is Auslander—Gorenstein
regular for every p € SpecD.

2. If A has finite global dimension then A is Auslander regular if and only if A, is
Auslander regular for every p € SpecD.

Proof. In view of Proposition 1.10.2 we only have to establish that A satisfies the
Auslander condition if and only if A, satisfies the Auslander condition for every
p € SpecD. First assume that A satisfies the Auslander condition. Let N be any
A p-submodule of A, ®4 Ext’,‘\ (M,A) = Ext’,‘\p(Sp—lM, A ) where M is a finitely
generated A-module, S, = D — p, then there is a A-submodule N " of Ext’,‘\ (M, A)
such that N = Sp_lN’. Hence for n < k, we have 0 = A, ®, Extj (N, A) =
Ext?’\p(Sp_lN’, Ap) = Ext’}\p(N, Ap).

Conversely, suppose that A, satisfies the Auslander condition for every
peSpecD. Let N be any A-submodule of Exti(M,A) where M is a
finitely generated A-module. Since S;IN is a Aj,-submodule of A, ®a

Extk (M, A) = Ext’,‘\p(Sp_lM, Ap). Forn < k we obtain: A, ® Ext} (N,A) =
Ext?’\p(Sp_lN, A ) = 0. Then from the faithful flatness of @ pespecp A, it follows
that Ext}y (N, A) = 0.
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In the sequel D is a commutative domain, w an ideal of D contained in
the Jacobson radical J(D) of D; we write k = D/w and consider a Z-graded
D-algebra A with Ao = D. We write A-gr for the category of graded left A-modules
and graded A-morphisms of degree zero.

1.10.4 Lemma

With notation as above:

1. wA is contained in the graded Jacobson radical J 8 (A) which is the largest proper
graded ideal of A such that its intersection with A is contained in the Jacobson
radical of Ay.

2. If A is a free D-module of finite rank than wA is contained in the Jacobson J(A)
of A.

Proof. 1. Since Ay = D it follows that wA N A = w C J(Ay). Hence wA C
J&(A) (cf. [52] for detail on the graded Jacobson radical).

2. If A is afree D-module of finite rank then it follows from a result of G. Bergman
(cf. [52] p. 56) thatw C J(D) = D N J(A) C J(A),or wA C J(A). O

From hereon we assume that A is flat over D; we write A = A /wA and for
any A-module M, M = M/wM.

1.10.5 Proposition

Suppose M is finitely generated in A-gr, M is flat over D and A is left Noetherian.
If M is projective in A-gr then M is projective in A-gr.

Proof. The proof may be reduced to the case where M is free in A-gr; then let
{my,...,m,} be a ‘A-basis of M consisting of homogeneous elements and let
m; € M be homogeneous preimages for the m;, i = 1,...,n. Since wA C
JE(A), M = Y"!_, Am; follows from the graded version of Nakayama’s lemma
(cf. [52]). Consider the gr-free A-module L = @7_, Ae; and the exact sequence
in A-gr:0 > K — L7>M — 0, w given by w(e;) = m;, i = 1,...,n, and

K = Ker . Since M is flat over D we obtain exactness of 0 — K — L —> M —
b

0, where L = D/w®p L,K = D/w ®p K. Since the 7(e;) are free generators

for M, 7 is an isomorphism, i.e. K = 0. Since K is finitely generated as A is

left Noetherian, and a graded A-module the graded version of Nakayama’s Lemma
applies again, leadingto K = 0and M = L or M is free. O
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1.10.6 Proposition

Suppose A is left Noetherian.

1. grgldim A < grgldim A 4+pdim, A, where grgldim denotes the left graded global
dimension. o o
2. If A is positively graded then gldimA < gldimA + pdim, A.

Proof. Statement (2) follows from (1) since for a positively graded ring the global
dimension coincides with the graded global dimension.

1. We have that pdim, A equals the graded projective dimension so we can restrict
to resolutions of graded modules. By the change of rings theorem (cf. [40, 59])
pdim, A is introduced in the comparison of grgldim for A and A. Applying
the lifting of projectivity established in the foregoing proposition then yields the
result. O

In a similar way we may establish the following.

1.10.7 Proposition

Suppose A is left Noetherian and suppose w = a D for some a € D regular on A
(i.e. A is without a-torsion), then we have:

1. If A is positively graded then: injdim A = 1 + injdim A.
2. grgldim A < grgldim A + 1 with equality holding in case grgldimA < oco.

1.10.8 Corollary

In the situation of foregoing proposition: but assuming now that w = (xy,...,xg)
where {xi,..., x4} is a regular sequence for the domain D which is regular on A.
Then we have:

1. If A is positively graded then injdimA = d + injdimA. -
2. grgldim A < grgldim A + d with equality in case grgldim A < oo.

1.10.9 Proposition
Suppose A is Noetherian and w = (xy,...,xs) as in Corollary 1.10.8. If A is

Auslander (-Gorenstein) regular then A is Auslander (-Gorenstein) regular.

Proof. Cf. [40]. O
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1.10.10 Proposition

Let K be the field of fractions of D and A a K-algebra such that A is a subring over
D of A suih that KA = A. Suppose A is left Noetherian and w = (x1,...,x4) as
before. If A is a domain then A is a domain.

Proof. Tt suffices (via an easy iteration argument) to prove the claims in case w =
Da,a = x;. Since wA = aA is an invertible ideal and graded, the w-adic filtration
on the ring S = Uf{a"'A,n € Z} C Adefinedvia F,S =a"A,n €Z,isa strong
filtration, i.e. F,SF,,S = F,+, S forall n, m € Z. Hence the associated graded ring
G, (S) is a strongly Z-graded ring with G,,(S)o = A/wA = A a domain, therefore
G, (S) is a domain. The negative part G,,(S)— = ®,<0Gw(S), is also a domain
but it is also the associated graded ring, G (A) say, of A with respect to the w-adic
filtration on A. So if we can prove that FA is separated then it follows that A is a
domain too. Now wA = aA is invertible and A is left Noetherian, thus a A has the
Artin—Rees property. Then, since aA C J¥(A) it follows that N,>1a"A =0. O

1.10.11 Corollary

Let A be as in the proposition. Suppose A is left Noetherian and w = aD.If A is a
domain, then the wA -adic filtration on A defines a valuation function v on A and v
naturally extends to a discrete valuation of the total quotient ring Q.;(A) of A.

Proof. From the proposition it follows that A is a left Noetherian domain hence
an order in a skewfield. Moreover the wA-adic filtration is separated (proof of
foregoing proposition), hence we may apply Proposition 1.8.10 (3). O

If we suppose that the graded ring A has a graded ring of fractions, A$ say, then
A is a gr-maximal order in A¢ if for any graded subring 7 of A8 suchthat 7 D A
andaTh C A for some homogeneous units a, b € A$, we have T = A. It is known
that A is a gr-maximal order in A if and only if the graded ring A is a maximal
order in A, the total quotient ring of A¢ (cf. [38], Graded Orders).

1.10.12 Proposition

Suppose A is a positively graded left Noetherian ring and w = aD where a is
regular on A. If A is a gr-maximal order in a gr-simple Artinian ring, then A is a
gr-max order in a gr-simple Artinian ring.

Proof. The element a is a central regular homogeneous element of A with aA C
J8(A) and the a A-adic filtration of A is separated (see proof of Proposition 1.8.10).
It follows that A is a prime ring. An argument similar to the one used in [65] for
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“lifting maximal orders” finishes the proof. Note that in loc. cit. the condition that X
is of positive degree is only used to guarantee the existence of a gr-simple Artinian
ring of fractions of the Z-graded ring, but in our present case this is not a problem
since we assumed A to be positively graded (cf. [52], p. 126 Corollary 1.1.7).



Chapter 2
Maximal Orders and Primes

2.1 Maximal Orders

Throughout this section R is always an order in a simple Artinian ring Q. We study
divisorial R-ideals in case R is a maximal order which was defined in Sect. 1.10.
If R satisfies the ascending chain condition on divisorial ideals, then we show that
D(R), the set of divisorial R-ideals, is an Abelian group generated by maximal
divisorial ideals. We define Dedekind and Asano orders which are both important
subclasses of maximal orders. A Dedekind order is an Asano order and the converse
does not necessarily hold. However in case an order is bounded, the converse is also
true. We start with the ideal theoretical characterization of maximal orders.

2.1.1 Proposition

Let R be an order in Q. Then the following conditions are equivalent:

1. R is a maximal order in Q.

2. O;(I) = R for all left R-ideals I and O,(J) = R for all right R-ideals J.
3. 0;(A) = R = O,(A) for all R-ideals A.

4. O;(A) = R = O,(A) for all non-zero ideals A of R.

Proof. 1. = 2.1f I is aleft R-ideal, then there exists a regular element ¢ in R with
Ic C R.Ttiseasy tosee that O;(I) D Rand O;(I)Ic C Ic C R, which imply
O;(I) ~ R.Hence O;(I) = R.

. = 3.and 3. = 4. These are special cases.

4. = 1. Suppose S O R and S ~ R. Then there are regular elements ¢ and d
with ¢Sd C R.PutT = R+ ¢S + RcS, an overring of R and Td C R.
The set A = {r € R, Tr C R} is an integral R-ideal and O;(A) D T. Hence
T = R C S follows. Since ¢S C T, B = {r,rS C T = R} is an ideal of R
with O,(B) D S and hence R = O,(B) = S. O

[\
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In Chap.1 we defined divisorial ideals in Dubrovin valuation rings. In this
section, we define divisorial one-sided R-ideals as follows:

For any left R-ideal 1, *I = (R : (R : I),); which is a left R-ideal containing
1.1 is said to be left divisorial if / = *I. Similarly we define a right divisorial
R-ideal. Suppose R is a maximal order. Then for any R-ideal 4, *4 = (A™")™! =
A*, because (R : A), = A~ = (R : A);.

2.1.2 Theorem

Suppose R is a maximal order in Q.

1. D(R) = {A, A is a divisorial R-ideal} is a group under the multiplication “o”:
Ao B = *(AB) forany A, B € D(R).
2. If R satisfies the ascending chain condition on divisorial ideals of R, then

(1) D(R) is an abelian group generated by maximal divisorial ideals.
(i) Any maximal divisorial ideal is a minimal prime ideal.

Proof. 1. If A is a divisorial R-ideal, then it follows that (R : A~'A4), = R and so

R = *(A7'A). Similarly (A~'A)* = R and hence D(R) is a group.

2. (i) Let M and N be maximal divisorial ideals of R. Then M o N C M N
N and M NN € D(R). So we have either M = (M N N)o N~! or
(M N N)o N~!' = R.In the later case, we have M N N = N which is a
contradiction. Thus M = (M N N)o N~'and M o N = M N N follows.
Hence M o N = M NN = NNM = N o M. Assume that there is a
divisorial ideal A which is not a finite product of maximal divisorial ideals
in D(R). Choose A maximal with this property. Since A is not a maximal
divisorial ideal, there is a maximal divisorial ideal M with M 2 A. Then
ROM oA 2 A, hence M~ o A is a finite product of maximal divisorial
ideals in D(R) and therefore so is A which is a contradiction. Now let B be a
divisorial R-ideal. Then there exists a regular element ¢ in R with B¢ C R.
Put C = (RcR)*. Then B =(BoC)oC~'and BoC = *(BRcR) C R.
Since B o C and C are both finite products of maximal divisorial ideals,
D(R) is generated by maximal divisorial ideals and it is abelian, because
maximal divisorial ideals commute under the product “o”.

(i) Let M be a maximal divisorial ideal. It is clear that M is prime ideal. If
P is a non-zero prime ideal with M D P, then p-'p ¢ P, because if
P7'P c P,then P! C O)(P)=RbutP"'=(R:P);D(R: M), =
M~"' 2 R which is a contradiction. P* P~' P C P implies P* C P,ie. P
is a divisorial ideal. Since P is a finite product of maximal divisorial ideals,
it must be a maximal divisorial ideal. O
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In case of commutative domains, maximal orders are nothing but completely
integrally closed domains.

2.1.3 Proposition

A commutative domain D is a maximal order in its quotient field K if and only if it
is completely integrally closed.

Proof. Suppose D is a maximal order in K and aq" € D for all n € N, where
0 #a € Dandg € K. Then D’ = DJq] is equivalent to D, because aD’ C D
and so ¢ € D. Hence D is completely integrally closed. Conversely suppose D is
completely integrally closed. Let D’ be an overring of D which is equivalent to D,
i.e.aD’ C D for some non-zero a € D. Pick any ¢ € D’. Then aq™ € D for all
n € N.Thus ¢ € D and hence D = D’. O

2.1.4 Proposition

The center of a maximal order in Q is a completely integrally closed domain.

Proof. Let R be a maximal order with D = Z(R). It is clear that D is a domain.
Let K be a quotient field of D, which is contained in Q. Let k be an element in K
which is almost integral over D, i.e. dk" € D forsome 0 # d € D and alln > 0.
Then S = R + RJ[k] is equivalent to R and so S = R, i.e. kK € D. Hence D is
completely integrally closed. O

An R-ideal A is said to be invertible if (R : A))A = R = A(R : A),.If A
is invertible, then (R : A); = A7! = (R : A), and O,(A) = R = 0;(A). An
order in Q is said to be Asano if each non-zero ideal is invertible, and is said to be
Dedekind if it is Asano and hereditary.

2.1.5 Lemma

Let 7 be an essential left ideal of an order R, then [ is projective if and only if
(R : ])rl = 0,(1)

Proof. This is clear from the dual basis theorem for projective modules [59] since
(R : 1), = Homg(I,R) and O, (1) = Homg(I, I). O
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From Lemma 2.1.5, we see that an invertible ideal is projective. The converse
is not necessarily true. But in case of commutative domains, the converse is also
true. O

2.1.6 Proposition

Let D be a commutative domain with its quotient field K. The following conditions
are equivalent:

1. D is a Dedekind domain.
2. D is an Asano order in K.
3. D is a hereditary order in K.

Proof. Suppose an ideal [ is projective. Then O,.(I) = (D : 1), I = (D : I);I C
D andso O,(I) = D. Hence I is invertible. O

In case of noncommutative rings, the Dedekind assumption of course implies
the hereditary and Asano properties. However the converse implications do not
necessarily hold and there are no implications between the properties of being Asano
and hereditary.

2.1.7 Example

Z 7L\ . . . (QQ . Z pZ\.

1. (Z Z) is a Dedekind order in ( 0 Q) and for any prime number p, (Z 7 )15
hereditary but neither Dedekind nor Asano.

2. Let A,(K) be the nth Weyl algebra over a field K with char(K) = 0. Then
A,(K) is a Noetherian simple ring and so it is a trivial Asano order but not
hereditary, because gl.dimA4,(K) = n. Let R = A,(K)[X] be the polynomial
ring in an indeterminate X over A,(K). Then any ideal of R is principal by
the division algorithm. Thus R is a non-trivial Asano order. Furthermore, let S
be a quasi-simple, i.e. a simple ring but not necessarily Artinian. Then the Ore
extension S[X;o,d] is Asano, where ¢ is an automorphism of S and § is a left
o-derivation of S.

The following is just an application of Theorem 2.1.2 to Asano orders.

2.1.8 Corollary

Let R be an Asano order with the ascending chain conditions on ideals. Then the
set of R-ideals is the abelian group generated by maximal ideals and every maximal
ideal is a minimal prime ideal.
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An essential one-sided ideal of R is said to be bounded if it contains a non-zero
ideal and R is called bounded if every essential one-sided ideal is bounded.

2.1.9 Lemma

Let R be a bounded Noetherian Asano order in Q. For each non-zero prime ideal P
of R, R/ P is simple Artinian.

Proof. Note that P is a maximal ideal by Corollary 2.1.8. By the Goldie theorem,
it is enough to show that regular elements of R/ P are unitsin R/P.Letc € R be
the preimage of such a regular element. Assume that xc = 0 for some x € R. Then
xc € P, therefore x € P and P~'x C R.Then0 = P~ 'x¢c ¢ Rand P~'x C P,
hence x € P2. By induction we get x € (|,2, P". Butif 0 # A = (]2, P", then
AP = Aandso P = R which is a contradiction. Thus x = 0 and c is regular in R.
Hence Rc is an essential left ideal and contains a non-zero ideal, say, B. Choose B
maximal with this property. Suppose B C P. Then Pc D B sinceifb =rc € P
then r € P by the choice of ¢. Therefore Re > P™'B andso P~'B = B, and
P~! = R which is a contradiction. Hence B ¢ P and Rc + P = R. O

2.1.10 Proposition

Bounded Noetherian Asano orders are Dedekind orders.

Proof. First note that for each non-zero ideal A, R/ A is Artinian since A is a finite
product of maximal ideals. In particular R/ has a composition series for every
essential left ideal /. Let / be a maximal left ideal. Then / contains a maximal
ideal M. This is because I contains a finite product M - - - M,, of maximal ideals.
ItM, ¢ I then M, + 1 = Rand M,---My,_y = My---M,_ (M, + 1) C I.
By iteration we have the result. The short exact sequence 0 — M — R —>
R/M — 0 shows that pdg(R/M) < 1 since M is invertible, where pdz(N)
denotes the projective dimension of the left R-module N. But since R/ M is simple
artinian R/M =~ I/M @ R/I. Thus pdg(R/I) < 1. So from the short exact
sequence 0 — I — R — R/I —> 0 we deduce that [ is projective. To
prove that R is left hereditary, suppose there is an essential left ideal / which is not
projective. Choose I maximal with this property and let J be a left ideal such that
J 2 I and J/I is a simple left R-module. Since J/I = R/I, for some maximal
left ideal [y, we have pdy(J/I) < 1. Hence from the exact sequence 0 — I —>
J —> J/I —> 0 we deduce that [ is projective which is a contradiction and so any
essential left ideal is projective. Hence R is left hereditary since any non-essential
left ideal is a direct summand of an essential one. Similarly R is right hereditary and
so hereditary. O
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2.1.11 Proposition

Suppose R is a semi-local order in Q. Then the following are equivalent:

1. R is a Noetherian Asano order.
2. R is a principal ideal ring.

In particular, R is bounded if one of the conditions (1) or (2) is satisfied.

Proof. 2. = 1. This is clear.

1. = 2. Let P; be the maximal ideals of R with J(R) = Py N---N P, and I be
a maximal left ideal of R. Then there exists a maximal ideal P;, say i = 1, with
I D>P,I pPandl+ P = Rforanyi,2<i <n.P;, DINP; D P; I imply
RO P'INP)DIandsoeither R = P7'(INP)or PYINP)=1.
Thus I N P; = P; I since the first case implies P; = I N P;. It follows that the
length of a composition series of R/ P; is the same as one of I/ P;I for any i,
1 <i <nandthus R/P; = I/P; I follows. Hence we have

R/J(R)y=R/PI&®---®R/P,=1/PII®---®I/P ] =1]J(R)I,

since J(R) = P;--- P, and the P; commute. Therefore / is left principal by
Nakayama’s lemma. Suppose R is not left principal and let I be a left ideal which
is not left principal. Choose I maximal with this property. Then I is essential.
Otherwise there exists a non-zero left ideal J such that I & J is essential, which
is principal, a contradiction. We claim R/ is left Artinian. Let R 2 I} 2 I, 2
--+ 2 I be a strictly descending chain of left ideals. For a fixed regular element
cin I, we have R C 11_1 C 12_1 c--- G c_lR,whereI,._1 = (R : I;), and so
17! = I}, for some n. But since I; are left principal, we have I, = I,'7! =
1 n‘ﬁl_l = I,11, a contradiction. Thus there is a left ideal J 2 I such that J /I
is a simple module and J = Ra for some a € J. Then Ia~! is a maximal left
ideal and is principal. Hence so is / which is a contradiction. Hence R is a left
principal ideal ring and similarly R is a right principal ideal ring. To prove R is
bounded, let / be an essential left ideal. If 7 is maximal, then it contains J(R).
Suppose that I does not contain non-zero ideals. Then we get the contradiction

by the same method as the above. O

2.1.12 Remark

Let R be a Noetherian semi-local order in Q. Then R is hereditary if and only if
J(R) is invertible(cf. [29]).
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2.1.13 Proposition

Let R be a Dubrovin valuation ring of Q.

1. R is a maximal order if and only if it is of rank one.
2. R is an Asano order if and only if it is a principal ideal ring.

Proof. 1. If rank R > 2, then there exists a Goldie prime P with J(R) 2 P
and O;(P) = Rp 2 R by Proposition 1.4.11 and Lemma 1.5.4. Hence R is
not a maximal order. Conversely assume that R is not a maximal order. There
exists an ideal A with S = 0;(4) 2 R and J(R) 2 J(S), a Goldie prime by
Theorem 1.4.9. Hence rank R > 2

2. If J(R) = J(R)?, then R is not Asano. If rankR = 1 and J(R) 2 J(R)?, i.e.
J(R) = aR = Ra for some a € J(R), then R is a principal ideal ring, because
R is bounded by Lemma 1.5.23. O

2.1.14 Remark

SupposerankR = 1and J(R) = J(R)>.If R is Archimedean, then D(R) = (R, +)
and so R is a maximal order but not satisfying the ascending chain conditions on
divisorial ideals.

2.2 Krull Orders

In this section we define Krull orders in a simple Artinian ring and study the ideal
theory and overrings of Krull orders. In order to define Krull orders we need some
basic knowledge of torsion theories. Let R be a ring and E be an injective left
R-module. Then a family F of left ideals / of R such that Homz(R/I,E) = 0
satisfies the following:

(1) If ] e Fandr € R, then I -r~—' € F,where I -r~' ={x € R,xr € I}.
(2) If I is aleft ideal and there exists J € F suchthat I -x~' € F forevery x € J,
then I € F.

Note that the properties of (1) and (2) entail the following:

(i) If I € F and J is aleft ideal with I/ C J, then J € F and
(i) If I and J belongto F,then I N J € F.

A family F of left ideals satisfying (1) and (2) is said to be a left Gabriel topology
on R. We also say that F is a left Gabriel topology corresponding to £ and we
refer the readers to [63, Chap. VI] for torsion theory and Gabriel topologies. We can
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define a right Gabriel topology on R in an obvious way. Let M be a left R-module.
An element m € M is said to be F-torsion if Fm = 0 for some F € F. Then
the set (M) of all F-torsion elements in M is an R-submodule of M, which is
called an F-torsion submodule of M. If tx(M) = M ortx(M) = 0, then M is
called F-torsion R-module or F-torsion-free R-module, respectively. We say that
F is trivial if either all modules are F-torsion or F-torsion-free, i.e. 7 > (0) or
F = {R}. In case of semi-prime Goldie rings, we have the following result:

2.2.1 Proposition

Let R be a semi-prime Goldie ring with its quotient ring Q. Every non-trivial left
Gabriel topology on R consists of essential left ideals.

Proof. Let F be a non-trivial left Gabriel topology on R and assume that there
exists I € F such that I is not an essential left ideal of R. Then there is a uniform
left ideal U of R with I N U = 0. By Zorn’s Lemma, we can choose a left
ideal J that is a maximal element in the {H, H is a left ideal with H O [ and
H NU =0}. Then J € F and J is a complement left ideal in the sense of Goldie
withudimR/J = udimR —udimJ = 1 (cf. [47, (2.2.10)]). Since R/J is torsion-
free as a left R-module, we have a natural embedding R/J — Q ® R/J. Now let
udimR = n.Then }." ®R/J — Q0 ® (3" ®R/J) = Q as aleft R-module and
Q is an essential extension of " @R /J. Hence there existsanm € Y " ®R/J
with [g(m) = 0. This implies (0) € F, because m is a F-torsion element which is
a contradiction. Hence F consists of essential left ideals of R. O

Let F be a non-trivial left Gabriel topology on a semi-prime Goldie ring R. Then
OrR ={q € Q,Fq C R forsome F € F} is an overring of R, which is called
the left quotients of R with respect to /. Similarly for any left R-submodule M
of O, we define Q M and it is a left Q r R-module. If I is a left ideal of R, then
O 71 is aleftideal of Q £R and it is said to be F-closed if QI N R = 1.

In the remainder of this section, R is an order in a simple Artinian ring Q. To
define a non-commutative Krull order, we introduce a specific Gabriel topology as
follows: We denote by Fr(F}) the left(right) Gabriel topology on R corresponding
to E(Q/R)(E'(Q/R)), the injective hull of left(right) R-module Q /R. It turns out
that Fr = {F, F is a left ideal such that (R : F -r~'), = R forany r € R} (cf.
e.g. [63, p. 147, Proposition 5.5]). Similarly F = {F’, F'is aright ideal such that
(R :r~'- F’); = R forany r € R}, aright Gabriel topology on R. For any left
R-ideal I, we define the left closure of I, cl,(I) = {r € R, Fr C I for some
F € Fg}, which is again a left R-ideal. I is said to be t-closed if I = cl.(I).
Similarly, for any right ideal J, we define the right closure ¢/, (J) of J and it is -
closed if J = ¢l (J) (we use the same notation ¢/, () for left and right ideals). An
order in Q is said to be r-Noetherian if it satisfies the ascending chain conditions
on one-sided t-closed ideals.
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2.2.2 Definition

An order in a simple Artinian ring is Krull (in the sense of M. Chamarie [13,14]) if
it is a maximal order and t-Noetherian.

Noetherian maximal orders are Krull. However there exists non-Noetherian Krull
orders, e.g. D = K[X,,A € A] is a commutative non-Noetherian Krull domain,
where K is a field and | A |= oo, an Ore extension D[X; 0o, 8] over D is a non-
Noetherian Krull orders it will be shown in Theorem 2.3.19.

2.2.3 Lemma

Let R be a Krull order in Q. Then:
1. Let I be a left R-ideal.

(1) ¢l.(I) C *I.In particular, every divisorial left R-ideal is t-closed.
(ii) Thereis a finitely generated left R-ideal J suchthat J C [ and J~! = [~
(i) 117" € Fg.

2. Let A be an R-ideal. Then

(i) AA7" and A~' A belong to Fg.
Gi) cl,(4) = *A.

Proof. 1. (i) Letx € cl; (). Then thereis an F € Fg with Fx C I and Fx(R :
1), CI(R:I), CR.Thusx(R:1), C Randx € *I.Hencecl,(I) C
*I.Soif I is divisorial, then it is T-closed.

(i) Since R satisfies the ascending chain condition on divisorial one-sided
ideals, there are a finite elements a; € I such that *1 = *(Ra; + --- +
Ray,) (note every one-sided R-ideal is generated by regular elements ([47,
3.3.7).PutJ = Ra; +---+ Ra,. Then *I = *J implies I ™' = J~\.

(iii) Since 777! is an ideal of R, it suffices to prove that (R : I11~"), = R.
If II7'¢g C R, whereq € Q,then II"'¢ql C I and I™'q C I~'. Thus
qgeO0.(I™")=R.

2. (i) AA™" € Fy follows from 1.(iii). If A='Ax C R, where x is a regular

element in Q, then x € Rx = *(A7'A)x = *(47'Ax) C R. Hence
A4 e Fr.
(i) *A C cl,(A) follows from AA™'*A C Aand AA™" € Fp. O

2.2.4 Proposition

Let R be a Krull order in Q and let R’ be an overring of R such that 0 7R = R’ =
RQ 7 for some left(right) Gabriel topology F(F') on R.
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1. R’is aKrull orderin Q.

2. For aleft R-ideal I, /™) Qr = (R')™' = (QrI)"".

3. The map ¢ : I — QrxI is a bijection between the set of divisorial F-closed
left ideals of R and the set of divisorial left ideals of R’.

Proof. 1. Let A’ be a non-zero ideal of R’ and ¢ € O;(A’). i.e. g4’ C A’. There
exists a finitely generated essential right ideal I such that / C A’ N R and
I* = (A’ N R)*. So there is an F € F such that FgI C R N A’ and thus
Fq(A'NR)* C (RN A’)*.Hence Fg C R and g € R’, showing O;(A") = R’
and similarly O,(A’) = R’. Hence R’ is a maximal order. To prove that R’ is
7-Noetherian, we claim that for every F € F and H € Fg, R'F and R'H are
both in Fg, the left Gabriel topology on R’ corresponding to the injective left
R’-module Eg/(Q/R’). Let g be any element in R’. Then Fjg C R for some
Fy € F.Foranys € (R'H -q~")"'and f € F;, we have (H - (fq)™") fs C
(R'H - ¢")s C R’. By Lemma 2.2.3, there is a finitely generated left ideal
H; such that H; C H - (fq)™" and H[' = (H - (f¢)™"))™! = R. Thus
H, fsF' C R for some F’ € F and so fsF’ C R. This implies Fis C R’ and
s € QR = R'.Hence R'H € Fg. Similarly we have R'F € Fgs (the proof
is a little easier).

Let I’ be a t-closed left ideals of R’. Then we prove that I’ = ¢/ (R'(I'NR))
and /' N Ris t-closed. If x € I, then there is an F € F suchthat Fx € I’ N R.
Since R"Fx C R'(I'’ " R) and R'F € Fg, we have x € cl.(R'(I'’ N R))
and hence I’ = ¢l (R'(I' N R)). That I’ N R is t-closed follows easily since
R'H € Fg forany H € Fg.Hence R’ is left 7-Noetherian and similarly is right
7-Noetherian. Therefore R’ is a Krull order in Q.

2. Itis clear that (171 Qx C (QxI)™' C (R'I)"!. Conversely, leth € (R'1)™".
Then Ib C R'Ib C R’. Let J be a finitely generated left ideal such that I D> J
and /' = J~!. There exists an F’ € F' with JbF' C RandsobhF' C J~! =
I7'. Henceb € (I7H0 7.

3. Let I be an essential left ideal of R. Then it follows from (2) that Q #(*I) =
(QxI).Soif I is divisorial F-closed, then Q £ 1 is divisorialand Q I NR = 1.
Conversely, let I’ be an essential left ideal of R" and I = I’ N R. Tt is clear
that I’ C QxI. If I’ is divisorial, then the converse inclusion is held since
R'F € Fp foreach F € F. O

2.2.5 Lemma

Let I be a t-closed left ideal of a 7-Noetherian order R and let R = R/I. Then
udimR is finite.

Proof. Suppose there are left ideals /;, i € N properly containing / such that I ®
Le---®l,®--.Since [, +---+ I, N1, = I forany n € N, we have
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cl.(Iy +---+ I,) Ncly(I,4+1) = cl.(I) = I. There exists a m € N such that
cle(li+---+Ly)=cl;(I1 + -+ Lht+1) since R is -Noetherian. It follows that
cl;(I,,+1) = I, a contradiction. Hence udimR is finite. O

For any ideal A, we denoted by C(A) = {c € R, c is regular modulo A}.

2.2.6 Lemma

Let A and B be divisorial ideals of a Krull order R. C(A4 o B) = C(A) N C(B).

Proof. Letc € C(AoB)andr € R.If cr € A,thencrB C Ao BandrB C Ao B.
Hence r € A which implies ¢ € C(A). Similarly ¢ € C(B) and C(A o B) C
C(A) N C(B). Conversely, let c € C(A) NC(B) andr € R.If cr € A o B, then
crB™' C Aand cr € B. Thus r € B entails rB~' C R. Hence rB~! C A and
r € Ao B. Therefore c € C(A o B). O

Suppose S is a semi-prime Goldie ring with its quotient ring Q(S), a semi-
simple Artinian ring. For a left S-module M, the reduced rank of M is defined to
be ps(M) = udimgs)(Q(S) ®s M). The definition is extended to non-semiprime
rings as follows: Let S be a ring with a prime radical N = N(S) such that S/N is
Goldie and N is nilpotent. A Loewy series of left S-module M is a finite chain of
submodules M = My D M; D --- D My = 0 such that NM; C M, foreachi.
The reduced rank of M is defined ps(M) = Zf:o pr/N(M;/M; ). It is known
that the reduced rank of a module is independent of the choice of Loewy series and
that the reduced rank is additive on short exact sequences(cf. e.g. [47, (4.1.1) and
4.1.2)]).

We now use the reduced rank to prove the following lemma.

2.2.7 Lemma

Let A be a divisorial ideal of a Krull order R. Then R = R/A has an Artinian
quotient ring.

Proof. Write A = (P{"")* o -+ o (P;*)* for some maximal divisorial ideals P;
l<i=<kandput N = Py N---N P. Then N is divisorial and N = N/A is
the nilpotent radical of R. Since C(4) = C(N) by Lemma 2.2.6, we have Cz(0) =
Cz(N). To prove that R" = R/N is left Goldie, let I’ be aleft annihilator, say, I’ =
Ir/(X') for a subset X of R and ¢ : R —> R’ be the canonical homomorphism.
Then I = {r € R, rX C N} is a t-closed left ideal with ¢(I) = I’. Hence R’
satisfies the a.c.c on left annihilators. By Lemma 2.2.5, udimR’ is finite and so R’
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is left Goldie. Similarly R’ is right Goldie. Consider the descending chain of ideals
of R:
RO N D (N2*D---D (N"1)* 5(0),

where m = max{n,--- ,ni}. Note that (N')*/(N'+1)* = (N')*/(N'*")* and
R’ = R/N. Since udimg (N')*/(N'*1)* is finite we have pz(R) is finite. Hence
R has an Artinian quotient ring (cf. e.g. [47, (4.1.4)]).

2.2.8 Lemma

If A is a divisorial ideal of a Krull order R, then C(A) N F # @ for any F € Fg.

Proof. We use the same notation as in Lemma 2.2.7. Since C(4) = C(N), we may
assume that A is semi-prime such that R/A is a Goldie ring. It suffices to prove
that F is an essential left ideal modulo A by Goldie’s Theorem. For a left ideal 7,
assume that F N/ C A. Thenforanya € I, (F-a ")a C FNI C A and so
a € cl;(A) = A,ie. I C A.Hence F is an essential left ideal modulo 4 and
C(A) N F # @ follows. O

2.2.9 Lemma

Let A be a divisorial ideal of a Krull order R and I be a left ideal of R. Then
Acl (1) C cl.(Al).

Proof. Letb € cl.(I). Thereis an F € Fg with Fb C I.For any a € A, we have
((AF)-a " ab ¢ AFb C Al and ab € cl.(Al) if (AF)-a~' € Fg. For any
r € Randa € A, since (AF)-a')-r~! = (AF) - (ra)™, in order to prove
(AF) -a™' € Fg, it suffices to prove ((AF)-a~')"! = R forany a € A. Let
s€((AF)-a L.

Then forany ¢ € A™!, ga € R and A(F - (ga)~")gs C A(F -a™')s C (AF) -
a”'s C R.Thus A(F - (qa)~")qsA C Aentails F - (qa)"'qsA C O,(A) = R and
qsA C R.Thus A7'sA C Rand A~'s C A™'. Hence s € R as desired. O

2.2.10 Lemma

With the same notation as in Lemma 2.2.9, *(A") N I C ¢l (AI) for some n € N.

Proof. There exists an n € N such that ¢/, (Y, oy A7 (I N *(4)) = cl, (302,
A7'(I N *(A4Y)). Thus A™(I N *(4") C L’IT(Z?;} A7'(I N *(4"))) and
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ATATI N H(AM) C ATel (X021 AT N *(AD) C el (AN AT N

i=1 i=1

*(AM))) C cl,(AI). Hence I N *(A") C cl,(AI) since A"A™" € Fg. O

2.2.11 Lemma

Let A be a divisorial ideal of a Krull order R. Then

1. Nyen * (A7) = (0).
2. C(A) C C(0).

Proof. 1. Suppose B = N*(A") # (0) and let ¢ be a regular element in B. Then
Rc = Ren *(A") C cl.(Ac) = cl;(A)c = Ac for somen € Nandso R = A4,
a contradiction.

2. This easily follows from (1), since C(A4) = C(*(A")) foralln € N. O

2.2.12 Proposition

Let A = *(P/'---Pf) be a divisorial ideal of a Krull order R, where P; are
maximal divisorial ideals. Then A is localizable and R 4 is a bounded principal ideal
ring such that Ry = Rp, N---N Rp, and J(R4) = PIR4N---N Py Ry.

Proof. To prove that A is localizable, let » € R and ¢ € C(A). Then forany i € N
there exists 7; € Rand ¢; € C(A) such thats; = r;c—c;r € *(A") by Lemma2.2.7.
Put/ = ),y Rsi.ByLemma?2.2.10, cl,(AI) D I N *(A") forsomen € N. Since
sp € I N *(A"), thereis an F € Fg, Fs, C Al. Thus forany d € F NC(A) we
have ds, = »_, a;s; for some a; € A. It follows that (dr, — Y 7_ a;rj)c =
drac =" _ajric = d(sy+cyr)=31_yaj(s;+cjr) =de,r—=3"7_ a;ejr =
(dcw — Z};’=1 ajc;)r and dc, — Z};’=1 ajcj € C(A). Hence C(A) is left Ore and
by symmetry it is right Ore. To prove that R4 is left Noetherian, let I’ be a left
ideal of R4 andlet I = I’ N R. Itis clear that I’ = R4I and so [ is t-closed by
Lemma 2.2.8. Thus R, is left Noetherian and it is right Noetherian by symmetry.
Note that for any ideal B, R4 B is anideal of R4 (cf.e.g.[16]).PutJ = P;N---NP,
and R = R/A. Since C(A) = Cz(0), R4/ R4 A is the Artinian quotient ring of R by
Lemma 2.2.7. It is clear that /' = R4J = R4P;N---N R4 P, and R4 P; are prime
ideals of R 4. To prove that R is semi-local with J(R4) = R4P; N---N R4 Py, let
I’ be a maximal left ideal of R 4 and suppose that I’ 4 J'. Then we have | = a’+b’
for some a’ € I’ and b’ € J’. There exists a ¢ € C(A) with ca’, ¢b’ € R and so
ca’ = c¢(1 —b’). This entails ca’ € C(A), since C(A) = C(J) and C(J) C Cr,(J')
and so Ry = Ryca’ = Rya’ C I’, a contradiction. Thus I’ O J’, and hence
J(R4) = R4P N---N Ry P, and R, is semi-local. To prove that R4 is an Asano
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order, let B’ be any non-zero ideal of R4 and B = B’ N R. Then we have Ry =
R4BB~' = B’B~' by Lemmas 2.2.3 and 2.2.8. Hence B’ is invertible and so R 4 is
an Asano order. It follows from Proposition 2.1.11 that R4 is a principal ideal ring.
Itis clear that Ry = Rp, N---N Rp, since C(A) = C(Py) N---NC(P,). O

Let A be a family of non-zero ideals closed under the multiplication and let
R(A) = U{A™!, € A}).Itis easy to see that R(A) is an overring of R. In particular,
S(R) = U{A™!, A is non-zero ideal } is an overring, which is called an Asano
overring.

2.2.13 Lemma

Let A be a set of non-zero ideals of a Krull order R which is closed under the
multiplication and R(A) = U{A~", A € A}. Then

1. RG(A) = QxR = RQx , where F(F') is a left(right) Gabriel topology on
R corresponding to E(Q/R(A))(E'(Q/R(A))), the injective hull of left(right)
R-module Q/R(A).

2. The map: B — Q B, where B is a divisorial F-closed ideal, is a bijection
between the set of divisorial F-closed ideals and the set of divisorial ideals of
R(A). In particular, 0 7B = U{A™ ' o B, A € A}.

Proof. 1. We will show that an essential left ideal / of R is an element in F if
and only if, for any r € R, *(I - r~') D A for some A € A. Suppose [ € F,
i.e. Hom(R/I, E(Q/R(A))) = 0.If (I - r~")™' ¢ R(A), then for any ¢ €
(1-r~")~ " butnotin R(A), we have a non-zero homomorphism¢ : R/I-r~' —
O/R(A) given by ¢(x + I -r~') = xq + R(A), where x € R. This is a
contradiction. Hence (7 - r~')™' C R(A). Now let J be a finitely generated
right R-ideal being contained in (7 - r~')~! such that J~' = (1 - r~)™17! =
*(I -r~"). Then thereisan A € A with AJ C R,i.e. AC J™ ' = *( -r7h).
Conversely suppose that for any r € R there is an A € A with *(1 -r~!) D A.
To prove that I € F, it suffices to prove that Hom(R /I, Q/R(A)) = 0. Let [ €
Hom(R/I, Q/R(A)). Thenthereisag € Q suchthat f(r + 1) = rq + R(A)
and /g C R(A). For a finitely generated left ideal J C I with J™' = I"!ie.
*J = *I,thereisa B € Awith JgB C R and *IgB C R. Since *I D A for
some A € A, we have AgB C Randsoq € A~ o B™' = (BA)™' C R(A).
Hence f = 0. It is now clear that Q R = R(A), because any element in A
belongs to F. Similarly 7/ = {I, I is an essential right ideal such that for any
reR, (r/'-I)* > Aforsome A € A} and RQ 7 = R(A).

2. For any divisorial left R-ideal I and divisorial R-ideal A, we define a multiplica-
tion “o”: Aol = *(AI). Thenitis easy toseethat Q x1 = U{A o], A € A}.
If 7 is a divisorial ideal, then Q7] = U{A7™' oI, A € A} = U{l o A7,
A € A} = I Q5. Hence the statement is clear from Proposition 2.2.4. O
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2.2.14 Lemma

Let I be a divisorial and bounded left ideal of a Krull order R and let P be a
maximal divisorial ideal. Then the following are equivalent:

1. INC(P) =0.
2. AC P, where A={a € R,aR C I}.

Proof. 1. = 2. Suppose that A ¢ P. Then since R/P is a prime Goldie ring,
0% ANC(P)C INC(P).

2. = 1. Suppose that there exists a ¢ € I N C(P). Then since A~! > I~! and
¢c'R>O>I', wehave I"'AP'P Cc RNe¢™'P = Pand I7'4 C P. Thus
I7'CcPoAd ' =A""oP, P'AI"' CRand P'AC I 7 = *] =1.
Thus P~'4A C Aand P~' C O;(A) = R. This is a contradiction. O

If an overring R’ is a ring of left and right quotients of R with respect to left and
right Gabriel topologies, then it is a Krull order by Proposition 2.2.4. In the case
R’ C S(R), we will have a more detailed structure of R’:

2.2.15 Proposition

Let R’ be an overring of a Krull order R. Suppose that R’ is contained in S(R).
Then the following are equivalent:

. R' = Q #R for a left Gabriel topology F on R.

. R" = R(A) for some A, a family of non-zero ideals closed under multiplication.

. cl.(R") = R,ie. R is t-closed as a left R-module.

. For any R-ideal A with A C R’,*A C R'.

. There exists a family P of maximal divisorial ideals of R such that R’ =
(NRp) N S(R), where P € P. O

Proof. 1. = 2. Put A = {A, Ais an ideal with A € F} which is closed under
multiplication and R(A) C R’. To prove the converse inclusion, let ¢ € R’. Then
RgR is an R-ideal since ¢ € S(R). For a finitely generated right R-ideal / such
that I C RgR and I* = (RqR)*, there is an F € F with FI C R and so
FRq C FRqR C R.Thusq € (FR)™' and FR € A. Hence ¢ € R(A).

2.= 3. Letqg € cl,(R"). Then Fqg C R’ for some F € Fpg. Since R is Krull,
we may assume that F' is finitely generated and so AFg C R for some A € A.
Thus A™'AFq C A™" and hence g € cl,(A™") = A™' C R’ by Lemma 2.2.3.
Therefore R’ is t-closed as a left R-module.

3.= 4. Let Abean R-ideal with A C R’. Then AA™'A* C A and AA~" € Fy.
Hence A* C ¢l (A) C ¢l (R") = R'.

4.= 5. Put P = {P, P is a maximal divisorial ideal such that R" C Rp}. It
is clear that R C (NpepRp) N S(R). Conversely let ¢ € (NpepRp) N S(R)
and I be the greatest left ideal with /¢ C R. We may assume that */ = [

| N N R S R
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and is bounded since ¢ € S(R). If A is the greatest ideal with / D A, then
A ¢ P forall P € P by Lemma 2.2.14, because I N C(P) # 0. Write A =
*(P/'"'--- P*), where P; are maximal divisorial ideals with P; ¢ P, ie. R' ¢
Rp,.Letq; € R'— Rp, and C; = (R + Rg;R). Then C,~' c P;, because
if Ci_1 ¢ P;,thengq; € C;Rp, = C,-Ci_lRp,. = Rp,, a contradiction. Thus,
since C; C R/, we have R’ D *C; D P;™! foreachi, 1 < i = k. Hence
ge A =*p " P CR.

5.= 1. By Lemma 2.2.13, S(R) is a left quotient of R with respect to a left

Gabriel topology. Hence R’ is a left quotient of R with respect to a left Gabriel
topology. This follows from the following more general result; if F, are left
Gabriel topologies on R, then sois 7 = NF, and QR = N, O 7, R. O

An order S in Q is said to be divisorially simple if it does not have non-

trivial divisorial ideals. Now we describe the structure of Krull orders in terms of
localizations.

2.2.16 Theorem

Let R be a Krull order in a simple Artinian ring Q. Then

1.
2.

R = NRp N S(R), where P ranges over all maximal divisorial ideals.
Rp is a local principal ideal ring, i.e. a rank one Dubrovin valuation ring whose
Jacobson radical is not idempotent, and S(R) is a divisorially simple Krull order

in Q.

. Any regular element ¢ in R is a non-unit in only finitely many of Rp, i.e. R has

a finite character property.

. For any essential left ideal I, *I = NRpI N *(S(R)I) and *(S(R)I) =

U{A~! o *I, A ranges over all non-zero ideals of R}.

Proof. 1. It is clear that R C NRp N S(R). Let x € NRp N S(R). Then there

is a divisorial ideal A with Ax C R. We may assume that A is maximal with
respect to this property. If A # R, there exists a maximal divisorial ideal P
with P D Aand R O P7'4 2 A.Letc € C(P) with xc € R. Then we
have PP~'Ax € RN Px C RN Pc™' C P andso P~'Ax C R. Hence
(P~' o A)x C R, which is a contradiction. Hence A = R and x € R.

. This follows from Propositions 2.2.4,2.2.12 and Lemma 2.2.13.
. Look at the left ideal " ,(P~'c¢ N R). There are a finite number of maximal

divisorial ideals P;, 1 =i = nsuchthat: *(3_, (P~ 'enNR)) = *(XI_ (P 'en
R)). So for any maximal divisorial ideal P, we have P~'c N R C (N7_, P;)"'c.

1

If r¢c € P, wherer € R, then P~ 'rc C (ﬂ”zlPi)_lc and P~'r C (NV/_, P;)~ .

i i=1

Thus r(N?_, P;) C P andhencer € P if P # P;.i.e.c € C(P).Hencec is a

i=1

unitin Rp forall P # P;,1 =i = n.
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4. Since R is t-Noetherian and Rp is hereditary, it easily follows that Rpl =
*(Rpl) = Rp*I. Let F be the left Gabriel topology corresponding to the
injective left R-module E(Q/S(R)). Then, by Proposition 2.2.4 and its right
version, *(Qr1) = Qr(*I). Q1 D S(R)I entails *(Qx1) D *(S(R)I).
To prove the converse inclusion, let x € Q1. Then Ax C I for some non-
zero ideal A and S(R)A™'Ax C S(R)I. Hence x € *(S(R)I), because
S(R)A™'A € Fg(xy, the left Gabriel topology on S(R) which corresponds to
Esr)(Q/S(R)), by the proof of Proposition 2.2.4 and Lemma 2.2.3. Thus we
obtained Q@ =(*1) = *(S(R)I)andso *I C NRpI N *(S(R)I). The converse
inclusion follows; (NRpI N *(S(R)I))I~' € NRp N S(R). O

2.2.17 Proposition

With the same notation and assumptions as in Theorem 2.2.16: T = NRp is a
bounded Krull order and the map: I —> NRpl = *(T1) is a bijection between
the set of bounded divisorial left ideals and the set of divisorial left ideals of 7.
Furthermore, D(R) = D(T).

Proof. Since C(P) is an Ore set, F = {F, F is an essential left ideal such that
F NC(P) # 0 forall P} is a left Gabriel topology on R and QxR = NRp, and
by right version, T is a right quotient of R with respect to a right Gabriel topology
on R. Hence T is a Krull order. Let ¢ be a regular element in 7. To prove that
T is bounded, we may assume that ¢ € R since there is a d € R with dc € R.
There are only finite number of P; such that Rp, # Rp,c. Since Rp, is bounded,
Rp,c D A; for some non-zero ideal A; of Rp,. Hence Tc D NA; N T, a non-
zero ideal of R, i.e. T is left bounded and similarly it is right bounded. For an
essential left ideal I of R, we have NRpl = QxI and QI N R is bounded
since T is bounded. Thus if / is F-closed then it is bounded. Conversely if I is
bounded and divisorial then I = NRpI N S(R) = NRpI N R = QI N R
which is F-closed. Hence the map is a bijection by Proposition 2.2.4. Let / be a
divisorial left ideal of R. It is clear that QI D *(TI). The converse inclusion
follows from the property; (NRpI)(TI)™' C T. Let A be a divisorial ideal of R.
Then A = NRpAN *(S(R)A) = NRpAN S(R) = NRpA N R. Hence we have
D(R) = D(T). O

2.2.18 Corollary

For a Krull order R, the following are equivalent:

1. R is bounded.
2. S(R) = 0.

3. R = NRp, where P ranges over all maximal divisorial ideals.
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The corollary shows that bounded Krull orders may be considered as a global theory

of rank one Dubrovin valuation rings whose Jacobson radicals are not idempotent.
Each maximal divisorial ideal of a Krull order is a minimal prime ideal (see

Theorem 2.1.2). The converse is also true in case of bounded Krull orders.

2.2.19 Corollary

A non-zero ideal of a bounded Krull order is a maximal divisorial ideal if and only
if it is a minimal prime ideal.

Proof. Let P be a minimal prime ideal and ¢ be a regular element in P. Since R
is bounded Rc contains a divisorial ideal. Hence P is a maximal divisorial ideal by
Theorem 2.1.2. O

Let R be an order in Q and C; be a regular Ore set. Suppose R = NRc,. For a left
R-ideal I we define a w-operation: ,,/ = NR¢, I and [ is called w-closed if / =
wl . Similarly w-closed right ideals are defined and R is said to be w-Noetherian if
R satisfies the ascending chain conditions on w-closed left ideals as well as w-closed
right ideals. If 1 is an essential left ideal, then ,,/ C *I since *I = N{Rc, Rec D I
for some ¢ € U(Q)}, which is clear from the proof of Proposition 1.5.8.

2.2.20 Proposition

Let R be an order in Q satisfying the following conditions:

(1) R = NRg,, where C; are regular Ore sets
(i1) Rg, is alocal principal ideal ring for each i
(iii)) R has a finite character property

Then R is a bounded Krull order.

Proof. Itis clear from the conditions that R is a maximal order and is w-Noetherian.
We first prove that ,,/ = *[I for every left R-ideal I. Note that (R : I), =
(R:*I)y c(R: wI), C(R:1I),ie.(R:1I) = (R: ). Since ,[ is
finitely generated as w-operations we have R¢, *I = *(Rg¢,I) which is equal to
Re, I, because R, I is projective. Thus *1 C NR¢, *I = NR¢, I = ,,1 and hence
*1=,1.

Suppose I C R and to prove ¢l,(I) = *I,let x € ¢l (I). Then Fx C I for
some F € Frand Fx(R: 1), CI(R:1), C R.Thus x(R : 1), C R and hence
x € *I,showingcl,(I) C *I.

To prove the converse inclusion, let x € ,,/,ie. x € R¢, I and ¢;x € [ for
some ¢; € C;. Put F = > Rc¢;. Then Fx C I and R = ,F = *F and so
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(R : F), = R.Hence F € Fp since each C; is an Ore set. Therefore x € ¢l (I),
showing ¢/, (1) = *I.Hence R is t-Noetherian since it is w-Noetherian and so it
is a Krull order. O

The center of maximal orders are completely integrally closed (see Proposition
2.1.4). In case of Krull orders we have the following.

2.2.21 Proposition

The center of a Krull order in Q is a Krull domain.

Proof. Let D be the center of a Krull order R and K be the quotient field of D.
For any divisorial prime ideal P of R, Rp is a local principal ideal ring with the
unique maximal ideal P’ = PRp. Forany x € K, we have xRp = PP &), where
vp(x) € Z. Then it is easy to see that the map vp : K —> Z is a valuation on K and
so 0,, = {x, x € K,vp(x) > 0} is a discrete rank one valuation ring containing
D.Thus D C NO,,, where P runs over all divisorial prime ideals of R.If x € O,,
for all P, then x € Rp and x € S(R), because xR is invertible. Hence x € R
and so x € D follows. Thus D = NO,,. For any non-zeroa € D, aRp = Rp
for almost all P, i.e. vp(a) = 0 which entails ¢ 0,, = O,, for almost all P, i.e.
D has a finite character property. Hence D is a Krull domain (cf. e.g. [25, (44.9)
Theorem]). O

2.2.22 Remark

In the sequel of this section we restrict attention to the consideration of maximal
orders in central simple algebras. Throughout the remainder of this section let Q
be a central simple algebra, i.e. a simple Artinian ring with [Q : K] < co, where
K = Z(Q). A subring R of Q with D = Z(R) is called a D-order in Q if the
following are satisfied:

(i) K = Q(D), the quotient field of D and KR = Q.
(ii) Every element of R is integral over D.

We say that a D-order is maximal if it is maximal in all D-orders by inclusion and a
D-order is a classical D-order if it is a finitely generated D-module. The theory of
classical maximal D-orders is well known, e.g. [57]. In case D is a Krull domain,
the theory of maximal D-orders as well as tame D-orders is well-documented in
[77]. In this section, we introduce basic properties of maximal D-orders in a self-
contained way as an application of foregoing sections.
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2.2.23 Proposition

Let R be a D-orderin Q.

1. Risaboundedorderin Q and Q = {¢~'r,r € Rand 0 # ¢ € D}.
2. There exists a maximal D-order in Q containing R.

Proof. 1. Letq € Q. Thengq = ) k;r; for some k; € K and r; € R. There is
anon-zero ¢ € D with ck; = d; € D. Thus ¢ = ¢~ 'r, where r = Y d;r;.
Hence R is an order in Q. Let I be an essential left ideal of R. Then I contains
a regular element by Goldie’s Theorem, say, ¢ and ¢! = d~!r for some d € D
and r € R.Hence d = rc € I, showing R is a left bounded. Similarly R is right
bounded.

2. This follows from Zorn’s Lemma. O

The reduced trace tr : Q — K induces a K-vector space isomorphism ¢ : Q —
Homg (Q, K) by t(q)(s) =tr(gs) forg, s € Q. Note thatif g € Q is integral over
D,thentr(q) € D.Forany K-basis {qi,--- ,g,} of O wemay findg{,---, g, such
thattr(q/q;) = 6;j. Wewrite L = Dg, & ---@® Dg, and L = Dqi{ & ---@® Dq,;.
Note that ¢ restricted to L induces an isomorphism of L¢ with L* = (D : L); =
{x € Q,xL C D} =~ Homp(L, D). Recall that a D-submodule M of Q is said to
be a D-lattice in Q if M contains an K-basis for Q and M is contained in a finitely
generated D-submodule of Q.

2.2.24 Proposition

Let R be a D-order in Q and S be a D-order with S D R. Then

1. There exists a finitely generated D-submodule of Q containing S. In particular
S is equivalent to R.
2. Risa D-lattice in Q.

Proof. 1. Let{q;} be a K-basis contained in R and L be as before. LS C S implies
tr(LS) C tr(S) C D since S is integral over D. Hence S C L€, because
L¢ = {x € Q,tr(Lx) C D}. The last statement is now clear.

2. This is clear from (1).

We know from Proposition 2.2.21 that D is a Krull Domain if R is a Krull order in
Q. In the remainder of this section, we assume that D is a Krull domain.

2.2.25 Proposition

Let R be a D-order in Q and suppose D is a Krull domain.

1. If S is an order in Q equivalentto R and S D D, then S is also a D-order.
2. R is amaximal D-order in Q if and only if it is a maximal order in Q.
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Proof. 1. There are regular elements x, y € R such that xSy C R.Let0 # d €
RxNKand 0 # d; € yRN K. Then ¢S C R, where ¢ = dd;. Thus for
any s € S, we have cD[s] C ¢S C R C L¢, where L is a finitely generated
D-module in Q. For any minimal prime ideal p of D, we have cD[s] C ¢(L¢),
which is a finitely generated D ,-module. Since D ,[s] is also finitely generated
and thus s is integral over D,. Hence it is integral over D because D = ND,,.
Therefore S is integral over D. There are regular elements x;, y; in S such that
X1Ry; € Sand Q = Kx;Ry; C KS.Thus Q = K S and it is now clear that
Z(S) = D and hence S is a D-orderin Q.

2. This is clear. O

2.2.26 Lemma

Suppose R is a maximal D-order and D is a discrete rank one valuation ring. Then
R is a local principal ideal ring.

Proof. Tt follows that R is a classical order in Q. Hence R is a local principal ideal
ring by the classical theory, e.g. [57].

2.2.27 Lemma

Let R be a D-order and D be a Krull domain. Then R, is a Noetherian D ,-order
for every minimal prime ideal p of D.

Proof. Ttis clear that R, is a D ,-order. Put D, = D,/pD, and R, = R,/pR,.
Then, [R, : D,] < oo since R, is a finitely generated D ,-module and so R, is
Artinian. Let / be an essential one-sided ideal of R,. Then I N D = p"D, for
some n = 1. Since R,/ p" R, is Artinian and p”" R, is principal, it follows that / is
finitely generated. Hence R, is Noetherian, because R, is a prime Goldie ring. 0O

2.2.28 Proposition

Let R be a D-order and D be a Krull domain. Then R is a maximal D-order if and
only if

(i) R = NR,, where p runs over all minimal prime ideals p of D.
(ii) R, is a maximal D ,-orderin Q for every minimal prime ideal p of D.

Proof. If R satisfies (i) and (ii), then it is clear that R is a maximal D-order in Q.
Conversely suppose R is a maximal D-order in Q. Then (i) is clear since NR, is
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also a D-order in Q. To prove (ii) let S be a D -order in Q with § O R,. Then
(Ry:8) =1{q€0,qS CR,}isaleft R, and right S-module in O and we know
from Proposition 2.2.23 that (R, : §); N D # 0. Nowlet A = (R, : §); N Risa
non-zero ideal of R. For every s € S, we have As C R, and ,As C R, follows,
where ,A = NR,A. Since R, is Noetherian and R has a finite character property,
R is w-Noetherian. There is a finitely generated left ideal / such that A D [ and
wl = ,A.Sothereisac € D — p with Isc C R. Furthermore Isc C (R :
S)isc C (R, : §); entails Isc C A. Thus ,Asc = ,Isc = ,(Isc) C ,Aandso
sc € R since ,,A is an ideal of R. Hence s € R, and § = R,,. o

2.2.29 Proposition

Suppose R is a D-order in Q. Then R if a Krull order if and only if

(i) D is a Krull domain.
(ii) R is a maximal D-order.

Proof. Suppose R is a Krull order. Then D is a Krull domain by Proposition 2.2.21
and R is a maximal D-order. Conversely suppose R satisfies the conditions (i) and
(ii). Then R is a maximal order and R, is a local principal ideal ring for every
minimal prime ideal p of D by Lemma 2.2.26 and Proposition 2.2.28. Since R =
NR,, it follows that R is a bounded Krull order by Proposition 2.2.20. O

2.2.30 Corollary

Suppose R is a maximal D-order and D is a Krull domain. Then

1. The map: P — p = P N D is a bijection between the set of all minimal prime
ideals of R and the set of all minimal prime ideals of D. The converse map is
givenby: p — P = J(R,) N R.

2. For every minimal prime ideal P, Rp = R, where p = P N D.

Proof. 1. Let P be a minimal prime ideal of R. Then P is a divisorial ideal by
Corollary 2.2.19.If p = P N D is not a minimal prime ideal of D, then R =
wP C *P = P which is a contradiction by Proposition 2.2.28. Hence p is a
minimal prime ideal of D. Note J(R,) = P, since J(R,) is a minimal prime
ideal of R, . hence the map is one-to-one. For every minimal prime ideal p of D,
it is easy to see that P = J(R,) N R is a minimal prime ideal of R.

2. It is clear that Rp D R,. However since there are no proper overrings of R,
we have Rp = R,. ]

From Theorem 2.1.2 and Corollary 2.2.30 we have:
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2.2.31 Corollary

If R is a maximal D-order and D is a Krull domain, then D(R) = D(D).

2.2.32 Lemma

Let S be aring and D be a subring of Z(.S). Suppose S is integral over D. Then

1. (Lying over) For any prime ideal p of D, there exists a prime ideal P of S with
PND=p.

2. (Going up) Given prime ideals py & p of D and a prime ideal Py of R with
PoND = py, there exists a prime ideal P of R such that Py g Pand PND = p.

Proof. 1. The set of ideals A with A N (D — p) = @ has a maximal one by Zorn’s
Lemma, say, P, which is obviously a prime ideal and P N D C p. It suffices to
prove P N D = p. We assume, on the contrary, that P N D & p. Takea € p
anda ¢ PN D.Then (P +aR)N(D —p) # Pandtakeb = c +ar € D —p,
where ¢ € P and r € R. Since r is integral over D, we have r" + dp_i 7"+
-++ 4+ dy = 0 for some d; € D and n > 0. Multiplying the equation by a”" we
obtain (ar)" + d,—ja(ar)”™' + --- + doa” = 0. Now ar = b — ¢ implies;
b"+d,_1ab" ' +---+doa” € PND C p.Sincea € p,b" € pandsob € p,
a contradiction. Hence D N P = p follows.

2. PoND = pgimplies PyN(D —p) = @. Thus the set of ideals {4, AN(D—p) =
@ and A D Py} is non-empty and the maximal one in the set, say, P is a prime
ideal with P N D = p by (1).

2.2.33 Proposition

Let R be a D-order in Q. Then the following are equivalent:

1. R is amaximal D-order and D is a Dedekind domain.
2. R is an Asano order in Q.
3. R is a Dedekind order in Q.

Proof. Let R be a maximal order in Q. Then it is easy to check that R is a Asano if
and only if any maximal ideal is divisorial.

1. = 2.: Let P be a maximal ideal. Then p = P N D is a minimal prime ideal
of D. Since R, is local, we have J(P,) = P, and P = J(R,) N R which is a
minimal prime ideal and so it is divisorial. Hence R is an Asano order.

2. = 3.: Let P be a maximal ideal. Then R/ P is Artinian by Posner’s theorem
for PI prime rings, e.g. [47, (13.6.5)]. Thus each non-zero factor ring of R is also
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Artinian. Hence R is Noetherian since it is bounded. By Proposition 2.1.10 R is
a Dedekind order.

3. = 1.: By Proposition 2.2.29, R is a maximal D-order and D is a Krull domain.
It follows from Lemma 2.2.32 that non-zero prime ideals of D are maximal and
hence D is a Dedekind domain. O

2.3 Ore Extensions Over Krull Orders

Throughout this section R denotes an order in a simple Artinian ring Q. Let o
be an automorphism of R. Then o is extended to an automorphism of Q by
o(c'a) = o(c)"'o(a), where a, ¢ € R and c is regular, which is denoted by
the same symbol 0. An additive map é from R to R is said to be a left o-derivation
of R if §(ab) = o(a)d(b) + 8(a)b for a, b € R. § is also extended to a left o-
derivation of Q by §(c™!) = —o(c™")8(c)c™! for any regular ¢ € R.

An Ore extension S = R[X; 0, §] is the ring of polynomials in an indeterminate
X over R with multiplication: Xa = o(a)X + §(a) for every a € R. For a
natural number # anda € R, X"a = 6"(@)X" + a,1 X"~' + --- + a for some
a; € R.If § = 0, then R[X;0,0] is denoted by R[X; o] which is called a skew
polynomial ring. If 0 = 1, then we write R[X; §] for R[X; 1, §] and it is said to be
a differential polynomial ring. Put 0’ = 0~ and 8’ = —80~!'. Then §’ is a right
o’-derivation of R and S = R[X;0',8'] = {f(X) = X"a, + --- + ao, a; € R}.
We sometimes use the polynomials with coefficients on the right in order to obtain
right hand properties. We first show that T = Q[X; 0, §] is a principal ideal ring and
we explicitly describe the generator of any ideal of 7', which are used to study the
structure of S if R is a Krull order then so is S. In case either R[X; o] or R[X; 5] we
obtain detailed results on the group of divisorial fractional ideals and class groups.

2.3.1 Lemma

Let O = M,(D) be a simple Artinian ring, where D is a skewfield. If {e;; } and
{e! j} are complete sets of matrix units for Q, then there is an inner automorphism

i, such that e;j =iy(ei;) = ue;ju~" for some u € U(Q).

Proof. We may suppose Q is the endomorphism ring of the left D-module M =
D". Put M; = e;;(M) for any i. Since e} + --- + e,, = 1, the identity and e;;
are orthogonal idempotents, we have M = M| & --- & M, such that M; are a free
D-module of rank one. Fori > 1,¢;; : M| — M; and e}; : M; — M, are
both isomorphisms with e;je1; = 1, and ej;je;1 = 1y, . If vy is a base of M, then
v; = e;1(v1) is a base of M; and {v,---,v,} is a base of M such that ¢;; (vx) =
ejjexi(vi) = 8kv;, where & is the Kronecker’s delta. Similarly, there is a base
{vl,-++,v,} of M such that e]; (v;) = &;xv;. Thus there exists an automorphism u

of M with u(v;) = vj for all i. Itis clear that ¢/, = uejju~" = i,(e;). O
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Any map f : D —> D is naturally extended to a map f: M, (D) — M, (D)
by ]/’\((a,-j)) = (f(aij)), where (a;;) € M,(D). Let o be an automorphism of D
and § be a left o-derivation. Then it is easy to see that ¢ is an automorphism of
M, (D) and § is a left G-derivation.

2.3.2 Lemma

Let {e;; } be a complete set of matrix units for M, (D) and o be an automorphism of
M, (D). Then the following are equivalent:

1. o(ej;) = e foralli, j.
2. There exists an automorphism o of D such that o = Gy.

Proof. The proof is easy.

2.3.3 Lemma

If o is an automorphism of M, (D), then there exist a unit u in M, (D) and an
automorphism oy of D such that o = i,0y.

Proof. Let {e;;} be a complete set of matrix units for M, (D) and put e;j = o(eij).

Then {e,fj} is a complete set of matrix units for M,,(D). By Lemma 2.3.1, we have
el{j = i,(e;;) for some unit u in M, (D) and so i, 'o(e;;) = e;; forall i, j. Hence
i~'o = 6, for an automorphism oy of D by Lemma 2.3.2 and o = i,6 follows.

O

The following lemma is also easy to prove.

2.3.4 Lemma

Let 0y be an automorphism of D and § be a left 6o-derivation of M, (D). Then the
following are equivalent:

1. 8(e;j) = Oforalli, j.

2. There exists a left op-derivation 8o of D such that § = §;.

Let o be an automorphism of aring R and d € R. Define 8,(a) = da — o(a)d for
all @ € R. It is easy to see that §, is a left o-derivation, which is called an inner

o-derivation induced by d. Note that if §; and §, are left o-derivation of R, then so
is 81 + 8.
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2.3.5 Lemma

Let 0y be an automorphism of D and § be a left 6y-derivation of M, (D). Then there

exists av € M, (D) and a left oy-derivation of D such that § = &y + §,, where §, is
an inner 0p-derivation induced by v.

Proof. As before {e;;} is a complete set of matrix units for M, (D). Put v =

X7_,0(ei1)er;. Then for any enr, 8.(enk) = vepr — enkv = S(em)ew — enkv.
Operating § to 1 = X7_,e;iey;, we have v = —X7_,e;16(ey;). Thus §,(epr) =
S(en)ex + emdlerx) = 8(epr) and so § — 8, is a left go-derivation such that
(6 — 8,)(eqnx) = O for all h, k. Hence § — §, = (% for a left 6¢-derivation &y of
D by Lemma 2.3.4 and § = 35 + 6, follows. O

2.3.6 Proposition

Let Q = M, (D) be a simple Artinian ring, where D is a skewfield, o be an
automorphism of Q, § be a left o-derivation and T = Q[X; 0, §]. Then there exist
an automorphism oy of D and a left oyp-derivation &y of D such that

T = Q[Y;8,80] = M,(D[Y ; 60, 0)),

where Y = uX + vforsomeu € U(Q)andv € Q.

Proof. By Lemma2.3.3,0 = i, 6y, where u € U(Q) and oy is an automorphism of
D.Put X; = uX and §; = ud. Itis easy to see that & is a left Gp-derivation and that
T = Q0[X;0,8] = Q[X: 0o, 8\1] It follows from Lemma 2.3.5 that §; = §, + SAO for
some v € Q and a left op-derivation §y of D. Henceif weputY = X;—v = uX —v,
then we have T = Q[Y ; 0y, 3(\)] which is naturally isomorphic to M, (D[Y ; 09, §o])-

O

By the division algorithm, D[Y'; 0y, 8¢] is a principal ideal ring and hence so is 7.

2.3.7 Corollary

With the same notation and assumptions, 7 = Q[X; o, §] is a principal ideal ring.

Since T is a prime and principal ideal ring, it is a prime Goldie ring and so 7" has
the classical quotient ring Q (7)) which is a simple Artinian ring. We will first study
the structure of ideals of 7" in order to study the structure of S = R[X; 0, §].



2.3 Ore Extensions Over Krull Orders 135

2.3.8 Lemma

Let p(X) be a polynomial of T. Suppose there exists an automorphism ¢’ of Q
such that p(X)a = o/(a) p(X) forall @ € Q. Then the leading coefficient of p(X)
isaunitin Q. If § = 0, then every non-zero coefficients of p(X) is a unitin Q.

Proof. Write p(X) = a, X" +---+ao. Then forevery a € Q, we have a,0" (a) =
o’ (a)ay. Since 0" and o’ are both automorphism of Q, we have @, Q0 = Qa, = Q
and so a, is a unit in Q. The last statement is shown in a similar way. O

2.3.9 Lemma

Every non-zero ideal of T is principal and generated by a monic polynomial.

Proof. Letb(X) = b, X" + - -+ by be a polynomial of minimal degree of an ideal
A of T. Since L,(A) = {cn, c(X) = cn X" +---+ co € A} U {0} is an ideal of
0, there exists a monic polynomial a(X) of degree n in A. By division algorithm
A = Ta(X) and similarly A = a(X)T. O

Let a(X) be a monic polynomial with n = deg a(X). It is easy to see that
Ta(X) is an ideal if and only if a(X)b = 0" (b)a(X) forallb € Q and a(X)X =
(X +c)a(X) forsome c € Q.

2.3.10 Theorem

Let Q be a simple Artinian ring with an automorphism o and a left o-derivation
8,and let T = Q[X;0,6]. If p(X) is a monic, non-constant, of minimal degree
such that P = Tp(X) is an ideal of T, then every ideal of T is of the form:
Tw(X)p(X)", where m > 0 and w(X) € Z(T), the center of T. Note if there
are no such p(X), then T is a simple ring.

Proof. Let A be a non-zero ideal of 7" and a(X') be a monic polynomial in A such
that A = Ta(X). It follows that a(X) = b(X)p(X)™ for some m > 0 and b(X)
with b(X) ¢ Tp(X). Note that B = Th(X) is also an ideal of T with B ¢ P.
Thus it suffices to prove that B = Tw(X) for some w(X) € Z(T).

(1) Incase § = 0, TX is an ideal and p(X) = X + u for some u € Q. Suppose
P = TX and write b(X) = X' 4+ b1 X'=' + --- + by with by # 0. By
Lemma 2.3.8, by € U(Q) and then it is easy to see that w(X) = by 'h(X) €
Z(T) such that B = Tw(X). Suppose p(X) = X + u with u # 0. As before,
Y =u'p(X) =u"'X + liscentral and T = Q[Y]. Then it is clear that any
ideal of T is of the form: Tw(Y') with w(Y) € Z(T).
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(ii) In case § # 0. By division algorithm, b(X) = ¢q(X)p(X) + r(X) with
r(X) # 0 and degr(X) < degp(X). Letn = degp(X) and | = degh(X).
For any a € Q, p(X)a = o"(a)p(X), b(X)a = o'(a)b(X), p(X)X =
(X + o)p(X) and b(X)X = (X + d)b(X) for some ¢, d € Q. For any
a € Q,b(X)a = o'(a)b(X) = o'(a)g(X)p(X) + o'(a)r(X) and also
b(X)a = (q(X)p(X) + r(X))a = g(X)o"(a)p(X) + r(X)a. Therefore
(' (@)g(X) — q(X)o"(a))p(X) = r(X)a — o'(a)r(X). A comparison of
degrees on both sides of last equation entails that r(X)a = o' (a)r(X) for all
a € @, and so the leading coefficient of 7 (X)) is a unitin Q by Lemma 2.3.8.

Suppose degr(X) < degp(X) — 1. From the equations p(X)X = (X +¢)
p(X)and h(X)X = (X 4+ d)b(X), we have ((¢(X)(X +¢) — (X + d)q(X))
p(X) = (X +d)yr(X) —r(X)X and so r(X)X = (X 4+ d)r(X), ie.
Tr(X) is an ideal of T. By the choice of p(X), r(X) = r € Q which is
a unit in Q. Let w(X) = r~'b(X). Since Tw(X) = Th(X), it suffices to
prove w(X) € Z(T). rX = (X + d)r entails r = o(r) and 6(r) = —dr.
Hence w(X)a = r~'b(X)a = r~'o'(a)b(X) = aw(X) since ra = o' (a)r.
Furthermore w(X)X = r~'(X + d)b(X) = r "(X + d)rw(X) = (Xr~' —
Sr=Y)rw(X)+r'drw(X) = Xw(X)+ (=8 Hr+r7tdrw(X) = Xw(X)
since §(r~!') = —r~'8(r)r~!. Hence w(X) € Z(T) as desired. Suppose
degr(X) = degp(X)—1.Then p(X) = (uX +v)r(X)+s(X) withs(X) =0
or degs(X) < degr(X), whereu € U(Q)andv € Q.PutY = uX + v. Then
o (a)p(X) = 0" (a)(Yr(X) + s(X)) and p(X)a = Yo' (a)r(X) + s(X)a.
Thus (6" (a)Y —=Yo'! (a))r(X) = s(X)a—0o"(a)s(X) yields Yo' (a) = 0" (a)Y
for all @ € Q, because the leading coefficient of »(X) is a unit in Q. Hence
Ybh = 6" /(b)Y forall b € Q. Therefore T = [Y:0"~!] and we are back to
case (1). |

In case 0 = 1 or § = 0, we have the following

2.3.11 Corollary

1. Every ideal of Q[X; o] is of the form Q[X; o]w(X)X™, where w(X) is a central
element and m > 0.

2. Every ideal of Q[X; 4] is generated by central element if Q[X; 8] is not a simple
ring.

Proof. 1. Clearly p(X) = X is a monic, non-constant, of minimal degree such that
Q[X:o]X is an ideal. Hence the statement follows from Theorem 2.3.10.

2. Let p(X) be a monic, non-constant, of minimal degree such that Q[X; 8] p(X)
is an ideal and degp(X) = /. Then p(X)X = (X + ¢)p(X) for some ¢ € Q
and a comparison of coefficient of X/ entails ¢ = 0. Hence p(X)X = Xp(X)
and p(X)a = ap(X) foralla € Q. Hence p(X) is a central element. O
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2.3.12 Remark

Let A be a simple ring with its quotient ring Q(A). We do not assume that A is
Artinian, e.g. nth Weyl algebra with char(A) = 0. Theorem 2.3.10 holds for Ore
extensions A[X; 0, §] (cf.[12]).

We will next study Ore extensions over R: Let S = R[X;0,6] and C = Cg(0).
Then C is a regular Ore set of S such that S¢ = T = Q[X;0,6] and so S has a
classical quotient ring Q(S) = Q(T) which is a simple Artinian ring, i.e. S is an
order in Q(S). For aright R-ideal a, aS = a[X;0,6] = {a, X" +---+ ap,a; € a}
is a right S-ideal. Similarly for a left R-ideal b, Sb = b[X;0’,8'] = {X"b, +---+
by, b; € b} is aleft S-ideal.

2.3.13 Lemma

Let S = R[X;0,8] and T = Q[X;0,6]. If ais a right R-ideal and b be a left
R-ideal, then (S : aS); = S(R : a); and (S : Sb), = (R : b),S. In particular
(aS)* = a*S and *(Sb) = S*0b.

Proof. 1t is clear that (S : aS); D S(R : a);. Conversely let g € (S : aS),, i.e.
qaS C S.Theng € qT = gaT C T.Writeq = X"q, + --- + qo with b; € Q.
Then g;a C Rand ¢; € (R : a); foreachi, 1 =i = n.Hence g € S(R : a);. The
other statements are now clear. O

Fs and Fg denote the left and right Gabriel topologies on S corresponding to
injective hull Eg(Q(S)/S) of the left S-module Q(S)/S and E5(Q(S)/S) of the
right S-module Q(S)/S, respectively.

2.3.14 Lemma

If F € Fgthen SF € Fgs.

Proof. Because of Lemma 2.3.13, it suffices to prove that SF- f ~'NR € Fy for any
f € S. We prove this by inductiononn = degf.Ifdegf = Othen SF- f~'NR =
F- f~' € Fg. Write f = X"a + g with degg < n. By induction hypothesis,
G =SF-(X""a)™'N R € Fg. Thus forany r € R, G- (07" (r))"! € Fg and let
o '(s) e G-(c7'(r)7,ie.07 (sr) € G.ThensrX = Xo~'(sr) —8(c~'(sr)).
Forany a € (G-(8(c7"(s7)))~' wehaveasrX = aXo ' (sr)—ad(oc~"(sr)) € SG
andsoas € (SG-X'NR)-rLie (G-~ (sr))™Hs C (SG-X'NR)-r 1.
Thus forany 7 € (R: (SG-X"'NR)-r7"),,wehave G-(§(6~!(sr)))"'st C Rand
st € R. Since s is any elementin o (G- (0! (r))™") € Fr,t € R follows and hence
SG-X~'NR € Fg. Furthermore, by the induction hypothesis, SF-g~ ! N R € F.
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Itis easy tosee that SF-g7'NSG-X~' C SF-f~'andhence SF- f~'NR € Fg
as desired. O

2.3.15 Proposition

R is t-Noetherian if and only if S = R[X; 0, §] is t-Noetherian.

Proof. Suppose R is t-Noetherian. Consider an ascending chain /1 C I, C -+ C
I, C --- of t-closed left ideals of S. For any left ideal / of S and any m € N
allowingm =0, L,,(1) = {ay, 3f = au X" +---4+ap € 1} U{0} is aleft ideal of
R.Thereisa p € Nsuchthatcl,(L,(/,)) = cl:(L,y({,)) forany m > p. Then for
any n, m withn > p, m > p, we have ¢l (L,(I,)) = cl: (L, (I,)). Furthermore,
for any j < p, there is an r(j) > 0 such that c¢/;(L;(I;)) = cl-(L;(Ur)))
for any r > r(j). Put s = max{r(0),r(1),---,r(p — 1), p}. then we have
cl(Ly (1)) = cl;(Ly(Is)) forany m > 0 and ¢t > s. Thus to prove the ascending
chain is stationary, it suffices to prove if / C J are t-closed left ideals with
cl,(L,(I)) = cl.(Ly(J)) forall m > 0,then I = J.Let f € J — I and
f =a, X" 4+ --- 4 ap is of minimal degree with f ¢ /. Thereis an F' € Fg such
that Fa, € L,(I) and so for any r € F there exists g = ra, X" +(the lower degree
part)in /. Thendeg(rf —g) <nandrf —ge J.Hencerf —ge landrf €l
for any r € F, which implies SFf C I. Hence f € I by Lemma 2.3.14, which is
a contradiction.

Suppose S is t-Noetherian. We prove Eg(Q(S)/S) is injective as a left R-module;
let a be a left ideal of R and ¢ be any R-homomorphism from a to Eg(Q(S)/S).
The map ¢’ : Sa —> Es(Q(S)/S) given by ¢'(X"a, + -+ + ap) = X"¢(a,) +
.-+ + @(ap), where a; € a is additive. To prove that ¢’ is an S-homomorphism, it
suffices to prove ¢’ (X'rX’/a) = X'r¢'(X/a) forr € R,a € aandi, j > 0. Write
rX/ = X/r; + -+ 4 ro for some r; € R. Then ¢/(X'rX/a) = ¢'(X'™/rja +
<k XTroa) = XTHg(rja) 4o+ X p(ra) = X ri0(@) + -+ X rop(a) =
X'(X7rj + -+ rogla) = X'rX/¢(a) = X'r¢/(X’a). Hence ¢’ is an S-
homomorphism. Thus there existsaz € Es(Q(S)/S) such that ¢’ (g(X)) = g(X)t
for any g(X) € Sa.In particular ¢’(a) = at for any a € a and hence Es(Q(S)/S)
is injective as a left R-module. Since Q/R C Q(S)/S C Es(Q(S)/S) it follows
E(Q/R) C Es(Q(S)/S). Therefore R is t-Noetherian by [63, Proposition 2.4,
p- 264]. O

2.3.16 Lemma

Suppose R is t-Noetherian. Let S = R[X;0,8]and T = Q[X;0,68]. If I is a left
S-ideal and J is a right S-ideal, then (T : T1), = (S : I),T and (T : JT); =
T(S:J).Hence* (TI)=T*Iand (JT)* = J*T.
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Proof. 1t is clear that (S : 1), T C (T : TI),. To prove the converse inclusion,
letq € (T : TI),,i.e. TIqg C T. Since S is t-Noetherian, there exists a finitely
generated left S-ideal I, such that Iy C I and ¢l (I) = cl;(ly). Thus lpgc C S
for some ¢ € Cg(0) and Igc C S.Hencegc € (S : I), andsoqg € (S : I),T.
Similarly (7" : JT); = T(S : J);. Therefore *(T1) =T *I and (JT)* = J*T.
O

Spec(T’) denotes the set of all prime ideals of 7" and Specj; (S) = {P, P isa
divisorial prime ideal with P N R = (0)}.

2.3.17 Proposition

Suppose R is T-Noetherian. The map: P —> P = P’ N S is a bijection between
Spec(T') and Spec;;(S), where 0 # P’ € Spec(T).

Proof. Let P’ € Spec(T) with P" # 0 and P = P’ N S. Itis clear that P/ =
PT = TP and that P is a prime ideal with P N R = (0). Since T is a principal
ideal ring, P’ = *P’ and so P = *P by Lemma 2.3.16. Similarly P = P* and
hence P € Specj(S). Conversely let P € Specj(S) and P, = TP N S. Then
TP, = TP = PT and as before there exists a finitely generated left ideal P
such that Py D Py and *P; = *P,. Thus Popc C P for some ¢ € Cg(0) and
so *Pi¢c = *Pyc C P.Hence *P; C P since P € Spec;(S) and so P; = P.
Therefore TP € Spec(T)and TP NS = P. O

2.3.18 Proposition

Suppose R is t-Noetherian, and let S = R[X;0,6] and T = Q[X;0,6]. If P €
Specy (S), then P is localizable and Sp = Tps which is a local and principal ideal
ring, where P’ = TP.

Proof. The following properties are easily checked:

() Cr(0) CC(P)
(ii) Cs(P) C Cr(P’)
(iii) Forany ¢t € Cr(P’) with ¢t € S for some ¢ € Cg(0), it follows that ¢t € C(P)

By Proposition 2.2.12, P’ is localizable and Tp- is a local and principal ideal ring.
For any s(X) € S and ¢(X) € C(P), d(X)s(X) = t(X)c(X) for some d(X) €
Cr(P’) and t(X) € T. There exists a ¢ € Cg(0) such that cd(X), ct(X) € S.
Since cd(X) € C(P), C(P) is a left Ore set and similarly is a right Ore set. By (ii)
Sp C Tpr.Letq = t(X)c(X)™! € Tps, where t(X) € T and ¢(X) € Cr(P).
Then there is a d € Cr(0) with t1(X)d € S, ¢(X)d € C(P) and hence g =
t(X)d)(c(X)d)™ € Sp. O
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An R-ideal a is called o-stable if o(a) C a and it is o-invariant if o(a) = a. An
order R is said to be a 0-maximal order if O;(a) = R = O,(a) for any o-invariant
ideal a, and R is a o-Krull order if it is o-maximal and r-Noetherian. Let a be a
o-stable ideal of a T-Noetherian order R. Note that a is a o-invariant if it is T-closed
as a one sided ideal.

2.3.19 Theorem

Let R be an order in Q and consider the following conditions:

1. R is a o-Krull order.
2. R[X ;o] is a Krull order.
3. R[X;0,6]is a Krull order.

Then (1) and (2) are equivalent and (1) implies (3).

Proof. 1. = 3.:Put S = R[X;0,8]and T = Q[X;0,4d]. Let A be a non-zero
ideal of S. Then TA = AT is an ideal of T and so AT = Tg forsome g € T.
Letg € O;(A),ie. gA C A and qg € qAT C AT = Tg. Thusq € T.
L(A) = {a,aX" + ---+ap € A} U {(0)} is a o-stable ideal. Write ¢ =
SmX™M4---+50 withs; € Q. Thenforanya € L(A), thereisanh(X) = aX"+
ap—1 X" ' 4---+apin Aand gh(X) = s,,0™ (a) X" "+ (the lower degree part).
Since s,,0™(a) € L(A) it follows that s,,06"(L(A)) C L(A) and, by taking
t-closure, s,,¢l; (6™ (L(A))) C cl,(L(A)). Hence s,, € O;(cl,(L(A))) since
cl:(6™(L(A))) = " (cl;(L(A))) = cl.(L(A)). Thus (g—s, X")A C A and by
induction on m = degq, we have g € S, i.e. O;(4) = S. Similarly O,(A) = S
and hence S is a Krull order in Q(S).

. = 2. This is a special case.

. = 1. Let a be a o-invariant. Then A = aS = a[X; 0] is an ideal of R[X; 0]
and R[X;0] = 0;(4) = O;(a)[X;0]. Hence O;(a) = R and O,(a) = R
similarly. Therefore R is a o-Krull order. O

DN =

If R is a Krull order then it is a 0-Krull order. Thus we have the following.

2.3.20 Corollary

If R is a Krull order, then so is R[X; 0, §].

In case either 0 = 1 or § = 0, we describe all divisorial ideals of R[X ;o] and
R[X; 6] if they are Krull orders. A o-invariant ideal p is called o-prime if ab C p,
where a and b are o-stable ideals, then either a C p or b C p. We can define -
stable R-ideals and §-prime ideals in an obvious way. R is said to be a §-maximal
order if O;(a) = R = O,(a) for all §-stable ideals a. A §-maximal order which is
7-Noetherian is called a §-Krull order.
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2.3.21 Lemma

1. Suppose R is a 0-Krull orderin Q, let S = R[X;o]and T = Q[X;0]. If Aisa
divisorial S-ideal, then 6 (A) = A. Furthermoreif A C T anda = AN Q # (0),
then a is a divisorial R-ideal and o-invariant.

2. Suppose R is a §-Krull orderin Q, let S = R[X;8]and T = Q[X;4]. If A is an
S-ideal, then a = A N Q is §-stable.

Proof. 1. Note that o is extended to an automorphism of S = R[X;§] by o(s) =
XsX ! for any s € S. Since S is a Krull order and XS is invertible, we have
*(0(A)) = *(XAX™") = XSoAoX 'S = Aby Theorem2.1.2. Thus 6 (4) C
A and so 0(A) = A since S is 7-Noetherian. If A C T anda = AN Q #
(0), then a is o-invariant. Furthermore since A = *4 D *(Sa) = S *a by
Lemma 2.3.13, it follows that a = *a and similarly a = a*, i.e. a is divisorial.

2. Forany a € a, we have A 5 Xa —aX = §(a) and so a is §-stable. O

We denote by D, (R) the set of divisorial o-invariant R-ideals. Similarly Ds(R)
is the set of divisorial §-stable R-ideals. Then following proposition is proved
using the same method as Theorem 2.1.2 with respect to properties of o and &,
respectively:

2.3.22 Proposition

1. If R is a 0-Krull order, then D, (R) is an Abelian group generated by maximal
divisorial o-prime ideals.

2. If R is a §-Krull order, then Ds(R) is an Abelian group generated by maximal
divisorial §-prime ideals.

2.3.23 Lemma

1. Suppose R is a o-Krull order, let S = R[X; o] and p be a divisorial ideal which
is o-invariant. Then P = pS is a prime ideal if and only if p is o-prime.

2. Suppose R is a §-Krull order, let S = R[X; §] and p be a divisorial ideal which
is §-stable. Then P = pS is a prime ideal if and only if p is §-prime ideal. In
particular P is divisorial if and only if p is.

Proof. 1. Ttis clear that P is an ideal of S. Assume that P is prime. Then clearly
p is a o-prime ideal. Conversely assume that p is a o-prime ideal. It follows
from Lemma 2.3.13 that P is divisorial. To prove that P is prime, assume that
AB C P, where A and B are ideals of S. We may assume that A and B are both
divisorial. If A 2 P andtake a(X) = a, X" +---+ag € A— P witha, ¢ p, then
for any b(X) € B, a(X)b(X) € P entails a,0"(L(B)) C p. Note that L(B)
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is o-invariant since 6(B) = B by Lemma 2.3.21. So 07" (a,)L(B) C p and
L(B) C p,ie. b;X' € P, where b(X) = b X' + -+ + by. Then a(X)(h(X) —
by X") € P and inductively we have h(X) € P. Hence P is a prime ideal.

2. This is proved in a similar way as in (1). O

The proof of the following proposition is similar to the proof of Theorem 2.3.19

2.3.24 Proposition

An order R is a §-Krull order if and only if R[X; §] is a Krull order.

A divisorial ideal of a Krull order R is maximal if and only if it is a prime ideal,
because D(R) is generated by maximal divisorial ideals of R. Similarly a divisorial
o-invariant ideal of a o-Krull order is maximal if and only if it is a o-prime ideal.
In case of §-Krull orders, a divisorial §-stable ideal is maximal if and only if it is a
§-prime ideal.

2.3.25 Theorem

1. Suppose R is a o-Krull order in Q and S = R[X;0], T = Q[X;o]. Then
D(S) = Ds(R) & D(T).

2. Suppose R is a §-Krull order in Q and let S = R[X;§], T = Q[X:4]. Then
D(S) = Ds(R) & D(T).

Proof. 1. Let P be anideal of S with p = PN R. Because of Proposition 2.3.17 and
Lemma 2.3.23, it suffices to prove that P is a divisorial prime ideal if and only if
either P € Specj(S) or p is a divisorial o-prime ideal and P = pS. Suppose P
is a divisorial prime ideal. If p = (0), then P € Spec;(S) by Proposition 2.3.17.
If p # (0), then it is divisorial and o-invariant by Lemma 2.3.21. It is easily
checked that p is a o-prime ideal. Hence pS is a divisorial prime ideal and so
P = pS by Theorem 2.1.2. Conversely suppose p is a divisorial o-prime ideal
with P = pS. Then P is a divisorial prime ideal by Lemmas 2.3.13 and 2.3.23.

2. This is proved in a similar way to the proof of (1). O

2.3.26 Lemma

1. Let S = R[X; 0] be aKrull order and T = Q[X;0]. If A is a divisorial S-ideal
suchthat T D Aanda= AN Q # (0),then A = Sa = aS.

2. Let S = R[X:; 48] be a Krull order and T = Q[X;§]. If A is a divisorial S-ideal
suchthat T D Aanda= AN Q # (0),then A = Sa = aS.
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Proof. 1. By Theorem 2.3.25, A = *(b[X;0]P/" --- P/*), where b € D,(R) and
P; € Specy (S). Since a # (0), it follows from Lemma 2.3.16 that T = TA =

TP{'---PX* andsoe; = --- = ¢ = 0.Thus A = b[X:0] = Sb = bS and
hence b = a.
2. This is proved in the same way as in the proof of (1). O

Let R be a Krull order in Q. The set of principal R-ideals forms a subgroup P (R) of
D(R). The factor group D(R)/P(R) is called the class group of R and is denoted
by C(R). If R is a o-Krull order, then we define C,(R) = Dy (R)/Pys(R) which is
called the o-class group of R, where P, (R) is the subgroup of o-invariant principal
R-ideals. If R is a §-Krull order, then Cs(R) = Ds(R)/Ps(R) is said to be the §-
class group of R, where Ps(R) is the set of §-stable principal R-ideals.

2.3.27 Theorem

1. Suppose R is a o-Krull order in Q and let S = R[X;o]. Then the map
¢ : Dy(R) —> D(S) defined by ¢(a) = aS, where a € D,(R) induces an
isomorphism: C, (R) = C(S).

2. Suppose R is a §-Krull order in Q and let S = R[X;§]. Then the map ¢ :
Ds(R) —> D(S) defined by ¢(a) = aS, where a € Ds(R) induces a surjective
map: Cs(R) —> C(S). If R is a domain, then Cs(R) =~ C(S).

Proof. 1. The map ¢ : Ds(R) —> D(S) induces the map ¢ : C;(R) —> C(S).
If a € Dys(R) such that Sa = Sf = f§ for some f € Q(S), then T =
Tf = fT implies f € T and a = Rfy = fyR, where fo is a constant term
of f, showing @ is injective. To prove that @ is surjective, let A € D(S). Then
TA = Tw(X)X"™ by Corollary 2.3.11, where w(X) is a central element of T =
Q[X;0]. TAX"w(X)™! = T entails a = AX "w(X)"! N Q # (0) and
is an element in D, (R) by Lemma 2.3.21. It follows from Lemma 2.3.26 that
AX™w(X)™! = Sa and hence A = Sao Sw(X)X™, ie. A and Sa are the
same class in C(A4). Hence ¢ is surjective.

2. As in (1), we define the map ¢ : Ds(R) —> D(S) by ¢(a) = Sa for all
a € Ds(R) and ¢ : Cs(R) —> C(S). Every ideal of T is principal generated by
a central element by Corollary 2.3.11 and so ¢ is surjective as in (1). Suppose R
is a domain and let a € Ds(R) such that Sa = Sf = fS forsome f € T. Then
the leading coefficient of f is regular and so degf = 0. Hence a = Rf = fR
which shows @ is injective. O

2.3.28 Remark

A 7-Noetherian prime Goldie ring R is called a unique factorization ring (a UFR)
if every prime ideal P with *P = P or P* = P is principal. It turns out that
R is a UFR if and only if it is a Krull order and every divisorial ideal is principal.
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We define 0-UFRs and §-UFRs in an obvious way (cf. [1]). Theorem 2.3.27 shows
that R is a 0-UFR if and only if R[X; o] is a UFR. Furthermore R is a 6-UFR, then
R[X; 4] is a UFR and the converse also holds if R is a domain.

2.3.29 Remark

The following are interesting open questions:

1. Let S = R[X;0,8] and T = Q[X;0,6]. What is a necessary and sufficient
condition for S to be Krull (cf. Theorem 2.3.19). In case S is a Krull order,
describe explicitly the group D(S) of all divisorial S-ideals and the class groups
C(S) in terms of the properties of R and T = Q[X; 0, §].

2. If R[X ;4] is a UFR, thenis R a §-UFR in case R is not necessarily a domain?

2.4 Non-commutative Valuation Rings in K(X; g, §)

In Chap. 1, we defined three different non-commutative valuation rings, i.e. val-
uation rings, total valuation rings and Dubrovin valuation rings, and studied
elementary properties of them. Let V' be a non-commutative valuation ring of a
simple Artinian ring K, o be an automorphism of K and § be a left o-derivation of
K. We denote by K(X;0,§) the quotient ring of Ore extension K [X; o, §].

The aim of this section is to give a partial answer to the following question:

“Find out all non-commutative valuation rings S of K(X;0,8) with SNK =V
and study the structure of them”.

In the end of the section we propose a program for the question. Let us begin
with the following case; V is a total valuation ring of a skewfield K, o (V) =V,
(V) C Vandé(J(V)) C J(V). Inthis case (o, §) is said to be compatible with V.

2.4.1 Proposition

With the assumption above, let R = V[X;0,8] and C = R — J(V)[X; 0, 8]. Then
C is an Ore set of R and RV = R is a total valuation ring of K(X;ao,6) with
ROYNK=V.

Proof. We let V. = V/J(V). Then (0,8) naturally induces an automorphism
o of V, a left o-derivation § of V and V/J(V)[X;0,8] = V[X:0,8] is a
domain. Thus C is multiplicatively closed. To prove that C is a left Ore set,
let ¢(X) € Cand 0 # f(X) € R. Since K(X;0,8) is the quotient ring
of R, we have f(X)c(X)™' = d(X) 'g(X) for some d(X),g(X) € R, ie.
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d(X)f(X) = g(X)c(X). The elements d(X) and g(X) can be factored as follows:
d(X) = didi(X)and g(X) = g121(X) withdy, g, € V and d,(X), g1(X) € C.
Furthermore we have either g = dir or d; = gys for some r,s € V. In the first
case it follows that d;(X) f(X) = rg1(X)c(X) with d,(X) e Cand rg,(X) € R.

In the second case we have sd;(X) f(X) = g1(X)c(X) and so sd;(X) € C.
Hence C is a left Ore set and similarly it is a right Ore set.

To prove that RV is a total valuation ring, let £(X)'g(X) € K(X:o0,8§), where
£(X), g(X) € R. Asbefore £(X) = fi i(X) and g(X) = g1gi(X) with fi, g1 €
V and f1(X),g1(X) € C. Either f,"'g; € V or g;'' fi € V entails that either
F(X)'g(X) e RWorg(X)™! f(X) € RV. Hence R\ is a total valuation ring of
K(X;0,8).Letq e ROVNK.Ifg ¢ V,theng™' € J(V) C J(V)[X:0,8]RD =
J(RW) which is a contradiction. Hence RV N K = V.

2.4.2 Remark

Proposition 2.4.1 is obtained in case o is an endomorphism (cf. [10, Theorem 1]).
An ideal a of V is called (o, §)-stable if o(a) C a and §(a) C a. A (o, §)-stable
ideal a is called strongly if o (a) = a.

2.4.3 Proposition

The correspondence a —> A = RWa is a one-to-one correspondence between
strongly (o, §)-stable ideals of V' and ideals of R(D.

Proof. Let Abeanideal of RV anda = ANV .Foranya € a, Xa = o(a)X +8(a)
and we have either §(a) = o(a)r or o(a) = &(a)s for some r,s € V. In the
former case Xa = o(a)(X + r) with X +r € C. Hence (a) € a and 6(a) € a.
In the latter case Xa = §(a)(sX + 1) with (sX + 1) € C. So 6(a) € a and
o(a) € asince A > (Xa—8(a))X ™' = o(a). Hence a s (0, §)-stable and similarly
ais (07, 8')-stable, where 0’ = o~ and §' = —8o~" as in Sect.2.3. Hence a is
strongly (o, §)-stable. Tt is clear that R®Va C A. To prove the converse inclusion,
let o = c(X)"'f(X) € A, where ¢(X) € Cand f(X) = fi(X)fi € R with
fi(X) e Cand f; € V. Then RDa = RW f; and f; € a. Thus @ € R"Va which
shows A = RWq.

Conversely let a be a strongly (o,8§)-stable ideal of V. Since RVa =
RWa[X;0,8], each element in RWa is of the form; ¢(X)~'a, where ¢(X) € C and
a € a.Suppose b = c(X)"'a € RWanV.Thenc(X)b = aandsodegc(X) =0,
ie.c(X)=coeUWV).Thush € aand RVaNV = a follows. To prove that RVa
is an ideal of R, it is enough to show that ac(X)~' ¢ RMWa forany ¢(X) € C. For
anya € aand c(X) € C,wehaveac(X)™' = d(X)™'b(X) for some d(X) € C and
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b(X) € R,ie. d(X)a = b(X)c(X). As before b(X) = bi1(X)b; with b1 (X) € C
and by € V and so d(X)a = b(X)c(X) = bi(X)bic(X) = bi1(X)ci1(X)b, for
some c;(X) € C and b, € V, where b;c(X) = ¢;(X)b,. Thus RVa = RWp,
and b, € a. Hence bic(X) € a[X;0,8] and so by € a since c(X) € C, i.e.
b(X) € a[X;0,8]. Therefore ac(X)™' = d(X)™'b(X) € RVa[X;0,8] = RWa.
O
A strongly (o, §)-stable ideal p of V' is called (o, §)-prime if ab C p, where a
and b are (o, §)-stable ideals of 1/, implies either a C p or b C p.

2.4.4 Proposition

Let p be a strongly (o, §)-stable ideal of V. Then p is a (o, §)-prime ideal of V' if
and only if R(Vp is a prime ideal of RV In particular, p is completely prime if and
only if so is RMp.

Proof. Let a be a (o,8)-stable ideal of V. We prove that RWa[X;0,§] is an
ideal of R, It suffices to prove that a(X)c(X)™' € RWa[X;0,8] for any
a(X) € a[X;0,8] and ¢(X) € C. There are ¢ € V and d(X),e(X) € C such
that a(X)c(X)™! = d(X) 'ae(X). So a[X:0,8] > d(X)a(X) = ae(X)c(X).
Thus a € a, because e(X)c(X) € C and hence a(X)c(X)™' € RWa[X:0,8].
Therefore the first part of proposition easily follows from Proposition 2.4.3. If Ry
is completely prime, then so is p since Rp N V' = p. Conversely suppose p is
completely prime. We show that p[X; o, §] is localizable. Let f(X) € Randc(X) €
R—p[X;0,8]. Thend(X) f(X) = g(X)c(X) forsome d(X), g(X) € R. As before
d(X)=ddi(X)and g(X) = g121(X) where dy,g; € V and d;(X), g1(X) € C.
We have either d; = gr or gy = d;s for some r,s € V. If di = gr, then
rdi(X) f(X) = g1(X)c(X) ¢ p[X:0,6] and so rdi(X) ¢ p[X:0.6]. If g1 = dis,
thend;(X) f(X) = sg1(X)c(X)and d;(X) € C C R—p[X;0,6]. Hence p[X; 0, 5]
is left localizable and similarly it is right localizable. Put S = V[X;0,8]px;0.)
which contains R so that S is a total valuation ring with J(S) = Sp[X:0,§].
It follows from the proof of Theorem 1.4.9 that R > J(S). So each element
a € J(S) is of the form; o = d(X)7'p(X) = F(X)e(X)™", where d(X) €
R — p[X;0,6], p(X) € p[X;0,8], f(X) € Rand c¢(X) € C, ie. p[X:;0,08] >
p(X)e(X) = d(X)f(X). Thus @ € p[X:;0,8]RY = RDp[X;0,8] = RWVp.
This entails J(S) = RWp and it is localizable by Theorem 1.4.9. Hence RWVp is
completely prime. O

2.4.5 Proposition

RW is a valuation ring of K(X;0,8) if and only if

(1) V is a valuation ring
(ii) 6(a) € Vaand Va = Vo(a) foralla € K
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Proof. For any a € K it is easily seen that RMa N K = Va. Suppose R
is a valuation ring. Then V' is a valuation ring. For any ¢ € K we have either
o(a)V D 8(a)V oro(a)V C 8(a)V.If o(a)V D §(a)V, then o(a~")8(a) € V
and X + o(a")8(a) € U(RW). So we have RVa = RV Xa = RWo(a)(X +
o(a"8(a)) = o(a)RV(X + o(a=")8(a)) = o(a)R™ and hence Va = Vo (a) >
8(a) follows. If o(a)V C 8(a)V, ie. o(a) = b&(a)r for some r € V, then
RWa = RWXa = RWS(a)(rX + 1) = RWS(a) and so Va = V§(a). Since
§(a) = sa for some s € U(R"V), we have Xa = o(a)X +8(a) = o(a)X + sa and
so (X —s)a =o(a)X. Thus RWa = RV(X —s)a = RWo(a)X = RWo(a) and
hence Va = Vo (a).

Suppose that (i) and (ii) hold. Then for any a € V, a = aV = Va is a strongly
(0,8)-ideal and so RVa = aR™ is an ideal of RW by Proposition 2.4.3. Hence
RWa = aRWM follows. Let f(X) be any element in R and f(X) = f fi(X)
for some f; € V and f;(X) € C. Then we have RV f(X) = RW f; fi(X) =
ARV F(X) = ARD and F(X)RD = ARD. Thus RO £(X) = f£(X)RD and
hence R is a valuation ring. O

A total valuation ring S of K(X;0,8) with S N K = V is called a Gauss
extension of V in K(X;o0,§) if for any f(X) = X"a, + -+ ap € K[X;0,6]
Sf(X) = SX'a; for some X'a; with SX'a; D SX/a; forall j,0= j =n.

2.4.6 Remark

RO is a Gauss extension of V in K (X;0,8). We will give an example of a total
valuation ring of K(X ;o) which is not a Gauss extension of V' at the end of this
section.

We will study the structure of R = V[X; 0, §].

2.4.7 Lemma

Let R = V[X;0,8] and S = K[X;0,48]. Then

1. R=RYNS.
2. Forany f(X),g(X) € R,put/ = Rf(X)+Rg(X).Then RVINSI = Re(X)
for some ¢(X) € R.

Proof. 1. Let g(X) = d(X)™' f(X), where d(X) € C, f(X) € Rand g(X) € S.
As before we have g(X) = ag(X) for some a € K and g;(X) € C. Thus
a=dX)' f(X)g1(X)"' e RO N K =V and hence g(X) € R.

2. Since R is a total valuation ring we may suppose that RV (X) > R g(X).
Asin (1), f(X) = fi(X)a forsome fi(X) € Canda € V. Thus RV] = RWq
and also SI = Sbh(X) for some b(X) € S. Furthermore we have b(X)a™' =
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bby(X) for some b € K and b;(X) € C. It follows that RV N Sh(X)a™' =
R A Shby(X) = RD N Shy(X) = RWb(X) N Shy(X) = Rby(X). Hence
ROI ST = RWan Sh(X) = (R N Sh(X)aYa = Rby(X)a = Re(X),
where ¢(X) = b1(X)a. O

In Chap. 1, we defined a Bezout order in a simple Artinian ring, i.e. any finitely
generated one-sided ideal is principal. We generalize this concept from divisorial
ideal’s point of view: An order in a simple Artinian ring is said to be a generalized
left Bezout order if every finitely generated essential and divisorial left ideal is
principal. We can similarly define a generalized right Bezout order and an order is
generalized Bezout if it is generalized left and right Bezout.

2.4.8 Proposition

R = V|[X;o0,§]is a generalized Bezout order in K(X;0,6).

Proof. For any f(X),g(X) € R, weput I = Rf(X) + Rg(X). Then (RVI N
SIR : I), ¢ RVDI(R : I),NSI(R : I), ¢ RV NS = R. This implies
RVINSIc *Iand RVI NSI = Re(X) for some ¢(X) € R by Lemma 2.4.7.
It follows *I = *(*I) D *(RWI N SI) = *(Re(X)) D *I and hence *I =
Rc(X). Then, by induction on generators, we can prove that any finitely generated
and divisorial left ideal is principal. It follows from the right version that any finitely
generated and divisorial right ideal is principal. Hence R is a generalized Bezout
order. O

Let R be an order in a simple Artinian ring Q. Let a,b,c and d be regular
elements in R. We say that d is a left greatest common divisor of a and b (a left
GCD for short) if

(i) Rd D Ra and Rd D Rb and
(ii) If Rc D Ra and Rc O Rb then Rc D Rd

which is written d = [-GCD{a, b}. Note that c = [-GCD{a, b} if and only if
Rc = Rd. A right GCD is defined similarly. An order in a simple Artinian ring is
said to be a GCD-order if any two regular elements have a left GCD as well as a
right GCD. As a dual concept of GCDs, we define a left least common multiple m
of a and b (a [-LCM for short and written; m = [-LCM{a, b}) and similarly we
defined a right least common multiple. An order is called a LCM-order if any two
regular elements have a left LCM and a right LCM.

2.4.9 Lemma

Let R be an order in a simple Artinian ring Q. Let a, b, ¢ and d be regular elements
in R such that d = [-GCD{ac, bc}. Then dc™' = [-GCD{a, b}.
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Proof. First note that dc™' € R, because Rc D Rac and Rc D Rbc. Itis clear that
Rdc™" > Ra and Rdc™" D Rb. Suppose that Re D Ra and Re D Rb for some
e € R. Then Rec D Rac and Rec D Rbc. Thus Rec D Rd,ie. Re D Rdc~!.
Hence dc™! = [-GCD{a, b}. O

2.4.10 Proposition

Let R be an order in a simple Artinian ring Q. Then the following are equivalent:

1. R is a generalized Bezout order.
2. Ris a GCD order.
3. RisaLCM order.

Proof. 1. = 2. For any regular elements a,b in R,let | = Ra + Rb. Then *I =
Rd for some d € R. Suppose that Rc O Ra and Rc D Rb. Then Rc D [ and
so Rc D *I.Hence d = [-GCD{a, b}. Similarly we can prove that a and b has
aright GCD.

2. = 1. For any regular elements @ and » in R, put I = Ra + Rb and d = [-
GCD{a, b}. Then Rd D *I. Suppose Rq D I forsome g € Q.If ¢ € R,
then Rg O Rd.If ¢ ¢ R, then g = ec™! for some c,e in R. Rec™" D I
implies Re D Rac and Re D Rbc. Set g = [-GCD{ac, bc}. Then gc™' =
[-GCD{a,b} = d by Lemma 2.4.9. So Rg = Rec™" D Rgc™' = Rd and
thus Rd =*1 as in Proposition 1.5.8. Hence R is a generalized left Bezout order
by induction on the generators of essential left ideals, because any essential one-
sided ideal is generated by regular elements ([16, Theorem 1.21]). Similarly R is
a right generalized Bezout order.

1. = 3. : For any regular elements a and b in R, put I = a~'R + b~'R. There is
a regular element ¢ in R with ca™',ch™" in R. It follows that c/* = (cI)* =
(ca 'R+chb™'R)* = dRforsomed € R,ie. I* = ¢ 'dR. Thus RaNRb =
(R:I),=(R:I1*); =Rd 'candsod 'c =1 —LCM{a,b}. Hence R is a
left LCM order and similarly R is a right LCM order.

3. = 1. : For any regular elements ¢ and b in R, put I = Ra + Rb. There is
a regular element ¢ € R with ca™',¢ch™ € R. Thenc¢(R : I), = c(a™'RN
b™'R) = (ca™'RNc¢h™'R) = dR for some d € R,ie (R : 1), = c 'dR.
Thus *I = Rd~'c. Hence R is a left generalized Bezout order and similarly R
is a right generalized Bezout order. O

Let R be an order in a simple Artinian ring Q and o be an automorphism of Q.
Furthermore we let P = XQ[X;o]l and T = Q[X;o]p. It is easy to see that
c(X) = cy X"+ -4+ co € C(P) if and only if ¢y € U(Q). Thus we have a map
¢ : T —> Q defined by ¢(c(X)™' f(X)) = ¢, fo, where ¢(X) € C(P) and
f(X) = fmX™ +---+ fo € Q[X:0].
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2.4.11 Lemma

@ is aring epimorphism with ker ¢ = XT = J(T).

Proof. By using Ore condition for C(P) we have ¢ is well defined and a ring
homomorphism. It is also clear that ¢ is an epimorphism with Ker ¢ = X T. O

We denote by R the pre-image of R by ¢,i.e. R® = R + J(T).

2.4.12 Lemma

T = R(Cz), where C = Cg(0).

Proof. Forany ¢ € T, there exists ¢ € C with ¢(t¢) = ¢(t)c € Randsotc € R®,
ie. t =ac”! forsomea € R® Forany B € R® andd € C,wehaved 'B €T
and so there are ¢ € C and @ € R such that d ' = ac™'. Hence C is a right Ore
set of R® and similarly it is left Ore. Now it is clear that T = R(Cz) . O

2.4.13 Lemma

J(R®) = J(R)+J(T) and R® /J(R®) = R/J(R).

Proof. Since R® / J(T) = R, it suffices to prove that I D J(T') for any maximal
left ideal of R®. Suppose on the contrary that / is a maximal left ideal of R® with
I 2 J(T). Then I 4+ J(T) = R® and T1 = T by Nakayama Lemma. It follows
that I = R®I > J(T)I = J(T)T = J(T) which is a contradiction. Hence
J(R®) = J(R) + J(T) with R® [ J(R?) = R/J(R).

2.4.14 Lemma

The following are equivalent:

1. 6(R®) = R®,
2. X est(R®) = {q € 0 :qR? = Rq).
3. 6(R) = R.

Proof. 1. < 2. This is obvious, because o (R?) = XR® X1,

I.=3.0(R)=0(RPNQ)=0(R?P)No(Q)=RPNQ =R.

3. = 1. Since XT = TX, o induces an automorphism of 7 and so o(J(T)) =
J(T).Hence 0(R®) = o(R+ J(T)) = R+ J(T) = R?. O
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2.4.15 Lemma

L. st(R) = st(RP) N 0.

2. Leta = c(X)"Lf(X) € Q(X;0) with f(X),c(X) € Q[X;0] and fy,co €
U(Q), where fy = f(0) and ¢y = ¢(0). Then RPa = RP¢;! fy and aR® =
¢y foR™®. In particular, & € st(R?®) if and only if ¢; ! fy € st(R).

Proof. 1. This is obvious.

2. Since ¢(a) = ¢;' fo, we have & — ¢! fy € J(T) by Lemma 2.4.11 and so
afyleo —1 € J(T) C J(RP) by Lemma 2.4.12. Hence afy 'co € U(R?),
ie. RPa = ROc;! fy. Similarly aR? = ¢! foR® follows. Now the last
statement is clear.

2.4.16 Proposition

Let R be an order in a simple Artinian ring @, o be an automorphism of Q and
T = Q[X;0o]p, where P = Q[X;0]X. Then

1. R? is a Dubrovin valuation ring of Q(X; o) if and only if so is R.

2. If R is a Dubrovin valuation ring of Q(X; o), then {R@p and J(T), p is a prime
ideal of R} is the set of prime ideals of R?.

3. Assume that Q is a skewfield.

(i) R is a total valuation ring if and only if so is R.
(ii)) R® is a valuation ring if and only if R is a valuation ring and 0 (R) = R.

Proof. 1. Since T is a Dubrovin valuation ring, the statement follows from
Theorem 1.4.9 and Proposition 1.4.17 since R® /J(T) = R.

2. Tt is clear that any prime ideal of R® containing J(T') is of the form p + J(T),
where p is a prime ideal of R and that pR® = p + J(T) = RPp. J(T) is a
minimal prime ideal of R® since NX"T = 0.

3. (1) If O is a skewfield, then T is a total valuation ring and so the statement is

clear.

(i) Any element of Q(X ;o) is of the form X"¢(X)™' f(X), where n € Z and
f(X),c(X) € Q[X; 0] such that £(0) # 0, c(0) # 0. Hence the statement
follows from Lemmas 2.4.14, 2.4.15 and 3.(i).

2.4.17 Remark

Let R be a Dubrovin valuation ring of a simple Artinian ring Q with finite dimension
over its center. Then we have the following ideal-theoretic properties:

1. Tr = st(R)/U(R) is Abelian.
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2. If Ra D aR for somea € Q, then Ra = aR and Sa = aS for any overring S
of R.
3. For any R-ideal I of Q, O;(1) = O,(I).

Proposition 2.4.16 is used to obtain an example of Dubrovin valuation ring of QO
in which these properties do not necessarily hold in case Q is infinite dimensional
over its center [33].

2.4.18 Remark

Let V ba a commutative valuation ring of a field K and T = K[X]x+1) be a
localization of K[X] at prime ideal (X + 1). Consider the natural epimorphism ¢
from T to T = T/(X + 1)T, which contains K and [T : K] = 2. Let W be any
valuation ring of 7 with W N K = V and R® = ¢~ (W), the preimage of W
by ¢. Then R® is a valuation ring of K(X) with R® N K = V. But it is not a
Gauss extension of V' in K(X).

Let R be a Dubrovin valuation ring of a simple Artinian ring Q, ¢ be an
automorphism of Q and § be a left o-derivation. Suppose that (o, §) is compatible
with R. In the beginning of this section we proposed an open question on non-
commutative valuation rings of Q(X;o,§) lying over R. The observation in this
section suggests us a program for the question:

2.4.19 Remark

1. J(R)[X;0,4d] is localizable or not. It it is localizable, then
R = R[X:0, 8]7(»)[x:0,5] 1s @ Dubrovin valuation ring or not.

2. Let P be a prime ideal of Q[X; 0, §]. Find out all Dubrovin valuation rings of
Q(X;0,8) which are subrings of Q[X; 0, 8]p and lying over R.

3. Find out Dubrovin valuation rings of Q(X; o, §) which are different types from
ones in (1) and (2).

The following is also an open question:

2.4.20 Remark

If R is a generalized Bezout order in Q, then so is R[X]. Moreover so is
R[X;0,6].
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2.5 Arithmetical Pseudovaluations and Divisors

Let C be a commutative domain with field of fractions K and let A be a c.s.a. over
K with n = dimg A. We assume R C A is a C-order such that fractional ideals of
R commute and R is projective as a C-module. In foregoing section we have seen
that a maximal order A over a Dedekind domain satisfies the latter condition. We
say that R is an arithmetical order if the set of fractional ideals of R, F(R) say,
commutes.

In [69] more general arithmetical rings are considered but we shall restrict
attention to arithmetical orders in c.s.a.

Let I' be a totally ordered semigroup written additively. A pseudovaluation v on
F(R) is a functionv : F(R)—T U {oo}, satisfying:

— PV Forl,J € F(R),v(IJ) =v(I) +v(J)

— PV2.Forl,J € F(R),v(I +J) > min{v(]),v(J)}
— PV3.v((R)) =0and v(0) = o0

— PV4.If1 C Jin F(R) thenv(l) > v(J)

From PV.4 it follows that PV.2 may be changed to v(/ + J) = min{v(/),v(J)}
forI,J € F(R).

A pseudovaluation on F(R) is said to be arithmetical (a.p.v.) if v(IJ) =
v(l) + v(J) for I,J € F(R). Two a.p.v.’s are said to be equivalent, say v; ~ vy,
if vi(RxR) > o if and only if v,(RxR) > O for all x € A. We may define a
pseudovaluation v* on A as a function v* : A—T" U {oo}, for some totally ordered
semigroup I, satisfying:

PV{. Fora,b € A,v*(ab) > v*(a) + v*(b)
PV;. Fora,b € A,v*(a + b) = min{v*(a),v*(b)}
PV]. We have v*(1) = 0 and v(0) = oo

2.5.1 Lemma

If v is a pseudovaluation F(R)—T" U {oo} then we define v* : A—T U {oco} by
putting v*(a) = v(RaR). Then v* is a pseudovaluation on A such that v*(r) > 0
forall r € R.

Proof. Follows directly from: RabR C RaRbR, R(a + b)R C RaR + RbR. O

2.5.2 Proposition

If v is an a.p.v. on A defined over R, then P = {a € A,v(RaR) > 0} defines
a prime (P, A”) in A. Conversely if (P, A”) is a prime in A such that R C A",
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then there exists an a.p.v., v say, such that P = {a € A,v(RaR) > 0} and {b €
A,v*(b) > 0} is contained in A”.

Proof. Let v be an a.p.v. defined on F(R), look at P = {a € A,v(RaR) > 0}.If
a,b € P thenv(R(a —b)R) > v(RaR + RbR) > {v(RaR),v(RbR)} > 0, hence
a—b € P.So we only have to establish that A — P is an m-system for A7 . Suppose
a,b € A are such that aA’h C P then aRb C P. Thus v(RaRbR) > 0 and
the a.p.v. property then yields: 0 < v(RaRbR) = v(RaR) + v(RbR), then either
v(RaR) > 0 or v(RbR) > 0. The latter entails that either ¢ or b is in P.

Conversely if (P, A”) is a prime with R C A" we define for I € F(R),v(I) =
{a € A,al C P}andput' = {v(I),I € F(R)}. We define a partial order on
I' by v(I) < v(J) if and only if v(I) C v(J). Then I is totally ordered. Indeed,
suppose I, J € F(R) are such that v(I) ¢ v(J) and v(J) & v(I). Then there is an
a € Asuchthatal C PandaJ ¢ P,andab € AsuchthatbJ C P buthl ¢ P.
Thus RaRJAP RbRI ¢ P as P is a prime in A. Thus for some z € A” we have:
RaRJRzRbRI ¢ P but by the commutativity of fractional R-ideals in A we then
have: RaRJRzRbRI = RbRJRzRaRI C P, a contradiction. Thus I is a totally
ordered semigroup. Define: v(/) 4+ v(J) = v(IJ). This is an addition with unit
element v(R) turning I into a totally ordered semigroup. Indeed if v(/) D v(J) then
we look at v(IH) and v(JH) for H € F(R);ifq € v(JH) thengJH C P, hence
RgqRJH = RqRHJ C PorqH Cv(J) Cv(l),thusqHI C Porqg € v(HI),
hence v(IH) C v(JH), similarly v(H1) D v(HJ). For the well definedness look
atv(l) = v(l’) and v(J) = v(J') and x € v(IJ). Hence, RaRIJ C P,RaRI C
v(J) = v(J’) then yields: RaRIJ' = RaRJ C P. Again, since v(I') = v(I),
then RaRJ = RaRI’'J’ C P and a € v(I'J’) follows. Consequently v(IJ) =
v(I’J") follows by repeating the foregoing argument interchanging the role of I, J
and I’, J’ resp. The properties PV.1...PV.4 follow directly from the definition of
v, P = {a,v(RaR) > 0}. If b € A is such that v(RbR) = 0 and a € P then
v¥(ba) = v*(b) + v*(a) = v(RbR) + v(RaR) > 0 yields ha € P: similarly
ab € P,hence b € A”. This also establishes {b € A4,v*(b) > 0} C AL O

2.5.3 Remarks

1. If (P, A") is a prime of A4 such that R C A" then P N R is a prime ideal of R.
This is clear from the proof above.

2. Ifana.p.v. v corresponds to a prime (P,, A¥) and v, is the a.p.v. associated to
that prime, then v, is equivalent to v as is easily checked.

3. Lat vp be the a.p.v. of the prime (P, A”), R C A”. For every I € F(R),
vp(I) = inf{vp(RaR,a € I}. Indeed since it is clear that vp (RaR) > vp (1)
forevery a € I and if J € F(R) is such that vp(J) > vp(I) but vp(J) <
vp(RaR) foralla € I, then y € vp(J) yields yRaR C P foralla € I, or
yI C Pandy € vp(I). Thenvp(J) <vp(l)andvp(J) =vp(l), thus vp(l)
isinf{vp(RaR),a € I).
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4. The restriction of v* to K defines a valuation of K. If 7 = (p, K?) is
the restriction of (P, A”) to K then every prime (P, A”) with R C A? is
mr-fractional.

5. If Ra = aR then foran a.p.v vandall b € A we have v(ba) = v(b) + v(a),
v(ab) = v(a) + v(b) (since RbaR = RbRaR).

2.5.4 Lemma

Let v be an a.p.v. in A, T its value semigroup and (P, A”) its associated prime.
The following are equivalent:

1. T, is a totally ordered group.
2. For every fractional ideal I/ € F(R) there is ana € A such thatal C A and
al ¢ P.

Proof. 1. = 2.1If T is a group every v(/) has an inverse, thus for any / € F(R)
thereisa J € F(R) such that v(/J) = v(R) = 0. Since P C v(R), P C v(IJ)
hence IJP C P or IJ C A follows. Since alJ C P yields aR C P hence
a € P it follows that /J ¢ P. Then there is a y € J such that RyR [ =
IRYR ¢ P but RyRI C A".

2. = l.Letabeasin (2)andtake y € v(RaR[). Then we have that RyR RaRI C
P and for every z € A" we obtain:

RzR RYyR RaRI = RyRRzRaRRI C P.Since RaRI ¢ P by the choice
of a we must have RyR C P (since P is prime), hence we arrive at yR C P or
y € v(R). From RaRI C A" the inclusion v(RaRI) D v(R) follows (in fact
v(R) = P is 0 of I'). Consequently 0 = v(R) = v(RaRI) = v(RaR) + v(I),
so v(I) has an inverse in I',,. O

2.5.5 Proposition

Let v be an a.p.v. in A with corresponding I, and (P, A”) as before. If T, is a
group then A” = {a € A,v(RaR) > 0}.

Proof. That {a € A,v(RaR) > 0} C A’ was established in Proposition 2.5.2.
Fora € A”, (RaR) is invertible in T, hence v(J) + v(RaR) = 0 in T, for some
J € F(R). From the proof of Lemma 2.5.4 we may assume that / = RbR. Hence
v(RaRRbR) = 0 so if v(RaR) < 0 then v(RbR) > Oie.b € P.Nowa € A”
yields RaRRbR C P or v(RaRRbR) > 0, contradiction. Thus v(RaR) > 0 or
a€fa€ A, v(RaR) > 0). O
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2.5.6 Corollary

If (P,A"), R C A" is a prime of A with associated a.p.v., v then (P, A”) is a
dominating prime if T, is a group.

Proof. Consider I € F(R),I ¢ A”. From Lemma 2.5.4.(2) it follows that there
isana € Asuchthatal C A”,al ¢ P.Then Ia € A", Ia ¢ P. From the
fact I ¢ AP it follows that either I[P ¢ P or PI ¢ P,say IP ¢ P. Then
IPA? ¢ P. Consider IPA”a. For all p € PA" we have: Ipa C IpRaR C
IRaRp C IaRp C P, thus IPATa C P. Since (P, A") is a prime such that
IP ¢ P wemusthavea € P.

If (0, A?) dominates (4, A”) take b € A2 — A" and a € P such that aRbR C
AP but aRPR ¢ P.Froma € P C Q and RbR C A" it follows that aRbR C
QNA? = P, contradiction. Hence (P, A”) = (Q, A2) or (P, A”) is a dominating
prime of A. O

The section so far depends heavily on R having a commutative fractional ideal
theory. From the foregoing section we retain that if R is a maximal order over a
Dedekind domain D in K this situation is realized. Also if R is a Dubrovin valuation
of A it holds.

As before A is assumed to be finite dimensional over K.

2.5.7 Proposition

Let v be an a.p.v. in A such that T, is a totally ordered group, then (P, A”) the
associated prime of v is a Dubrovin valuation ring of A.

Proof. By Remark 2.5.3.(4) the restriction of v* to K is a valuation of K. From
Proposition 2.5.5 it follows that A” N K = 0,« is the valuation ring of v*| K. Let
us check that A” / P is Artinian, in fact finite dimensional over k, the residue field
of v* on K. If not then B = AF /m,« A" is also not finite dimensional over k as
my AP C P, where m,« is the maximal ideal P N K of O,«. Let {Xq, ¢ € A}
be an infinite number of k-independent elements in B and x,,« € A be chosen
representatives in A7 . Since A is finite dimensional over K we have a relation:

n
> Aixe, =0with 4; € K

i=1

We may multiply A;,i = 1,...,n, by some A such that AA; = AF € O, for all
i =1,...,n, butnot all in m,«. Then TA*x,, = 0 yields TA¥ x, = 0 with A¥ €
k = O,«/m, not all zero reducing modulo my« AT . The latter is a contradiction,
hence A” /P is finite dimensional over k, thus Artinian. Since P is prime A" /P is
prime Artinian and therefore simple Artinian. The second condition for a Dubrovin
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valuation ring follows from Lemma 2.5.4.(2). Indeed for any ¢ € A there is an a
such that aRg C A® and aRq ¢ P, so for some r € R we have arq € A".
Conversely, since RgR RaR = RaR RqR we have gRa C A and gRa ¢ P
hence gr’'a € A” for some r’ € R. Thus A” is a Dubrovin valuation ring. O

2.5.8 Corollary

In the situation of the foregoing proposition v* is a value function associated to A”
if T, = v*(stA").

Proof. Ttis clear that the fourth axiom for a value function is exactly given by I, =
v¥(st(A")), i.e. for every ¢ € A thereis ana € A such that RgR = Ra = aR. O

2.5.9 Definition

A prime (P, A”) with R C A" is discrete if A” has the ascending chain condition
on ideals and P is the unique nonzero prime ideal of A” and P = 7A” = Afx
for some invertible element 7 of A.

2.5.10 Lemma

If (P, AT) with R C A? is a discrete prime then for every integral ideal I of R,
I A" is an ideal of A", moreover every ideal of A" is P" = 7" A" for some n € N.

Proof. If I € F(R) then 1A is a two-sided A” module because for all a € A",
al C RaRI C IRaR C IA", consequently for an integral ideal I of R, [A” is
an ideal of A”.

If J is anideal of A” then J = APa A" +...+ A a,AF forsomeay, ..., a, €
J because of the a.c.c. on ideals in A”. Now each a; = 7" b; with b; € AY — P,
i=1,...,1,forsomen € N, otherwisea; € N, P"*. ThuseitherJ C N, P"orJ =
P" where n; = min{n,...,ny}. We claim that every nonzero ideal of A” contains
some P for a certain m € N. Indeed, suppose the set of ideals of A” not containing
some P™ is nonempty, then by the a.c.c. on ideals for A” this set is inductively
ordered hence it has maximal elements. Let H be such a maximal element, then
H # P and hence there are ideals /; and I, of A" such that I, I, 2 H and
I I, c H.Now P™ C I, P™ C I, for some m,m, € N, thus P"1+" ¢ H
contradiction. Thus if N, P”" is a nonzero ideal then N, P" = P"™ for some m € N
or P = P"*!yielding: APn™ = AP "+ or A” = A7 = P, a contradiction.
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2.5.11 Proposition

If (P, A?) is a discrete prime then its associated I is a group and I' = Z with
generator v(AT).

Proof. If I is an integral ideal of R such that A = 7" A", put J = R7™"R and
calculate v(IJ) = v(A") = P =vw(R) =0inT".If I € F(R)letc € Z(R) be
such that ¢/ C R and let v(J) be the inverse of v(c/) in ', then v(/) + v(cR) +
v(J)=0in T, thenv(!) +v(cR)+v(J) = 0in I', hence v(/) has an inverse in I".

If J € F(R)is such that v(J) > 0 then J C A” hence JA? = 7" A® for some

n € N. However, if v(J) < 0 then v(J)™! = v(/) > 0 hence 1A = 7™ A” for

some m € N, thus JIA? = AP (JI isnotin P). Consequently: JA” = 77 AL,
Associating v(J) to n if JA? = 7" A" for n € Z defines an isomorphism I' 2= Z.

O

2.5.12 Remark

If (P, A”) with A” D R is a discrete prime then A has centre Z(A”) = K N A*
a discrete valuation ring.

Proof. Remark 2.5.3.(4) yields that the restriction of v* to K yields a valuation with
value group I" and valuation ring A” N K = Z(A") = {1 € K,v*(A) > 0}. Since
I' = 7Z the valuation induced on X is also discrete. O

2.5.13 Proposition

As before assume that R is a C-orderinthe K —c.s.a. A (we assume ch(K) = 0)
which is projective as a C -module. The following are equivalent:

. Every ideal of R is finitely generated as a two-sided ideal.

. The set of (integral) ideals of R satisfies the a.c.c.

. Z(R) is a Noetherian domain.

. R is a finitely generated module over the Noetherian Z(R).
. R is (left and right) Noetherian.

O N O B S R

Proof. 1. = 2. If Iy Cc I C ... C I, C ... C R is a chain of ideals then
J = U;I; is an ideal of R hence / = Ra; R + ... + RayR for a finite set
{ai,...,aq} C J.Take n suchthatay,...,ay € I, then I, = J and the chain
terminates.

2. = 3. Since R is projective as a C-module we have for any ideal / of C that
RI N C = I, hence C satisfies the ascending chain condition because a chain
Iy Cc I, C...CCyields RIp C RI; C ... C R and the latter terminates.
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3. = 4. Risaprime P.].-ring as an order of a c.s.a. A result of G. Cauchon yields
that if Z(R) = V is Noetherian (ch(K) = 0 holds too); then R is a finitely
generated C -module.

4. = 5. Well-known

5. = 1. Obvious. O

2.5.14 Corollary

If F(R) is a group then R is Noetherian and a finitely generated Z (R)-module over
a Noetherian centre.

Proof. If I is an ideal of R and I~! its inverse in F(R) then there is a finitely
generated Ra; R+...+Ray R C I suchthat we have: (Ra;R+...+RayzR)I™' >
1 hence (RaiR+ ...+ RasR)I™' = R.Then Ra;R + ...+ Ray R = I follows
from multiplying the foregoing by /. So every ideal of R is finitely generated (two-
sided) so we may apply the foregoing proposition. O

Now we look at sets of discrete primes in a finite dimensional K-algebra A. First
we observe that any discrete prime is a Dubrovin valuation ring with an associated
value function v* inducing a discrete valuation on K; indeed its fractional ideals
form a group (abelian) and every fractional ideal is a principle module on the left
(using 7! and multiplying by suitable powers of it). If (P, A”) is a discrete prime
then A” is a finitely generated (left) module over O« = A" N K and hence a free
O,+-module of finite rank, as a Dubrovin valuation it is then also a maximal order
over the discrete valuation ring O,+. So in case A is finite dimensional over K: the
set of discrete primes of A is identical to the set of maximal orders over discrete
valuation rings of K!

A set D of discrete primes of A is said to be proper if they yield inequivalent
a.p.v. (recall that v; is an equivalent a.p.v. to v, exactly if: vi(/) < v;(J) if and
only if v,(/) < v,(J) for fractional R-ideals I/ and J) restricting to inequivalent
valuations of K. A proper set of discrete primes is divisorial if for every g € A4,
v*(g) = 0 for almost all v € D (we may view D as a set of discrete a.p.v.). If
D is divisorial then its elements are called prime divisors. A divisor § of A with
divisorial set D is a formal sum § = ) . y,v where y, € Z is 0 for almost all
veD.

We call y, the order of § in v, written y, = ord,d. In case y, > O forallv € D
we call § an integral divisor. A divisor §; divides a divisor §,, written §;|8, if for
allv € D, ord,8; < ord,s,.

Any divisor is determined by the function ord : D—Z,v +— y,. We define
81446, by ord, (81 +6;) = min{ord,(81), ord,(82)}; 61.6, is defined by ord, (6,.6;) =
ord,(8;) + ord,(8,). The set of divisors for D, div(D), equipped with the multipli-
cation introduced above is an abelian group.
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Consider a proper set D of discrete primes such that for almost all (P, A”) € D,
A" contains a fixed arithmetical ring R (e.g. a maximal order over a Dedekind
domain D in K). Let D(K) be the set of discrete valuation of K induced by the
veD.

2.5.15 Lemma

If D(K) is divisorial then D is divisorial.

Proof. Take ¢ # 0in A, ¢ = ¢~ 'r for some ¢ € K, r € R. Since D(K) is
divisorial v*(¢™!) = 0 for almost all v*|K, consequently ¢ € 0,xR C A" for
almost all (P,, A™) in D. For every invertible g € A it then follows that v*(q) = 0
for almost all v € D since 0 = v¥*(gqg™") > v*(¢) + v*(¢~") > 0 for almost all
v € D (each v* is a value function!). Observe it also follows that for every fractional
ideal I of R, v(I) = 0 for almost all v € D! O

For a fractional ideal I of R define the divisor: 0; = > . v(I)v, the ideal
divisor of /.

In case I = RgR for some ¢ € A, then d; is said to be principal. A divisor
as before is principal if 9, = ) .p v(¢q)v. For a principal divisor we define the
divisor of zeros as: 9,4y = ) _,,)~o v(¢)V, the divisor of poles is defined as: d,,4) =
Zv(q) _o—v(q)v. Note that, in case R is contained in all A” appearing in D, then
principal divisors are exactly all principal ideal divisors.

2.5.16 Corollary

With R and D as before, the map:
d: F(R)—Div(D),I — 0,

is compatible with sum and product (similar result for principal divisors fails if
R ¢ A” for some A" appearing in D!).

If R is a maximal order in A over the Dedekind domain D in K let D(R) consist
of all discrete primes (P, A”) of A such that R C A”. Then Z(A") = O, (A
is assumed to be a c.s.a. over K), and m,» N D = p = P N D is a maximal
ideal of D. Then O, is the localization of D at p and Q p—,(R) is a maximal O, -
order in R. Since Qp—,(R) C A" it follows that A” = Qp_,(R) and we have a
bijective correspondence D(R) <> SpecD — {0}. Moreover R = N,ep A’ and the
approximation property holds for D:
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2.5.17 Definition. Approximation Property(A)

Given a finite set vi,...,v, ofa.p.v.in D(R),Ay,..., Ay, € Zand qy,...,q, € A,
there exists an x € A such that: v;(x —¢;) > A;,i = 1,...,n and v(x) > O for all
veDR)-{vi,...,v}.

The property (A) in the situation described above can be established completely
similar to the commutative case.

A modification of the proofs in the commutative case (see e.g. [69]) leads to the
following.

2.5.18 Lemma

In the situation of Definition 2.5.17 there exists an x € A such that v;(x — q;) =
Aiyi = 1,...,n and v(x) > O for all v € D(R) — {v1,..., v}, (A;-property).
Also, for v;, A; as before there exists an invertible x € A that is right invariant for
APv1: such that vi(x) = Ay, v;j(x) = A; for j = 2,...,n and v(x) > 0 for all
v € D(R) — {vi,..., v}, (Ax-property).

This leads to the following, in the situation of the lemma.

2.5.19 Proposition

The map d : F(R)—div(D(R)) is bijective, i.e. it is an isomorphism between
the abelian groups div(D(R)) with multiplication of divisors and F(R) with
multiplication of fractional ideals. Integral ideals of R correspond to integral
divisors, prime ideals correspond to prime divisors i.e. D(R).

For a c.s.a. A over K look at Dy(K), the set of discrete valuations of K
containing some subfield k. It is well-known that there exists a finite subset Vx C
Dk (K) such that D = Dy (K) — Vi is divisorial in K and satisfies the (A)-property.
For each v € D choose a maximal O,-order A, in A4, then this is a discrete prime and
so we obtain a set D(A) which is divisorial in A. There is a finite subset V4 C D(A),
consisting of those A, for v € Vi, such that D(A) — V4 satisfies condition (A). We
define the divisors of A as divD(A). The subset /divD(A) consists of ideal divisors
i.e. divisors defined with respect to the divisorial set D(A) — Vy; the elements of
1divD(A) may be viewed as ideals of some maximal order over a Dedekind domain
in A, (cf. Proposition 2.5.19). When K is a function field in one variable over k, the
foregoing is used in a Riemann—Roch theorem for c.s.a. over K.

Again we look at c.s.a. over K with a Dedekind domain D in K such that
Q(D) = K. Fix a nonzero prime ideal p of D and look at the set: Q(A4) =
(C,Q,A), A asubringof Asuchthat ANK = D, Q aprimeof A,Q N K = p.
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We consider Q r(A) C Q(A) where (Q,A) € Qr(A) if A is a finitely generated
R-module.

Both sets can be ordered in two ways: first by the domination relation: (Q, A) <
(Q1,2)ifandonlyif A C Ay, Q C Q4,0 = Q1 N A, secondly by the inclusion
on the Q inthe (Q, A).

Maximal elements with respect to the domination relation are called dominating
pairs, resp. finite dominating pairs, in Q(A4), resp. Qr(A4). Clearly maximal
(finite) pairs are also dominating (finite) pairs. There are maximal pairs that are
not finite, for example in the case D is O, with maximal ideal m,, then m, 4+ Ka
for some a € A such that a®> = 0 (exists if 4 is not a skewfield) is contained in a
maximal pair which cannot be finite because m, + Ka is not a finitely generated
O,-module.

2.5.20 Lemma

Let (Q, A) be a finite dominating pair and 2 a maximal D-order containing A.

1. (Q,A)isaprimein € and Q is a maximal ideal in A.
2. Q contains a nonzero ideal of 2.
3. Q and A are D-lattices in A4 (i.e. both contain a K-basis for A).

Proof. 1. Consider Q((S2) the pairs of Qy(A) contained in Q. If (Q",A") €
Q7 (S2) dominates (Q, A) then Q'NA = Q yields that (Q’, A’) lies over (p, D).
Since A" C Q it is a finitely generated D-module, thus (Q’, A’) € Qr(A).
Since (Q, A) was dominating, Q = Q’ and A = A’ follows and thus (Q, A) is
dominating in Q r(£2). As in the proof of Proposition 1.1.8 it follows that (Q, A)
is a prime if Q. Now A/Q is Artinian (finite dimensional over k = D(p) hence
Q is a maximal ideal in A.

2. Forn € N, p"Q + Q is a finitely generated D-module. If foralln € N, (p"Q +
QO)NA # Qthenl € p"Q+ Q. Localizing centrally at p yields 1 € p"Q,+Qp
for all n, and the latter is a finitely generated D ,-module. Since €2, is a maximal
D ,-order, then p2, C J(£2,) and Nakayama’s lemma entails 1 € Q,. Hence
thereisad € D suchthatd € D — p,d.1 € Q, but that would contradict
Q N D = p. Thus for some n,1 ¢ p"Q + Q,ie. (p"QL+ Q)NA = Q.
Put B = (p"Q2+ Q)+ A = p"Q + A. Then B is aring and p"Q + Q
is a maximal ideal of B since Bp"Q + Q = A/Q is simple (see (1)). Now
(p"Q + O, B) dominates (Q,A) in Qr(A) thus B = A, Q = p"Q + O,
yielding that p"2 C Q for somen € N.

3. Since €2 contains a K-basis, thus Q contains a K -basis by multiplying a suitable
element of p” (as p"Q C Q). O

The following theorem tells us that maximal pairs (primes) in Q(A) are the
indecomposable normal ideals of A lying over a fixed p C D. hence the maximal
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finite pairs are exactly the generators of the Brandt groupoid in classical maximal
order theory [57].

2.5.21 Theorem

1. If (Q, A) is a dominating pair in Q r(A) then Q is a maximal ideal or a maximal
one-sided ideal in a maximal order €2 of A containing a maximal ideal lying over
p CD.

2. Every maximal one-sided ideal L in a maximal order Q2 of A, lying over p C D,
arises as a maximal finite pair (L, QF).

Proof. 1. Look at a dominating pair (Q, A) in Qr(A). By the lemma we find a
maximal order 2 over D such that (Q,A) is a prime in Q. Since (Q,A) is
dominating we have A = Q2. Since Q contains a nonzero ideal of Q, 0° C O
is a nonzero prime ideal of €2, thus a maximal ideal of Q2. Now Q / Q¢ is a prime
in Q/0° and the latter is a ¢.s.a. overk = D/p. The O = Q/Q° lies over
the trivial prime (0, k) in k. We have Q/Q¢ = Enda V' over some skewfield A.
Now primes of Enda V over (0, k) are characterized by O = £,Q + Qe, where
€1, &2, &3 are orthogonal idempotents in Q= Q/Q°suchthate; + e+ 63 =1
(from the classification of k-primes in Enda V [69]). Thus Q = ¢;Q+ Qe+ Q°
with é; = ¢;. Observe that the characterization used here holds only if 2/Q¢ %
A, but in the other case O = 0 is the only prime lying over o in k, then Q0 = Q°
and (1) follows. Now consider S = Q + Qe1(Q°)'e;Q. If SN A ¢ Q,
then by the lemma: 1 € Q + Qe (Q°) 'e2Q. Since e;,e; € Q C S we have
l—e —e € Sore; € S.Frome;e; € Q° and el.2 = ¢;modQ° it follows that
e3Se; C Q°. Thene3 € Q°, yielding e3 = &3 = €3 + Q° = 0, a contradiction.
Therefore S N A C Q thus S N A = Q. As in the proof of the lemma, this is
impossible unless S = Q or Qe (Q°) 'e2Q C Q. We calculate:

e1e1(0°) 'erer C O = e1e1(0°) erer C (e1 + 0°)(0°) ' (ea + 0°)
Cei(0%)'er + 0°(0%) ter +e1(Q)7'0° + 0°(0°) ' 0° C
Ce(0)le, + Qe +e1Q+ 0

Since Qe; + e + Q° C Q we deduce that e;(Q°) e, C Q. If neither e; nor
ey isin Q¢ then Q(e; + Q)2 = Q implies:

(07" =202 = Q(er + 0)Q") ' Qe + Q)

a contradiction because (Q°)~! ¢ Q. Thus e; or e, is in Q°. Thus Q is either
a left or right ideal in Q. If Q is an ideal of 2, then O = Q¢. The first part is
proved.
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2. If L is a maximal one-sided, say left, ideal of €2, then (L, Q%) is a localized pair
(hence dominating hence a prime). That (L, Q%) is a maximal pair then follows
from the maximality of L and part (1).

Takea,b € QL — L and supposeab € Lthenl = A +raford € L,r € Q.
Then 1 — A = raand (1 —A)b = b —Ab = rab € L.But Ab € L as
b € QF, thus b € L follows, a contradiction. hence L is a prime ideal in QL.
or (L, %) € Qf(A). To prove it is localized take x € Q — QL,ie. Lx ¢ L.
Then1 = A + A'x forsome A,A" € L,or A'x & L with L = LA + LA x, thus
LAM'x C LorMx € QL with Mx ¢ L. O

If we take (D, p) to be (O,,m,) a discrete valuation of K then Theorem 2.5.21
becomes the following

2.5.22 Theorem

With (D, p) being (O,, m,) in the foregoing theorem, the following statements are
equivalent:

1. (P, A) is a maximal finite prime over (m,, O,).

2. (P, A) is a maximal finite pair over (m,, O,).

3. P is a generator for the Brandt groupoid over (m,, O,), that is a maximal one-
sided ideal in a maximal order 2 over O, in A.

Proof. Trivial from the foregoing theorem. O

2.6 The Riemann—-Roch Theorem for Central Simple
Algebras Over Function Fields of Curves

As an application of our theory or arithmetical pseudo valuations we will present
a Riemann—Roch theorem for central simple algebras over curves. This goes back
to some first approaches by Van Deuren and Van Oystaeyen [66] and Van Deuren,
Van Oystaeyen, Van Geel [67], but the most elegant form was given in J. Van Geel’s
thesis, cf. [69]. In [76] it was considered as a part of noncommutative geometry.
It will show that the apv allow a divisorial calculus on function algebras. A
cohomological version of the Riemann—Roch theorem over higher dimensional
varieties was developed by M. Van den Bergh, but here there is no relation with
valuation theory. Probably the first approach to a kind of Riemann—Roch theorem is
due to Witt based on a duality result, cf. [81], but the theory described hereafter is
more general and more complete. Notwithstanding the fact that the results are now
more than 30 years old, it seems that the tools for effective divisorial calculations in
c.s.a. over function fields have not been used to the full. Perhaps the inclusion of
this theory in this book may help to gain new attention to the subject.
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In this section K is an algebraic function field in one variable over k, i.e. k
is algebraically closed in K is assumed. A central simple algebra A over K is a
function algebra, A = M, (A) for some skewfield A.

D(K) is the set of k-valuation rings of K, these are discrete valuation rings.
Fix for every valuation ring O, C D(K) a maximal order of A over O,, say A,,
this defines a set D(A). The latter may be viewed as a set of localized primes of A
and D(A) is a divisorial set. For the choice of the maximal O,-order A, in A we
may first choose a maximal A, of A and put A, = M,(A,). To every A, there
corresponds an a.p.v. (we denote this again by v) via the set of fractional ideals
of A,. The complement of a finite set Vx in D(K) defines a Dedekind domain
D = nN{0,,v € D(K) — Vk}. Then R = N{A,,v € D(A) — V4} is a maximal
D-order, where V is the set of A, for v € Vk; the set D(A) — V4 is a divisorial
set satisfying condition (A). Hence for every finite set ' C D(A) we have (4) and
(A1), (A2). An apv defined on F(R) yields an apv defined on F(A,) for some
v (exactly the apv corresponding to v* for the v defined over R). Indeed A, for
v € D(K) — Vk is the central localization of R at Z(R) N P (as the latter is
a maximal order contained in A,) hence a fractional ideal / for R extends to a
fractional ideal A, (a A,-bimodule!) for A, and the associated value of the apv is
in both cases given as the y € I" suchthat ] C F,Aand I ¢ F, A fory’ < y;
since I C F,Aifandonly if FoAl C F,A,or A, 1 C F,A.

We write m, C O, for the maximal ideal and P, C A, for the maximal ideal of
A,; weputk, : O,/m,, A, = A,/ P,. Then k, is a finite extension of k and A,is a
central simple algebra with Z(4,) D k,. Both A, and Z(A,) are finite dimensional
over k. We put: [A : K] = N, f, = [A, : k] is the absolute residue class degree
of v, p, = [A, : k,] is the relative residue class degree of v. If v¢ is the normalized
restriction of v to K, i.e. v“(;r) = 1 for some uniformizing element = of O, put
JSve = [k, : k]. For some e, € N, Aym, = P¢; this number is the ramification
index of v. If e, = 1 then v is said to be unramified in A. The following equalities
hold:

1. e,pp =N
2. ovfre = f

3. If IT is uniformizing for P, then v(r) = v(I1*) = ¢,

Let Div(A4) be the group of divisors generated by D(A), Div(K) the group of
divisors generated by D(K).

For the § € Div(A4),degé = ), fiord,(§) is the degree of §. To a divisor d =
>y in Div(K) we correspond 84 = Y e,y,v in Div(A) and call it the extended
divisor for d.

2.6.1 Observation

For d and 8, as before: degd;, = Ndegd. Indeed, degé;, = > fiord, 8y =
> freyordied =Y p, fieeyord,ed = N Eficord,d = N.degd.
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2.6.2 Definition

The subring [ = N{A,,v € D(A)} is called the constant subring of A.

2.6.3 Proposition

The constant subring [ of A consists of k-algebraic elements and it is a central
simple algebra finite dimensional as k-vectorspace.

Proof. 1t suffices to prove the statement in case A = A is a skewfield (by taking
afterwards matrix rings over everything). Consider the reduced norm Nr : A—K
(cf. Reiner, Sect.9). If A, € D(A), P, the maximal ideal of A, then the ideal
generated by {Nrx,x € P,} is in m, (see also Reiner [57] Theorem 24.13). If
a €lthena € A, forallvand Nra € O, forall v € D(K), i.e. Nra € k. Since A
is a skewfield, Nra = 0 if and only if a = O thus Nra & m,, forall v as k Nm, = {0}.

Hence a ¢ P, for v € D(A). Then I — A,/P,, the latter being finite
dimensional over k, thus [/ : k] < oo. Since / is an Artinian domain it is certainly
simple. O

2.6.4 Corollary

With notation as before: / = {a € A,a = 0 orv(a) = 0forallv € D(A)}.

Proof. Thatl C {a € A,a =0orv(a) =0forallv e D(A)}isclear. Ifa # 0inl
has v(a) > 0 for some v € D(A), then P, N[ # 0. Since [ is simple and P, N/ # [
we arrive at a contradiction. O

With notation as introduced before, we fix a K-basis for A contained in R, say
{uy,...,un}, hence u; € A, for almost all v € D(A), in fact for all v € D(A) — V.
The divisors of Div(A) generated by elements of D(A)— V4 are divisors of R. Since
D(A) — V4 is divisorial and (A) holds, the ideal divisors of R are given exactly by
the 7 (R), the fractional R-ideals.

Consider the completion A, of A with respect to v, i.e. Ky @k A.Let U A4) =
HveD(A)/IV, this is a k-algebra.

The algebra of valuation vectors V(A) is the k-subalgebra of U (A) given by
{€ € U(A),v(€) = v(£,) = 0 for almost all v € D(A)}. If £ € V(A) has v(€) = 0
for almost all v € D(A) then it is called an idele of A. Ideles form a multiplicative
subgroup of I}(A), written /(A). To every idele £ of A there corresponds in a natural
way a divisor of A4, ye = ZveD(A) v(£)v, and it is easily seen that all divisors are
obtained this way. We embed A into /(A) by a + (a,a, . ..), using this embedding
A may be viewed as a subalgebra of V(A).
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2.6.5 Definition

For § € Div(A) we define the §-parallelotope of V(A) to be the k-subspace of I7(A)
given as: .
={& € V(A),v() > ord,§ forall v e D(A)}

Incasea € A,a € 1(A) we mention a-or a-parallelotope when we mean IT,,, resp,
ITs,.

Let U (K) be the space of valuation vectors for D(K). We have a well defined
k-linear map: ¢ : V(K)N—>V(A) &1,....,6v) = &y + ... Eyuy. The relation
between ¢(V(K)N), s, V(A) is expressed in the following lemma.

2.6.6 Lemma

1. Forevery § € Div(A) : ¢(V(K)N + ITs = V(A).
2. There exists an « € I(A) such that: T, + 4 = V (A).

Proof. 1. For & € V(A) define O = {v € V(A),v(§) > 0,0rd,(§) # 0}. In view
of property A.1 there is an a € A such that: v(a — &) > ord,(6) forallv € Q.
Write a = Xa;u; and define n; by: (n,)va =gq;ifveS () =0ifvS§S.
Then it is clear that § = Xn;u; € ¢(V(K)N) and £ — 6 € II,.

2. From the commutative case we know there exists an ax € I(K) such that
V(K) = K + I, hence ¢(V(K)¥) = ¢(TIY ) + A. Since v(S&u;) >
min{v(&;) + v(u;)} and v(u;) depends only on u;, there exists a lower bound for
the values of elements in ¢(H5K) thus there exists a parallelotope ITg such that
¢(TIY ) C Tlg,. This yields V(4) = ¢(V(K)N) + Ty C Mg + Mg+ A C
IT, + A for some o € I(A). O

For a divisor § of A and finite subset S of V(4) we consider L@|S) = {a €
A,v(a) > ord,(§),v € S}.1f §;|8, then L(5;|S) D L(82]S) and also IT5, D Is,.

2.6.7 Lemma

Let §;|8, be divisors of 4, S = {v, ord,(§;) # 0 or ord,(8>) # O} then: I1;,/I1s, =
L(51]8)/L(5:S).

Proof. If a € L(8|S) put & € Ils by (&), = aif v € S and (§,), = 0 if
v & S. The map a +— &, is k-linear i : L(6;|S)—I1;,. If i(a) € Ils, then
v(a) = ord,(8,) forv € §,ie. a € L(8,|S). Thus i defines a monomorphism
L(81|S)L(82]S)—1s, / I;,. For a € Tlg, there is an a € A such that v(a — a) >
ord,(8,) for all v € S, by the A;-property. Thus §, — o € Il;, and also v(a) >
min{ord, (d,), v(«)}, which is larger than ord,(§,), thus & € L(5;|S). This yields
the desired isomorphism. O
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2.6.8 Lemma

Let §,|6, as in the foregoing lemma, then:
dimy (L(8:]S5)/L(8:]S)) = degd, — degd,

Proof. In view of the additivity property of the statement we may assume, without
loss of generality, that ord,(§;) = 1 + ord,(6;) and ord,/(6,) = ord,(8;) for all
vV # v, ie. degd, — degé; = f,. By the property A.3 (cf. Lemma 2.5.18) we may
take u € A such: v(u) = ord,(8;) and Vv/(u) > ord,(8;) for all Vv € S,V # v
where u is regular and right invariant for A,. For ay,... a4+ in L(6;]S) the
ayu™", ... ays+1u”" have positive value at v so they are in A,. But [4, : k] = £,
so there is a relation £A;a;u~' € m,A, with not all A; € K being zero. Thus
YAia; € L(8,|S) and it follows that: dimy L(61]S)/L(82|S) < fi. If x1,...,x, in
A, are linearly independent modulo m, A, then choose x| € A such that v(x/—x;) >
0,v(x;) > Oforallv in S,V # v. Then x{ = x; mod A,m, and x;u € L(5|S)
and these are easily seen to be k-independent. So dimy (L (6;|S)/L(52]S)) = f, and
equality follows. O

2.6.9 Corollary

As before let §;|8, then:
dimy I15, / s, = (I15, : I1s,) = degdr — degd;

If S equals I7(A) then we write L(§|S) = L(§),L(§) = ANTl;

2.6.10 Proposition

With notation as above: /(§) = dimy L () is finite and bounded.

Proof. Let ¢ be the unit divisor, i.e. ord,(¢) = 0 for v € D(A). Then L(¢) = [ and
Proposition 2.6.3 entails that dimgL(e) = n < oo. If §;|6, then: (I, : I;,) =
(ITs, N A) : (I15, N A), thus:

degd, —degé; = 1(81) —1((62) + (ITs, + A : Is5, + A) (%)
Put m(8) = I7(A) : I1s + A and chose « such that [T, + A = V(A) (see

Lemma 2.5.8.(2)). Select a divisor §; for which I1s, = I1, + IIs. Then §,|§ and
degd — degé; = [(61) — [(8) + m(6).
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Thus m(8) is finite and dimg (L(81)/L(8)) < dimg(L(6:1]S)/L(52|S)) where
S = {v,ord,§; # 0 or ord,§, # 0} is a finite set. Thus /() is finite because
[(g) = [ is finite dimensional over k.

We now may rephrase (x) as follows:

degd, — degéy = 1(81) — 1(82) + m(8,) — m(8;) hence
(degdy + 1(81) —m(81) = degd + [(82) —m(62)

Comparing any two divisors § and 8’ with their greatest common divisor §” defined
by: ord,(6”) = min{ord,(8),ord,(§")} then yields that deg§ + [(8) — m(§) is
independent of § and it is finite in view of the foregoing. O

2.6.11 Definition

The integer 1 —degd — [(8) + m(8) = ga is called the genus of A (it is independent
of §). Note that g4 does depend on the choice of D(A) but we will show later that
another admissible choice for D(A) will define the same genus.

Using the ITs as a fundamental system of neighbourhoods one may define a
topology on U (A) and 17(1( ) and put the product topology on U (K)V.Lemma?2.3.8
then yields that ¢(I7(K )V) is everywhere dense in V(A). We also may derive (as in
the commutative case).

2.6.12 Corollary (of the Finite Dimensionality of L(§))

The map ¢ : I}(K)N — V(A) is bicontinuous k-linear and thus ¢(I}(K)N) =
I}(A) ie. 17(A) = I7(K)N as k-vectorspaces (topologically). Thus I7(A) is
complete like I7(K ).

To phrase the Riemann—Roch theorem in its classical form we have to introduce
noncommutative differentials or valuation forms, this will allow to give other
interpretations of the genus. The theory is now a modification of the commutative
case using the extension of the reduced trace map.

2.6.13 Definition

A valuation form is an element of the dual V(A)* of I7(A) as a k vectorspace,
vanishing on a subset I1s + A (i.e. it is continuous in the product topology of
V(K)Y).

If 618, then 15, + A C Ils, + A so a valuation form vanishing on ITs, + A4 also
vanishes on I1s5, + A. Put M(§) = {all valuation forms vanishing on 15— + A}.
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Clearly M (8) is a k-space which is dual to I7(A)/ [s—1 + A, thus dim; M (5) :=
m$~1) = dim V(A)/ z—1 + A.

In the commutative case valuation forms have been studied extensively. We
just recall the following: the valuation forms of a function field K form a one
dimensional K-space and for every valuation form w there is an upper-bound ITs—
such that w € M (§). Moreover, a fixed class i.e. the canonical class, is obtained as
the class of divisors determining maximal parallelotopes in which valuation forms
vanish and the degree of a divisor in the canonical class is 2—2g where g is the genus
of the function field. We will now derive similar properties for function algebras A
over K as before.

We let T'r be the reduced trace map of A (cf. [57]). Fix a K-basis {uy,...,uy}
of A and consider Tr(u,—) : x +— Tr(ux) for every u € A. Then Tr(u,—)
is K-linear and Tr(u,—),...,Tr(uy,—) are K-linearly independent in A* =
Homg (A, K) because Tr(ux) = O for all x € A if and only if u = 0. We
have a K-basis {Tr(u;,—),...,Tr(uy,—)} for A* and for f € A* : f(-) =
va:l a;Tr(u,—) = Tr(X:lN:l aiui,—) = Tr(u,—) foru = Za;u; € A; thus
every f € A* is of the form Tr(u,—) for some u € A. Any f € A* extends to a
K- llnearf V(A)—)V(K) as follows, if f(u,) = q; then foré = Y&k u; € V(A)
we put f(§) = Xfk,a; witha; € K. Then f is K-linear and V(K) -homogeneous:
f(k&) = nk f(&) for every nk € V(K),g € V(A). It will not create ambiguity if
we write f for f again.

2.6.14 Proposition

Every valuation form 2 on I7(A) is of the form w(7'r (a, —) for some a € A and w
a fixed nontrivial valuation form on V (K).

Proof. Consider a valuation form € on V(A),E = X;ékiu; € V(A), then
Q&) = X,Q(Eku;) and the maps Q(—u;) define valuation forms on I7(K). Let
us fix a valuation form w on K then Q(—u;) = w(A;—) for some A; € K (one
dimensionality of the valuation forms on K!)

Thus Q(€) = w(Z;A;ék,) and the map V(4)—V (K) given by Séx u; +—>
3 Ai€k.; is obviously K-linear and V(K )-homogeneous thus equal to T'r(a, —) for
a € A O

In the sequel we fix a nontrivial valuation form w for K, i.e. a generator for the
space of valuation forms.

2.6.15 Proposition

There is an upperbound for the parallelotopes I15—1 such that w(T'r(—)) € M($).
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Proof. To an x € L(8~") there corresponds a valuation form xw(7r(—)) defined
by: xw(Tr(§)) = w(Tr(x§)), for& e I7(A). This yields a valuation form on IT, +
A, where ¢ is the unit divisor, because we have w(Tr(—)) € M(5). The map W :
L~ D=M(e), x — xw(Tr(-)) is k-linear and if w(7'r(x§)) = 0 for all § in
V(A) then 7r(x§) = O forall £ in V(A) (either T'r(x—) is surjective or Tr(x—) =
0 as w is nontrivial). Thus then x = 0 or W is injective. For the k-dimensions we
get:

1(67") < dimM(s) = I(g) + deg(e) + g4 — 1 =n + g4 — 1,and
167" +deg(87 ) =1— gy +dimM©S) > 1 —gy4

Thusn + g4 — 1 +deg(8™') > 1 —g4ordeg(6™') >2—2g —n.Soif wT'r(—) €
M (§) then the degree of §7! is bounded from below. Hence there is an upper bound
for strict chains ... C g1 & HS:L C ..., where w(Tr(—)) € M(6;), since

deg(8; N> deg(8,+1)

An upper bound for all parallelotopes in which w(7'r(—)) vanishes follows from
the fact that: if w(Tr(=)) € M(G;),w(Tr(=)) € M(S,) then w(Tr(—)) is in
M (ged(8y,82)) where ged(dy, 62) is the greatest common divisor of §; and 8, as
defined earlier. O

2.6.16 Observation

In case A is a skewfield then any valuation form 2 is of the type w(7T'r(a—)) for
some a € A and now a is not a zero-divisor. Thus the above proposition then holds
for all valuation forms 2 on V(A).

We now establish the Riemann—Roch theorem, as before its proof is mainly linear
algebraic and uses the form (A.3) of the approximation theorem.

2.6.17 Theorem Riemann—Roch

Let o be any divisor for A, then deg(er) + I(a) = (@™ '87") + 1 — g4, where §!
is the canonical divisor.

Proof. From the proof of the foregoing proposition ¥ : L(§)—M(ad), x
xw(Tr(—) is a k-linear injection. If TIz—: is chosen to be maximal such that
w(Tr(—)) € M(§) (defining the “canonical” divisor) then v is surjective. Indeed, if
Q € M(ad) then 2 = w(Tr(a—)) fora € A. If a € L(x) then v(a) < ord,(«) for
some v. If we take £ € I1,~15—1 then w(T'r(a&)) = 0, so the minimal parallelotope
containing aIl,—15—1 maps to zero, by continuity of 4,, and maximality of ITs—
yields a I1,—15—1 C I1z—1. This however contradicts a & L(«) because & + I1,—15-1
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can be taken such that &, is right invariant for N, and v(§) = ord, (@~ '87")
(using A.3, Lemma 2.5.18), hence v(aé) < ord,(§7!). Thus we may assume
that L(o) =~ M(ad) for every divisor o and a dimension calculation yields:
m(a~'867") = I(a) or m(a) = I(«~'87"). As in the proof of Proposition 2.6.10,
deg(a) + I(o) = m(a) + 1 — g4, so the foregoing yields the desired formula. O

2.6.18 Remarks

1. Take @ = ¢ then we obtain from the Riemann—Roch theorem: deg(e) + I/(¢) =
1Y+ 1—gyq,thus () =n—1+ gy4.
2. Take @ = §~! he canonical divisor, then:

deg(6™") +1(67") =I(e) + 1 — gy, thus
G Y+n—ldgi=n+1—gs ordd)=2-2g4

To every v we may look at the completion A, in A, the v- completion of 4; it
is clear that A, is an O,-maximal order in A". Again let w be the fixed valuation
form for K, 2 = w(7T'r(—)). The local components of w and 2 are defined by the
valuation forms: wy(x) = w(x,), 2,(§) = Q2(§,). let IT,—1, resp. IT5-1, be maximal
parallelotopes in V(K), V(A), so that w, resp. £2, vanish on them. The v components
of the divisors & can be interpreted as O,-ideals resp. A,-ideals, say (71,)", resp.
(P,)H.

2.6.19 Definition

The inverse local different for A, is the fractional A ,-ideal D! ={x € A, Tr(xR)
C O,}. The ideal (D;Y~! = D, is the local different for A,.

From [57] we recall that D, = (ﬁv)ev*l so D, is the unit ideal if and only if v¢ is
unramified in A. The different of D(A) is given by D = }_ cp 4 (e — D)v, i.e. the
different is the divisor for D(A) having for the local components exactly the D,,.

2.6.20 Corollaries

1. For «, § as before: § = 8,D where §, is the extension of & to D(A).
2. The genus g4 is an invariant of A.
3. Wehave: g4 = Ngxg — N + 1+ %Efv(ev—l)-



2.6 The Riemann—Roch Theorem for Central Simple Algebras Over Curves 173

Proof. 1. Q,(ITg—1) = 0 is equivalent to w,(Tr(P, ")) = 0, or Tr(ISV_M“) C
m,", ie. Tr(ﬁv_“ "ml¥) C Ov. This yields that P.™ m? is the inverse local
different of A, . By looking at all local components we find § = §,D.

2. The ramification of v¢ in A does not depend on the choice of the maximal O,-
orders A, in A. The genus of K is an invariant of K, thus deg(a™!) = 2 — 2g,
deg(8™') = 2 — 2g,4 together with the relation § = §,D yield that g4 is not
depending on the choices involved.

3. From degé, = Ndego and a straightforward calculation argument. O

2.6.21 Examples

1. If every v¢ is unramified in 4, e.g. if A = M,,(K), then: g4 = Ngxg — N + 1.
2. Let A be M,,(A), A a skewfield. Then ex, = €4, = e,, thus f, = [4,/P, :
A/ P, N A fay = m?fa,.Soputting N = m*?, r> = [A : K] we obtain:

1
g4 = NgK—N +1 +§Efv(€v— 1)
1
=m* gk =1+ 5 ) faslen =1 +1
1
= m*(rlgx —r* + EZfA,,.(ev— 1+ 1)+ 1—m?

Thus g4 = m?ga —m? + 1.

There are many other examples, see for example [69], but the calculations of the
genus and related invariants for elements of the Brauer group Br(K) remain almost
uninvestigated. Explicit calculations for higher dimensional function fields, e.g. with
respect to noncommutative valuations of higher rank or even in terms of Dubrovin
valuations also remains up to now a totally open area.



Chapter 3
Extensions of Valuations to Quantized
Algebras

3.1 Extension of Central Valuations

We look at skewfields obtained as total quotient rings of algebras defined by genera-
tors and relations. It is of particular interest to consider so-called quantized algebras
stemming from noncommutative geometry because we hope to use valuation theory
in the construction of a kind of divisor theory in noncommutative geometry.

Consider a field K with valuation ring O, C K having maximal ideal m, C O,
and residue field k, = O, /m,. Let A be a connected positively graded K-algebra,
A=K® A ®...®A,®..., whereeach 4; is a finite dimensional K-space and
A = K[A], Ay = ®/_,Ka;. We view A as an algebra given by generators and
relations:

0>R—>K<X,.... X, >—->A4—-0

where K < Xi,..., X,, > is the free K-algebraon {X},..., X,} and x is given by
w(X;) = a;,i = 1,...,n. The ideal of relations R is homogeneous in the usual
gradation of K < Xj,..., X, >. We can also consider the ungraded case where
A is a finitely generated K-algebra with generators ay,...,a, and m defined as
before but then R is not homogeneous is the usual gradation of K < X,..., X, >.
Restriction of 7 to O, < X > defines a graded subring A of A with Ay = O,

0->RNO, <X>>0,<X>—A—->0

resmw
It is clear that 7 maps w, < X > to w, A which is a graded ideal of A. We write:

A=A/wy,AandR=(RNO, <X >)+w, <X > /w, <X >, so we arrive at
the following commutative diagram with exact rows:

Marubayashi and Van Oystaeyen, Prime Divisors and Noncommutative Valuation Theory, 175
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0 R k,<X>;-Aﬁ-O

0 — RNO,<X> — O)<X> — A —= 0

0 R K<X> —— A ——=0

T

When R is generated by p;(X),..., ps(X) as a two-sided ideal, then we may
assume p; (X) € O, < X > up to multiplying by some constant but it does not fol-
low that RN O, < X > is generated as a (two-sided) ideal by { p;(X), ..., ps(X)},
nor that R is generated by the reduced expressions 7,(X), ..., 7,(X), obtained by
reducing coefficients at m,,.

3.1.1 Definition

We say that R (or A) reduces well at O,or that A defines a good reduction, if R
is generated as an ideal by {p,(X), ..., p;(X)}.

Let us write fK for the ["-valuation filtration of K associated to v and define a
Ifiltration fK < X > by putting: fory e I', f, K < X >= (f,K) < X >.The
latter is a strong filtrationon K < X > with /oK < X >equalto O, < X >. A left
ideal J of O, < X > is said to be v-comaximal of forall y € ', J N (f, K) <
X >=(/,K)J.

3.1.2 Lemma

If the ideal L of O, < X > generated by p;(X), ps(X) is v-comaximal then R
reduces well at O,.

Proof. Since fK < X > is a strong filtration and for any r € f,K < X >
for some y € T yields f,-1K < X >r € RN ffK < X >, we have that
R=K<X> (0, <X >nNR).Let L’ be the left ideal in O, < X > generated
by {p1(X),..., pa(X)}; then we have L'K < X >= R since L'K < X > is
the two-sided ideal generated by {p1(X),..., ps(X)}. Forx € fo(L'K < X >)
there is a y € I such that xf,~K < X >C L aswell as xf,— K < X >C
J-yK < X >since x € foK < X >. Therefore we arrive at xf,—1 K < X >C
LN f,-1K <X >= (f,~1K)L by the v-comaximality of L. From this it follows
thatf, K < X > xf,K <X >C (f,K)(f,—1K)L = Lhencex € L.
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Then we obtain:
LCRNO, <X>= fR= fo(LK<X>)CL

arrivingat R N 0, < X >= L being the two-sided ideal in O, < X > generated
by {pi1(X),..., pa(X)}; from this it follows easily that R is the two-sided ideal
generated by the reductions p; (X) of p; (X). O

In case the reduced relations p(X), ..., p,(X) determine a simple algebra then
the O,-reduction is necessarily a good reduction, indeed the ideal (p;(X),....
P4(X)) is now maximal in k, < X >hence R = (p,(X),...,7,(X)).

3.1.3 Corollary

If A = A,(K) is the n-th Weyl algebra defined as K < X;,Y;,i = 1,...,n >
/YiXi = XY, —1,X,X; — X;X;,Y;Y; —YiY;) then the reduced relations define
A, (k,) which is known to be a simple algebra (if char(k,) = 0) so the reduction at
0, is good if char(k,) = 0.

As we have already pointed out the results concerning good reduction are valid
in the ungraded case, but it is interesting to look at positively filtered algebras since
any finitely generated K-algebra inherits a standard filtration viaw : K < X >—
A, X; — a;, from the gradation filtration of the free algebra K < X >. So, let us
assume again that the K-algebra A is given by generators and relation via

*:0>R—>K<X>>A4—->0
Let FA be the generator filtration of A induced by the gradation filtration of K <
X > makingw7 : K < X >> A, X, — q;, into a strict filtered morphism. On R

we may consider the induced filtration FR =R N FK < X >. Then (*) is a strict

exact sequence that is to say that the image filtration on R is exactly the filtration
induced by FK < X > and this yields exactness of G(x) : 0 > G(R) - G(K <
X >) - Gr4s(A) — 0. In fact we have the following:

3.1.4 Lemma
With notation as above, G(A) = Gg4(A) is defined by:

. G(m)
0>R—>K<X>—GA)—0
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where R is the left ideal of K < X > generated by the p forall p € R and p is
the highest degree component of p in the decomposition of p in the gradation of
K < X >. For the Rees ring A with respect to F'A we obtain:

O—>7§—>K<§>”T>Z—>O
b

where 7 correspondsto 7 : K < X >— A on the Rees object level.

Proof. See e.g. [40, Proposition 1.1.5. p. 10]. O

3.1.5 Theorem

If G(A) reduces well with respect to O,, say R is generated as a two-sided ideal
by q1(X),...,q4(X) then there are p;(X),...,ps(X) in K < X > such that
R = (pi1(X),... pa(X)) and p;(X) = ¢i(X) fori = 1,...,d, such that R (i.e.
A) reduces well with respect to O,.

Proof. Choose p/(X) € R such that g;(X) is the homogeneous part of highest
degree in the decomposition of p{(X), fori = 1,....d. Pick u € f,~1K for
y € D'y large enough (how large will be clear in the sequel) and replace X; by
uXi,i = 1,....d. Put degq;(X) = m. Then " p/(X) = q;(uX) + p¥(uX)
where W has degree lower than m; put this equal to p;(uX) fori = 1,...,d. In
the new variables uX;,i = 1,...,d, the homogeneous part of highest degree of
pi(nX) is exactly ¢; (uX) and p; (nX) is in R because u™ p!(X) is a relation for
A. By choosing y large enough we may assume that the coefficients appearing in
W (uX) are contained in O, so that p;(uX) € O, < uX >. Obviously g; (uX)
viewed in K < uX >= K < X > still generates the ideal of relations of G(A).
Now consider the two-sided ideal 7 in K < X > generated by p; (X), then I C R.
By construction we have I = Rsol C R then yields I = R (for example see
[51,52]). Indeed if r € R — I then7 = i forsomet € [ hencer —t € R

and in F,,R with m < n where r € F,R — F,_R, thus (r —¢) = = i; with
ty € Fp, I thenr —t—1; € R and in F,,;’R with m; < m, and so on, leads to
r—t—1u; —...— = 0since FR is a positive filtration, i.e. r € I as claimed.

The good reduction assumption for G(A) means that R N 0,(X) is generated as a
two-sided ideal by ¢;(X),...,q4(X). Taking (RN O, < X >) in O, < X > we
obtain:

(RNO,<X>CRNO, <X >

Since ¢; (X) is the highest homogeneous part of p;(X) € RN O, < X > itisclear
that (R N 0,(X))- contains ¢, (X) and is an ideal of O,(X) (because if A(X) is a
homogeneous element of (RN O, < X >) then it is the leading term of some /(X))
in R N 0,(X) and a nonzero /1 (X).x for some X € 0, < X >= G(0,(X)) is the
leading term of /(X )x for some x with 0(x) = X and h(x)x € RN O, < X >).
Hence we obtain: (RN O, < X >) =RNO, < X >.
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The O, < X >-ideal J generated by the p;(X) isin RN O, < X > and
gi(X) e J C(RNO, < X >) =RNO, < X >yielding: / = (RNO, < X >)-.
As before: J = RN O, < X > follows and this states exactly that R (hence A)
reduces well at O,.

The filtration fA defined by f,A = (F,K)A will be used for extending the
valuation v of K to some quotient ring of A.

3.1.6 Lemma

1. Let A be graded and I' = 7Z and assume A is gr-simple, then the filtration fA
is separated and G (A) is strongly graded. If A is a domain then Gr(A)isa
domain and A is a domain.

2. If A is not graded but simple then the statement of 1 holds too.

3. For a non-discrete I" assume that A has a PBW-basis {a;,...,as} i.e. the
{ai,...,aq} can be ordered such that elements of A have a unique expression
as ordered polynomials in the generators ay,...,a,. Then the statements of 1
are still true.

Proof. 1. Consider I = N{(f,~1K)A,y € I'y+}. Clearly KI C I,IK C I hence
Al Cc I'and IA C I since KA = A. Thus [ is a graded ideal of 4 hence I = 0.
That Gy (A) is strongly graded follows from fA being a strong filtration. If Ais
a domain, then from Lemma 1.8.9 it follows that G s (A) is a domain and then A
is domain too.

2. In the ungraded situation but with A simple the statements of 1 follow in an
almost identical way.

3. If we can establish that fA is ['-separated then it is again a strong filtration and
the statements in (1) follow in the same way. Suppose fA is not separated, that is
there in an x € A such that forevery y € I such that x € F}, A thereisad < y in
I' such that x € f;5A4 too! So for x € (f, K)A this means x € (fsK)A for some
8 < y. Assume that {aj,...,as} is a PBW-basis for A in the ordering given
by the indices . Then x = Y §at = Y na- with & € f,K,n; € fsK. Pick
¢ € f,—1 K such that ¢§; € O, butnot all in m, and cn; € m, (because § < y).
Adapting a common multi-index notation (i.e. inserting some zero-coefficients §;
or 1; when necessary) we obtain Y_(c& —cn;)at = 0. This relation is non-trivial
since not all coefficients are in m,, but that contradicts the P W B-basis property
of {ay,...,aq}. Hence such x does not exist so for every z € A there exists a
y € I'suchthatz € f,Aandz & f,A with i <y, or fAis separated. O

Since we consider I'-valuations on K the I'-filtration defined on a K-algebra A is
not Zariskian i.e. A need not be N. oetherian, so we cannot use results or Zariskian
filtration here. We consider a separated I'-filtration fA on a ring A and S an Ore
set of A such that o(S) consists of regular elements of Gr(A) = G(A). We define
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the localized filtration F'S~' A by putting x € F, S~ 4 if there exists an s € S, s of
degs = v € I', such that sx € fr, A.

3.1.7 Proposition

With notation as before, FS™! A4 is a T'-filtration of S™' A4, I"-separated, inducing
fAon A.

Proof. Since o(S) consists of regular elements of G(A4) also S consists of regular
elements of A. If x € F, S~ A then sx € f,, A for some s € S with dego(s) = t;
there is a § € T such that sx € fsA but sx & fy A for 8’ < §. Hence x € F,—i54
and x ¢ Fy A with §' < t='8. This follows from the uniqueness of y, suppose ssx €
JsyAand sox € f,r Awith T # y,say r < y in I'. By the Ore condition there is an
S such that s,s5 = as, with a € A, where the index of the s’s refers to the degree
of the o'(s). Since o (s,) is regular in G(A) we must have that dego(a) = ado™!
in . Then 0 # $48sX = Ag55—186X € dgso—1 for A C fusc A; on the other hand we
also have that sos5x € So fs, A C fusy A, so if we assume §y to be the lowest in
I' such that ssx € f5,A then from 7 < y we reach a contradiction because ady is
then the lowest containing sy s5x (as 0 (se55x) = 0 (s¢)0(ssx). If x,y € F,S7'4
then ssx € fsy A, 5,y € foy A for some ss,5, € S; thenssy € ngS_lA for s; 55 =
a.5-15p for some s, € S,a5,-1 € Avyields s;5sy = ar5p-15,y € frspm1 Afpy A
hence 555y € frs,A, consequently: s;s5(x + y) = 5:(55x) + 8559 € frsy A,
or x +y € F,S7'A, proving that the F,S™' 4 are additive subgroups. Now for
x € F,S7'A,y € F;S7'A we have sox € fuy A, 58y € [fpa. Write aqy for sqx
and pick s, € S such that s,a4, = a’sp where a’ € f,,,5-14 follows from
o(a")o(sg) = 0(s,)0(aqy) and degay, < ay, hence dego(a’) < payf~'. Now
SuSaXy = Spdayy = a'sgy with sgy € fg. A yields s,8,Xy € fq,p-1A4fpcA C
Suayr A. Putting 5,50 = 5, yields xy € FWS_IA, so FS™'A is a filtration. The
filtration is separated because for x € S™! A there is an 55 € S such that ssx € fs, A
and if §y is such that ssx ¢ f,7A for y’ < 8y then x ¢ F,S™'A for t < y (observe
that F,S™'AN A = f,Abecause fora € AN F,S7'A4 some ssa € f5;A so
dego(a) < 7, hence FS™'A induces fA on A). O

Next we look at the Weyl skewfield D;(K) and a I'-valuation O, in K.

3.1.8 Theorem

Every I'-valuation O, of K extends to a noncommutative valuation ring A, of
Dy (K).

Proof. In view of Proposition 1.8.10.3 it suffices to construct a separated I"-filtration
on D;(K) extending the valuation filtration of K such that the associated graded
ring is a domain. In fact we only have to construct a I'-separated filtration on
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A;(K) extending v on K such that the associated graded ring is a domain because
by Proposition 3.1.7 we can extend this to the localized filtration at the Ore set
A (K)* (the Weyl algebra is an Ore domain) provided o(A;(K)*) consists or
regular elements. Now A = A;(0,) defines a good reduction of A;(K) at O, and
A = Aj(k,) is a Weyl algebra over the residue field k,, hence a domain. Thus
the filtration f"A, (K) defined by fA(K) = (f, K)Ai(O,) has the properties
mentioned in (3) of Lemma 3.1.6 and the elements of o (A (K)*) form exactly the
set of homogeneous elements of G s (A;(K)) = A;(k,)I" where G (K) = k,I" and
these form even an Ore set because A;(k,) is an Ore domain (and k,I" is central
in GyA; and they are certainly regular in G (A ;(K)). For the localized filtration
FD|(K) of fA|(K) the associated graded Gr D (K) is the graded quotient ring of
A (k,)T" which is Dy (k,)T" and a domain! O

3.1.9 Observation

In the foregoing I' is abelian because it comes from O, on the commutative K. We
shall see later that any valuation on D, (K) is in fact abelian!

We can extend the foregoing theorem to K-algebras with a PBW-basis as
follows.

3.1.10 Proposition

Let A be a K-algebra with PBW -basis {aj,...,as}and A = O, < ay,... aq >
Suppose that A is an Ore domain with skew field of fractions Q(A4) and that A =
A/m,A is a domain then v extends to a noncommutative valuation of Q(A).

Proof. Define fA by f,A = (f,K)A for every y € I'. Statement (3) from
Lemma 3.1.6 yields that fA is a I'-separated filtration and G s(A) is a domain.
We have that o(A*) is a graded Ore set of Gr(A) in fact 6(A4*) is the set of
homogeneous elements (nonzero) of G s (A); indeed if @, be h(G r(A))* then there
are a’,b’ € A* such that a’b = b’a by the Ore condition for A* and since G 7 (A)
is a domain o (a'b) = o(a’)o(b) = o(b')o(a) = o(b'a), or o(a’)b = o(b')a. For
x € Gr(A)say x = xp,+...+x,, withx,, € hGr(A)*. Thereisans; € hG s (A)*,
S1Xy, = Y14, hence s1x = y1a@ + s1Xy, + ... + 51x,, witha € hGy(4)* and
Y1 € hGr(A)*.

Then take s, € hGs(A)* such that s251x,, = y,a with y, € hGr(A)*, then
$281X = $2Y14 + y2a + $281Xy; + ... + 5281Xy,. Repeating this n times we arrive
atsi,...,8, € hGr(A)* such thats, ...s;x = ya with y € Gs(A)*, so hG4(A)*
is an Ore set in G s (A). Thus fA defines FQ(A) by localization and the associated
graded ring of Q(A), Gr(Q) is the localization of G y(A) at hG ;(A)* which is a
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domain (and in fact a gr-skewfield Q¢ (A)T"). Therefore FyQ(A) is a I'-valuation
ring extending v on K to Q(A4). O

We have a similar result for Dubrovin valuations using now Theorem 1.8.11.

3.1.11 Proposition

Let A be a K-algebra with PBW-basis {a1,...,a4} andput A = O,<ay,...,as>.
If A is a prime Goldie ring such that A, maps to regular elements of A = A/m,

and A is a prime Goldie ring than v extends to a Dubrovin valuation on the simple
Artinian Q(A).

Proof. The filtration fA defined by f, A = (f, K)A is again separated and strong,
hence G (A) is strongly graded by T' over G;(A)y = A. The homogeneous
elements of G s (K) are central units in G r(A) and G s (A) = G ;(A)oG s (K), hence
G s (A) is also a prime Goldie ring. A regular element of A4, x say, may be multiplied
by a A € K to aregular element Ax of A, such that Ax & m,A. Hence o(Ax) is
regular in A hence in G (A), since o(A) is regular in G ;(A),0(Ax) = o(A)o(x)
hence o (x) is regularin G 7 (4). Then fA extends to the localized filtration FS~' 4,
where § = Ay, and ST!A is a simple Artinian ring. The associated graded ring of
S7'Ais G(S)7'G s(A) which is again a prime Goldie ring as it is an order in the
simple Artinian ring 77'G y(A) where T = G s (A)reg (G 7 (A) is prime Goldie). In
fact 0(S)'G s (A) = Qu(G s (A))G s (K) where Qu(G 7 (A)) is simple Artinian.
In view of Theorem 1.8.11 we obtain that F,S ~' A is a Dubrovin valuation ring. O

The extension problem for valuations of K to K-algebra appearing as simple
Artinian or skewfield quotient rings of algebras given by generators and relations
has now been reduced to finding “good reductions” or more directly to the existence
of an O,-order A defining a suitable filtration on A that extends well to a localized
filtration of Q¢ (A). This comes down to the verification of domain or prime Goldie
properties of the associated graded ring. This method applied to the Weyl field, but
also to other interesting examples.

3.1.12 Observation

In all of the following situation the extension result for valuations O, C K to the
quotient ring of the K-algebra is valid.

(a) The quantumplane A = K < X,Y > /(XY —gYX) and O, C K such that g
is a unit in O,,.

(b) The quantized Weyl algebra A; (K, g) definedas K < X,Y > /(XY —qYX—1)
and O, C K containing ¢ as a unit.
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(c) The enveloping algebra U(g) for a finite dimensional Lie algebra g over K.

(d) Quantum 2 x 2-matrices defined as K < a,b,c,d > with relations: ba =
g %ab,ca = g 2ac,bc = cb,db = q7*bd,dc = q *cd,ad — da = (¢*> —
q?)bcx.

(e) The conformal sl,-enveloping algebra in the sense of L. Le Bruyn given as
K < X,Y, Z > modulo the relations:

XY —aYX =Y. ZX —aXZ =27
YZ—cZY =bX?+Y

at O, containing a, b, ¢ as units.

(f) Let A be as in Proposition 3.1.10 but assuming now that A is Auslander regular
(cf. [40]) and positively graded over a field of characteristic zero. Then it is
known that A is a domain and the extension result follows.

The results in this section open the possibility for developing a valuation and divisor
theory on quantized algebras, these are deformations of classical algebras depending
on certain parameters (as in Observation 3.1.12 above).

3.2 Discrete Valuations on the Weyl Skewfield

In this section K is a field of characteristic zero and A (K) is the first Weyl algebra,
A(K)=K <x,y>= K < X,Y > /(YX — XY — 1). We know that 4;(K)
is a simple Noetherian non-Artinian, Ore domain and it has a skewfield of fractions
D;(K) called the first Weyl field. For A,(K) = A|(K) ® ... ® A;(K) we have a
skewfield of functions D, (K).

The Bernstein filtration of A;(K) is defined by putting degx = degy = 1,
ie. FOA(K), FAi(K) = K® Kx @ Ky, ..., [,A,(K) = (FIA(K)",.... It
is a separated Z-filtration with GrA|(K) =~ K[X,Y], we let o be the principal
symbol map of F. On D;(K) we consider the quotient filtration FID;(K), then
GrD(K) = Q2(K[X,Y]), the graded quotient field of K[X, Y]. Since the latter
is a domain we know that FyID;(K) is a valuation ring of D, (K) and the valuation
filtration of it coincides with FID;(K); the corresponding valuation vp is called
the Bernstein valuation ring of D (K). To a discrete valuation v of D;(K) there

corresponds a noncommutative valuation ring A, and a valuation filtration f,ID;(K)
with (/,D1(K))o = A,.

3.2.1 Observation

If A, is a valuation ring of a skewfield A then the following statements are
equivalent for a, b € A*.
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1. Aya C Ab.
2. v(a) = v(b).
3. al, C bA,.

Proof. (an expansion of Lemma 1.3.2.8).

1. = 21If A,ja C A,b than a = Ab for some A € A, then v(a) = v(A) + v(b)
yields v(a) > v(b).

2. = 3. From v(a) > v(b) it follows that v(b~'a) > O orb~'a € A, and aA, C
bA, follows.

3. = 2.and 3. = 1. follow by symmetry from the foregoing. O

Recall that two discrete valuations v; and v, are said to be equivalent if there exist
n and m in Z such that nv; (x) = mv,(x) for every x € A.

Let us recall how the valuation function v : A* — [ is constructed from a
valuation ring A of A. Put P C A equal to the ideal P = {x € A, x~! ¢ A}.
For A € A define (P : A) = {(a,b) € A x A,arb € P} andcall A; >~ A, if
(P : A1) = (P : Ay). Let [P : A] denote the class of (P : A) with respect to
the foregoing equivalence relation. On the set of equivalence classes I' introduce
the total order induced by the inclusion ordering on the set of (P : 1),A € A.
The functionv : A* — T, x > [P : A] is well-defined. Multiplication of A induces
a multiplication in I" making I" into a totally ordered group. The valuation ring A,
coincides with A and P = w,.

3.2.2 Proposition

A valuation v on a skewfield A has rank one exactly when A, is maximal as a proper
subring of A (this extends Proposition 1.2.12 to the noncommutative case).

Proof. 1If v has rank (1) then I" is Archimedean (cf. Proposition 1.3.1.4). If A, is not
maximal let A’ 2 A, be a proper subring of A, suppose a € A’ — A, and consider
b € A*—A’.Since v(a),v(b) < 0, the Archimedean property yields that there is an
n € Nsuch that v(a™) > v(b™'), orba™ € A, witha" € A’ and b € A,a" C A,
contradiction. Conversely, if A, is maximal then 2tw, = 1. Indeed, any nontrivial
prime P & w, is a completely prime ideal (since left ideals of A, are idreals!).
Moreover S = A, — P is an Ore set of A, since for givens € D, A € 4, we have
sA € sA, = Aporsi = A's forsome A’ € A,. Now A, & STIA,. It is clear
that S~'A, # A since (S7'A,)P is a proper ideal of S™!'A,. Maximality of A,
thus entails it (w,) = 1. If rkI" > 1 then I' contains a convex subgroup C. Put
P = {x € A,v(a) € C}.tis easily verified that P is a prime ideal of A, and also
P S w, because C # '™, this would contradict ht(w,) = 1. O

A slight extension of the final part of the foregoing proof yields also a proof of
the following.
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3.2.3 Observation

Nonzero prime ideals P of A, correspond bijectively to nontrivial convex subgroups
of I'. Normal convex subgroups of I' correspond to prime ideals of A, which are
invariant under inner automorphisms of A.

When studying valuations on D, (K) one may restrict to abelian I'. It is known
that every valuation on a finite dimensional skewfield is abelian but for D, (K) this
result is somewhat surprising. They are in some sense very noncommutative rings,
in fact they even contain free subalgebras of any countable rank! The result is due
to J. Shtipel’man but we follow L. Makar-Limanov’s proof.

3.2.4 Theorem

Let v be a I'-valuation on D; (K) then I' is abelian.

Proof. Write A|(K) = K < x,y >C Di(K) = K(< x,y >). Taker # 0in
A (K) and suppose that v(xr) # v(rx), say v(rx) > v(xr) (in the other case the
proof is formally similar). Then for [x,r] = xr — rx we have v([x, r]) = v(xr).
By an easy induction argument we then obtain: v([x, —]"(r)) = v(x"r). For every
r € Ai(K) there is an e = e(r) such that [x,—]¢(r) = 0 (because every
r € A,(K) has a unique finite polynomial expression in x and y with powers in
x before powers in y and [x—] lowers the y-degree because xy — yx = —1).
Thus we obtain v(0) = v([x,—]°r) = v(x°r) but that is a contradiction since
x¢r # 0. Since T is generated as a group by the semigroup v(A;(K)) it follows
from v(x) + v(r) = v(r) + v(x) that v(x) € Z(I"). In fact the foregoing establishes
that v(f) € Z(T") for every f such that every r € A;(K) is annihilated by some
power of [ f, —], in particular this holds for all f € K[x]. Since I is totally ordered
y™o = oy™ for some m entails yo = oy hence Z(I') is root-closed in I". Now
assume 7 € A (K) is such that v(r) ¢ Z(T"). Since GKdim(A;(K)) = 2 it follows
that for any s € A;(K) we have a relation: Zx;;r's/ = 0 with x;; € K[x] (the
GK dimension bounds the transcendence of the ring, so the r and s cannot be
algebraically independent over K[x]). At least two monomials in this relation have
the same valuation, otherwise v(Zx;;r's/) would necessarily be the valuation of
the unique monomial in it having minimal valuation but that could not be equal to
—00. Say v(xi, j,r0s7°) = v(x;, j,r’ss/1), then either some v(s¥) € Z(I') < v(r) >
orv(r') € Z(T') < v(s) > with k,/ larger than zero, because v(x;;) € Z(T') by
foregoing remarks. In either case we obtain that some power of v(r) commutes with
some power of v(s). Since I is totally ordered (y"o = oy” entails yo = oy) it
then follows that v(r) and v(s) commute. This holds for arbitrary s € A;(K), hence
it contradicts v(r) & Z(I"). Consequently Z(I') = I" or I' is abelian. O
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3.2.5 Corollary

Every valuation of D, (K) is abelian.

Proof. 1, (K) is the n-fold tensor product of copies of D; (K), its value group is a
subgroup of a product of the value groups v(ID; (K)) which is an abelian group. 0O

3.2.6 Remark and Project

The above proof is elementary except for the key result about the G K-dimension.
For the general theory about G K dim we may refer to G. Krause and T. Lenagan, [34]
or C. Nastasescu and F. Van Oystaeyen [53]. It would be an interesting project to
relate GK dim and valuation theory further, or perhaps the GKtd (Gelfand—Kirrilov
transcendence degree) could be used instead of GKdim. The driving conjecture
could be that for a skewfield of GK-dimA = n and a valuation v of A of rank m we
would have GKdimA = n—m, A, the residue skewfield of v. Also it seems possible
to extend the foregoing theorem to skewfields obtained as skewfields of fractions of
enveloping algebras of nilpotent Lie algebras.

3.2.7 Lemma

There are no discrete K -valuations of D (K) with residue field K.

Proof. Suppose v is a discrete valuation of D;(K) with valuation ring A, and
A,/w, = K. Write w, = (7). If a,b € A, then for each n € N there are
polynomials f () and g(sr) with coefficients in K such that:

via— f(r)) >nandv(b —g(w)) >n

Since f(m) and g(7) commute we obtain that ab — ba is in f*,ID;(K) and this
holds forall n € N. Since A, cannot be commutative as it has D; (K) for its quotient
skewfield ab # ba for some a,b € A, and then ab — ba is notin f~,D;(K) for
some N € N. O

3.2.8 Lemma

For any I'-valuation v on D (K) we have that v([x, y]) > v(xy) = v(x) + v(y).

Proof. Since T is abelian v(xy) = v(yx). Hence for the valuation filtration degree:
dego,(xy — yx) < dego,(xy). Therefore v(xy — yx) > v(xy) = v(x) + v(y). O
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3.2.9 Corollary

From xy — yx = —1 we obtain that v(x) + v(y) < 0 (see the foregoing lemma). If
v(x) > v(y), thenv(x+y) = v(y) and we may generate A (K)as K < x+y,y >.
In other words we may assume that A;(K) is generated by x and y with [y, x] =1
and v(x) = v(y) < 0.

The valuation vp corresponding to the Bernstein filtration factors over the
principal symbol map o : D1 (K) — Q,(K[X,Y]). In fact there is only one such
discrete valuation up to equivalence.

3.2.10 Proposition

If v is a discrete K-valuation of K(X,Y) such that vop is a nontrivial discrete
K-valuation of D (K) then vop is equivalent to the valuation vp induced by the
Bernstein filtration.

Proof. Suppose a,b € D;(K) are such that degop(b) < degog(a). Then
v(og(a)) = v(op(a + b)) = vop(a + b) > min{vog(a),vop(b)}. If vog(a) #
vo (D), then equality holds, thus vog(a) < vog(h). In particular when o (b) is
homogeneous in K(X, Y) of strictly negative degree, then vog(b) > 0. For every
homogeneous element x of K(X,Y) of degree zero (this is always op of some
element of D;(K)) in Q%(K[X,Y]) we thus have v(x) = 0. For a € D;(K) we
have degop(a) = n, then vog(a) = v(og(ay™")op(y")) = 0 + nvop(y) as op
is multiplicative. Consequently vop = (vop(y)).degop hence vop is equivalent to
the Bernstein valuation defined by degop. O

We write K(%) for Gp(D;(K))o and let v be a discrete K-valuation on D;(K)
with v(x) = v(y) < 0. Let A, be the valuation ring of v with maximal ideal w, and
residue skewfield A,. From Lemma 3.2.8 we may derive that A, is commutative;
indeed if a,b € A, —w, then v([a, b]) > v(a) +v(b) = 0 orab —ba € w, and thus
A, = A,/w, is commutative. Consequently G, (D, (K)) is commutative and of the
form A, [T, T7'] = A, Z.

The valuation filtration f'ID;(K) induces a filtration on Gg(D(K))o = K (%),
fiV(K(é)) = f'Di(K)NAg/(f;"Di(K)Nwg). This is an exhaustive filtration but
it need not be separated.

3.2.11 Lemma

With notation as above, 'K (%) is separated if and only if op(z) = 1 entails
v(z) < 0. In case fVK(é) is not separated then ﬂifiVK(é) = K(%).
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Proof. Put I = ﬂifiVK(é). If op(x) # Ois in [ then there exists a y € D;(K)
such that: o3(z) = og(y) and v(y) > v(z) (choose y in f;"ID;(K) for appropriatei.)
Thenop(yx~') = 1 butv(yz~!) > 0. Conversely if z € D;(K) is such that o5 (z) =
1 and v(z) > O then foralln € Nwehave: 1 = (1 —z") + Z". Thus 1 € f_VnK(é),
then for all n > 0 we obtain that /7, K(%) = K(%)) as desired. O

From here on we assume that K is algebraically closed. We say that v is F 2-
compatible if /'K (%) is a separated filtration, i.e. o5 (z) = 1 yields v(z) > 0.

3.2.12 Proposition

A discrete K-valuation on I;(K) that is FZ-compatible is determined by its
restriction to the subfield K (%) in D (K).

Proof. A pseudo-homogeneous element of A;(K) is one having a homogeneous
expressions in x and y (this is not unique since yx = xy + 1 but that is
harmless here). Consider f € A(K) and write f = fi + f, where f; is
pseudo-homogeneous of degree degop(f) and degop(f2) < degaes,(f). From
op(f/f1) = litfollows thatv(f) < v(f;) since vis assumed to be F Z-compatible.
Thus, v(f) > min{v(f1),v(f2) with equality whenever v(f1) # v(f2), yields
W(f) = min{u(£i), v(£)}- o

In case f is pseudo-homogeneous of degree n, say f = Y _,a;x'y"~', then
v(fy™) = v(g) where we put g = > /_,a;(xy~")". If for example v(fy™") >
v(g)thenop(fy™/g) = landv(fy™/g) > 0leads to a contradiction. Otherwise
look at op(g/fy™") = 1. Then v(f) = v(g) + nv(y) and the proof is finished. O

The discrete K-valuations of K(7'), T = % are well-known i.e. v is either trivial
or v corresponds to an o € K. In the first case v is equivalent to the valuation of
the Bernstein filtration, meaning that for all z € A;(K), v(z) = —degop(2)v(y).
By the foregoing proposition the F Z-compatible valuations are determined by three
parameters p = v(x) = v(y) € Z—N,q = v(% —a) € N—-{0},a € K*.
Given p, g, a then there is at most one discrete K-valuation of D;(K) compatible
with the Bernstein filtration such that v(x) = v(y) = p and v(i —a) = q. From
foregoing remarks it follows that v, if it exists, may be calculated in the following
way. To calculate v of f € A;(K) at first decompose f into pseudo-homogeneous
elements, say f =Y '_, f; and put v(f) = min{v(f;),i =0, ...,n}. To calculate
v on a pseudo-homogeneous f,, of degree n, put v(f,) = np + v, (05 (f,))g where
v, 1s the graded K =valuation on K(%)[Y, Y ~!such thatv,(Y) = 0, va(§ —a) =1.
It is also possible to define v( f,) = v/, (o5 (f,)) where v, is he graded valuation of
K()[Y.Y "] such that v, (¥ —a) = ¢,V (Y) = p. We observe that K (£)[Y, Y ']
is a graded field (gr-field) in the sense that every homogeneous element different
from 0 is invertible; a gr-valuation is associated to a gr-valuation ring, being a graded
subring such that for every homogeneous element of the gr-field, say z, either z
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or 77! is in the subring. A gr-valuation of K (%)[Y ,Y~!] is always induced by a

valuation of K(X,Y) which is a graded valuation in the sense that v(z) < 0 if and
only if v(z,) < 0 for every homogeneous component n. Graded valuations are not
studied in detail in this work, we refer to [38, 66].
We are now ready to prove the existence theorem.

3.2.13 Theorem

Let v be defined by p, q,a as above and assume that ¢ < —p then v is a discrete
K-valuation of the Weyl field Dy, (K).

Proof. 1t suffices to verify the valuation properties on elements of A;(K). If f, g
are pseudo homogeneous of different degree then: v(f + g) = min{v(f), v(g)}
holds by definition; if f, g have the same degree but f + g # 0, then v(f + g) =
np +vq(op(f + €))g = np + min{v,(o5(f)), va(08(g))}q = min(v(f), v(g)}.
In the situation that f, g are not pseudo-homogeneous the relation follows by
decomposition into pseudo-homogeneous elements and the definition of v.

For pseudo-homogeneous f and g we write:

/= Zaixiy"_i andop(f) = f
i=0

m
g=Y bjx/y"andog(g) =7
i=0

m—+n i m—+n i
TR0 ITHICNES 3) SR
i=0 j=0 i=0 j=0

For the Weyl algebras it is a well-known fact that:

d 1 o fokg
_ D LA -
h _kg( D k! dXkaY*k

n+m

where r is the integral part of *

. It is now straightforward to calculate

i
v(fg) = min{VZCjixjyi_j,i =0,...,m+n}
=0

i
= min{ip + vu(aB(Z cjixjyi_j))q,i =0,...,m+n}
j=0
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k7 ak—
=min{(n + m —2k)p + v, (%) q,k=0,....r}
=min{(n +m + 2k)p + va(f) —k +va(g) —k)qg.k =0,....r}
=m+mp+ve(f2)q +min{k(—2p —2¢).k =0,....r}

=v(f) +v(g)

The last equality follows from v, (akf al' ) > vy (f) —k + vs(g) — k. Now more

dyk gxk
generally, if /' = 37/ fi,g = /. &, then let k and / be maximal such that
we have v(f) = v(fi), v(fi), v(g) = r(g)- Then v(fg) < V(LG figesi—)) =
v(figr) = v(fi) +v(g) = v(f) +v(g).
The other inequality follows from: V(le=o figi—j) =v(f)+v(g)foralli =
k41 O

It is clear from foregoing proof that v will not be a valuation if ¢ > —p, so we
suppose hereafter that ¢ < —p. The valuation filtration fV defines a commutative
associated graded ring and we can calculate this explicitly. For f and g as in the
proof we have:

fe—gf =) diyx'yl
I

Again it follows that:

1 (o fokg ok fokg
k+1_~
h= Z( D ( aXkayk  gykaxk

r being the integral part of ’“LT’” Hence we obtain: v(fg — gf) = min{(n + m —

0 Jg ad d
2K)p +va e 3% = 55 fak = 1...r.

k = k5 gkz —

Now: v, (gx—{ ;)Y—gk - gY—igX—ﬁ) > v, (f)+ve(@)—2k,thusv(fg—gf) > v(f)+
v(g)!

The residual field of an F Z-compatible K -valuation does not only turn out to be
commutative, it is actually a purely transcendent extension of degree one of K. From
a transcendence (Gelfand—Kirillov) argument it would follow that the transcendent
degree is one but for pure transcendence some arithmetical information is needed in
the proof.

3.2.14 Theorem

Let g < —p and v given by p, g, a. The residue field A, = K(¢) with t = (; —
a)' yk, where —kp = lq is the least common multiple of —p and g.



3.2 Discrete Valuations on the Weyl Skewfield 191

Proof. First we observe that v is a K(¢) valuation because v(t — ) = 0 for all
B € K and K is algebraically closed. Indeed, it is clear that v(t — ) > O,
the leading pseudo homogeneous term of ¢t — B is equal to the one of ¢ which
is equal to: Z, O( )(—a) 7 x" y*=7 Tt follows that at least one of the pseudo-
homogeneous terms in the decomposition of t — B must have v-value equal to zero,
hence v(t — f) = 0. Next we show for f,g € A;(K) such that v(f) = v(g)
there is an 7 € K(t) such that v(g~'f — h) > 0. Since v(f) is obtained as
v(f;) for some pseudo homogeneous part f; of f we may assume that f is
pseudo-homogenous. Take F, G in A, (K) such that fG = gF'; there is a pseudo-
homogenous A € A;(K) such that v(4) = v(G) = v(F). If there are Fi, G; in
K(t) such that v(FA™' — F{) > 0 and W(GA™' — G;) > Othen g~ f — F1G{! =
g (fGI—gF)G' = g7 (g(FA™' — F1) — f(GA™' — G1))G". Consequently:
v(g™' f = FiG[") > —v(g) +v(g) —v(G1) = 0. From the foregoing it follows that
we may select i such that v(g~! f — h) > 0 with v(f) = v(g) and both f, g are
assumed to be pseudo-homogenous. We arrive at:

v(f) = pdegog(f) + qva(os(f))
v(g) = pdegop(g) + qva(op(g))

The integer (degop (f)—degop(g))(—p) = va(op(f(g))g is a common multiple of
—p and g. Thus we obtained an n € Z such that: nk = degop(f)—degop(g),nl =

va(08(f/8))-

We now calculate og(fy_”k) = (T —a)"h(T) with h(T) € K(T).T = ¥,
andy = h(a) # 0. ,

Ifo5(f/g) # on(y1"), then v(£ —yi") = nkp + va(W(T) = y)(T —a)")q,
and the latter is strictly bigger thannkp+nlg = 0.Incase o5 (f/g) = op(yt") we
may assume that y = 1 and n € N. Clearly, then " = ZI”_O ([") (—a)/n=ix! ykn=i
+ terms having a strictly positive value.

Since both f and the term Y " ([l") (—a)"~ I x'gy*"= are pseudo homo-
geneous and have the same image under the principal symbol map they must
be equal! (in the Weyl algebra every element has a unique pseudo-homogeneous
decomposition with powers of x preceding powers of y). Hence, modulo terms with
value strictly larger than v( f') = v(g) we obtain:

In
n In n—ip i n—i
f—gt"= Z( : )(—a)’ [x'. g]y*
i=o \ !
Ifg = Z _oa;x™ "/ yJ then [x, g] is equal to

min(i,j)

- l m— 1= -
2| 2 Vg k),(k)x Srkyik




192 3 Extensions of Valuations to Quantized Algebras

Therefore: v( f — gt" — kailil"m) R; > v(f) = v(g), where

In

In o ! “ I\ ik it i
sz(_l)kZ(l )(a)ln (l_k)' X;Caj (i)x Jj+ kyk +j—k
j=

i=k

Calculate:

V(Rk) = (kl’l +m— Zk)p =+ v, (;( ln) (_a)/n—l (l ik)'Tl_k) q

+ v (—1)kZaj (i)T’”‘j q

j=k

The first value we need to know is /n — k since we recognize the k™-derivative of
(T — a)™. The second value equals:

1 k ¢ -/' —j—1
Va F(_l) JZ:;{GJ (]—k)'T

m

=va | Y oajk—j—=1...(=j + DEHT
j=k

a* (v k—j—1
= Vq ? ZajT
i=0
> [ Y a7 |~k = vi(on(e)) —k
j=0

So we obtain for all k that: v(Ryx) = v(g) — 2k(p + ¢) which is strictly larger than
v(g)if p+¢q <0.Thusif p+¢q < Othenv(ﬁ—G”) > 0.

For the case where p + ¢ = 0 and op(f/g) = op(t") we finish the proof
by induction on n. Observe that 1 = x —ay and k = [ — 1. If n = 0 then
op(f) = op(g) and thus f = g since both f and g are pseudo homogeneous.
Then suppose op(f/g) = op(t"). Previous calculation establishes that: % —t" =

g ! (ZZ‘E"'") Rk) plus terms of strictly positive value.

For each k there is a y; € K(t) such that: v(g~' Ry —yx) > 0 either by induction
in case 03(g ' Ry) = op(Bt"~2F) for some B € K* or by the first part of the proof
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in case o3(g7 ' Ry) # op(Bt"~2F) for any B € K*. Finally we arrive at:

min(n,m) f min(n,m)
"+ Z Vi | € K(¢) and v(E - "+ Z Vi) >0
k=1 k>1

3.3 Some Divisor Theory for Weyl Fields Over
Function Fields

In this section we let K be an algebraic function field of degree one over an
algebraically closed k C K of characteristic zero, i.e. K is the function field of
a nonsingular projective curve C over k.

Points on the curve C correspond bijectively to the discrete k-valuations of K
and each such valuation induces a valuation filtration 'K on K. This filtration
extends to Aj(K) and to f'D;(K) as observed earlier. The associated graded
ring of f'D(K) is exactly D(k)[T,T~'], T a central variable. Hence f'I;(K)
is a valuation filtration corresponding to a discrete noncommutative valuation ring
JoD1(K). In a sense the constant field k is now replaced by ID; (k) but we will point
out some essential new features related to this “skewfield of constants”.

3.3.1 Proposition

If v is a D; (k)-valuation of D (K), then:

fora;; € K,i=0...,n,j=0,....m:

n.m
v Z aijx'y’ | = min{v(a;;);i =0,...,n,j =0,...,m}
ij=0

Proof. Write a = Z?ZOZTZOaijxiyj,p = min{v(a;;),i = 0,....n,j =
0,...,m}.

Since x,y € Dy (k) the equality v(a) > p is obvious. Let 6(a) € N be the
filtration degree of a in the Bernstein filtration of A;(K). If §(a) = O then the
claim holds. So we assume that the claim holds for b € A (K) with §(b) < d. We
calculate:

n m
vixa—ax) =v| Y Y jajxy ™

i=0 j=0

= min{v(a;;), j # 0}
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n m
viya—ay)=v|=Y Y ia;x'""'yl

i=0 j=0
= min{v(a;;,i # 0}

Now v(xa —ax) > v(a) > p and similarly v(va —ay) > p. The foregoing implies
that v(a) is smaller than min{v(ya —ay),v/(a—ay)}, hence v(a) < porv(a) = p
follows. O

Since we assume that k is algebraically closed in K we have that k = N,{O,, O,
a discrete valuation ring of K}. We may look at the ring R obtained as the
intersection N, A, for all discrete D (k)-valuation rings of D; (K). For a k-valuation
O, of K we have a nontrivial D (k)-valuation A, extending v to D (K) it is given
by v on A;(K) as in the foregoing proposition.

We have that D;(k) C R but R is not equal to ID; (k). Look at (X + a)~! since
v(X +a) is at most zero we have that v(X +a)~! is at least zero, hence (X +a)~! €
R for every a € K — k. Clearly (X + a)~! € R is not invertible in R so R is not
a skewfield, yet it has many invertible elements e.g. (ax + y)(x + ay)™'. As an
intersection of valuation rings R has the property that every one-sided ideal of R
is an ideal of R, moreover R is invariant under inner automorphism of D;(K). A
formal sum D = Y/ _. n,v with n, € Z almost all being zero, is called a divisor
of C. When we chose A, to represent v of C (C the curve of K(k)) we define a
divisor for D, (K) as Z’v n,v. To an element ¢ € D;(K) we associate a principal
divisor: div(g) = Y, v(¢)v. Divisors for D (K) are partially ordered by: >/ n,v >
Zi m,r if and only if n, > m, for all v. So the ring R may be obtained by putting
R = {g € D1(K),div(g) > 0}. A divisor for D;(K), D is said to be positive if
D > 0.

3.3.2 Lemma

A positive divisor is principal, i.e. if D > 0 then D = div(r) for some r € R.

Proof. Tt will be sufficient to establish that for each v € C there is an r € R such
that div(r) = v, thatis v(r) = 1 and w(r) = 0 for every w # v in C. Take
a € K such that v(a) = —1 and write div(a) = D; — D, with D; and D, being
both positive divisors. The Riemann—Roch theorem on C yields the existence of
an integer N such that for any divisor D on C of degree (being the sum of the
n, appearing in the divisor) larger than N we have: dimy L(D) = degD + 1 — g,
where L(D) = {f € K,div(f) + D > 0} and g is the genus of the curve C. Fix a
positive divisor D3 of degree larger than N such that every valuation with nonzero
coefficient in D, appears with zero coefficient in D3 (note: v appears in D,). Then
it is easily checked that:

dimg L(D3 +v) = 1 + dimg L(D3)
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So there must be a nonzero b in L(D3; + v) — L(D3). Consequently v(h) = —1 =
v(a); moreover for all w € C — {v} we have that max{w(a), w(b)} > 0. Now define:
r=@'x+ba'x+b7"+y)inD;(K).If wis a k-valuation of K different
from v, then:
w(a 'x + b7 = min{w(a™ ), wb ')}
= —max{w(a), w(b)}
wa@ ' X +b7' 4+ y) = min{w(a™ ), w(® "), 0}
= —max{w(a),w(b)}

Thus from w # v we obtain w(r) = 0. On the other hand

vi@ 'x +b7) =min{l,1} = 1
vi@ 'x +b7 '+ y) = min{l,1,0} =0

Hence v(r) = 1 and div(r) = v as desired. O

This leads to a rather beautiful structure result on R.

3.3.3 Theorem

The ring R is a principal ideal domain.

Proof. As a first step we establish that the sum of two cyclic ideals is again cyclic.
Hence consider Ra and Rb. Forall v € C and r,r’ € R we have: v(ra + r'b) >
min{v(ra), v(r'b)} > min{v(a), v(b)} = v(c) for some ¢ € R. Thusra+r'b € Rc
or Ra + Rb C Rc. Writea = fg~',b = f'g~! with £, f/, g in A;(K).

Let us fix an integer n larger than the Bernstein filtration degree of f and put:
b' = x" f’g~!. Then Rb = Rb' and
via+b") =v(f +x"f)—v(g)
min{v(f). v(f")} —v(g)
min{v(a), v(b)} = v(c)

Consequently: Re C R(a+b") C Ra+ Rb' C Ra + Rb, hence Ra + Rb = Rc.
From the first step it follows that every finitely generated ideal is cyclic and for
every b & Ra we have Ra + Rb = Rc with 0 < div(c) < div(a). Consequently
any ascending chain of (left, right) ideals must terminate thus R is Noetherian and
then every ideal is finitely generated (on the left) hence principal.
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3.3.4 Corollary

The ring R is a Noetherian domain with quotient division ring D; (K).

Proof. As observed in the theorem R is a Noetherian domain hence it has a classical
ring of fractions which is a skewfield. If ¢ € D;(K), then div(q) = D; — D, for
positive divisors Dy, D,. From the lemma it follows that there are r; and r; in R
such that div(ry) = Dy, div(r,) = Ds. It follows that gror;! € R is invertible in R
as it has the zero divisor for its divisor. Therefore ¢ € Q¢ (R) and D (K) = Q¢ (R)
follows. O

To a divisor D on D;(K) we associate a space L(D) = {q € D;(K),div(q) +
D > 0}. In particular £(0) = R and each £(D) is an R-bimodule. The ideals of
R are exactly the £(D) with D < 0. The theorem states that any £(D) = R as
an R-bimodule. For D; < D, we have L(D;) C L(D,). Welet A, = F/D(K)
be the discrete valuation ring of D (K) corresponding to F'ID;(K) and we write
m, C A, for its unique maximal ideal, m, = R N 7.

Observe that m, = L£(—v) is a maximal ideal of R and the correspondence v €
C — m, C R defines a bijective correspondence between points of C and the set
of maximal ideals 2(R) of R. The following expands on this relation.

3.3.5 Proposition

With notation as above: A, = R,,,, the localization of R at the maximal ideal m,.

Proof. For g € A, write div(q) = D — D, where D and D, are positive divisors
having disjoint supports (no valuation appears with a nonzero coefficient in both D,
and D», this is of course always possible). Again we find r| and r, in R such that
div(r;) = Dy, div(ry) = D,. Consequently ¢ = uryr; ! for some unit u of R. Since
v(g) > 0 we cannot have r, € m,, hence g € R,,,. On the other hand the R,,, C A,
is obvious so equality follows: O

3.3.6 Theorem

If Dy < D, then dimp x)(L(D>)/L(D1)) equals the degree of the divisor D, — D;.

Proof. Form the foregoing proposition it follows that 7, is the extension of m, C R
to A, and R/m, — A,/m, is an isomorphism. In particular R/m, = D, (k) and
R = Dy (k) + m,. Let us write F"R for the filtration induced on R by F'D;(K).
For the associated graded rings we have: G, (D1 (K)) = D, (k)[T, T~'] and we may
restrict this isomorphism to the associated graded ring of F¥R and obtain G, (R) =
Dy (k)[T™"). It is straightforward to verify for every v € C and every divisor D
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on D;(K) we have: L(D) = m,L(D + v). Then it follows from this that £L(D +
v)/L(D) = R/m, @ L(D +v) = R/m, = Dj(k). For D; < D, the left
dimension over D (k) of the space £(D;)/L(D) may thus be counted as the degree
of the divisor D, — D (note that in a similar way this degree also equals the right
D, (k)-dimension, so that left and right dimension of the bimodule £(D,)/L(D)
are actually equal in this situation). O

The foregoing Riemann—Roch type theorem is independent of the genus of C, the
formula proved actually corresponds to stating that this is a “genus-less” situation,
a remark that may be related to the noncommutative geometry of A (K).

If we consider the Bernstein filtration then D;(k) is not in FOB R = FOB
Dy (K) N R. We may compare the Bernstein filtrations on D;(K) and R; in some
sense R is a rather big subring of D (K), perhaps unexpected for the intersection of
all Dy (k)-valuation (discrete) rings of Dy (K).

3.3.7 Proposition

With respect to the Bernstein filtrations: Gg(R) = Gp(D;(K)).

Proof. 1t is known that Gpg(D;(K)) is just the graded quotient field of
Gp(A1(K)) = K[X,Y]. Consider p in K[X,Y],, p = Y ' ga; XY™ and
look at p~! € Gp(D(K)). Consider ¢ = > /L a;xy™" € Aj(K) and write
div(g) = Dy — D with Dy and D, positive. Pick r € R such that div(r) = D,
say r = fg~! with f,g € A|(K) and let n € N be larger than the degree
of g in the Bernstein filtration. Now put a = (rx"g))(rx" + 1)~!. Obviously
o(a) = p.Forallv € C we obtain: v(rx” + 1) = min{v(r), 0} because of the
choice of n. Then we obtain div(a) = D; and thus a € R. Finally, if m > 0 then
r'=(¢+1)""isin R and we have o(r') = p~'. Thus Q%,(K[X,Y]) C G(R) and
also G(D(K)) = QF,(K[X,Y]) entail G(R) = G(D;(K)). O

The results may be generalized to D, (k)-valuations of D, (K) but we do not go into
this here leaving it as an exercise for the zealous reader.

3.4 Hopf Valuation Filtration

The guiding principle in foregoing sections is that an extension of valuation theory
to K-algebras can be obtained from a value function on A extending a valuation v
of K with corresponding filtrations FA, resp. fK. The ring F, A, where O is the
neutral element of the value group I', is an order in 4 over O,, and it enjoys certain
properties like being a separated prime, a Dubrovin valuation, a noncommutative
valuation ring, depending on properties of the value function. However we may
look at a strong filtration F'A and ask other structural properties of A possibly in
combination with some properties of the value function, e.g. we may look at Hopf
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algebras or quantum groups A and ask FyA to be also a Hopf algebra over O,. In
this way we shall define Hopf valuations and their filtrations.

3.4.1 Definition. Good T -Filtrations on K -Vector Spaces

Consider a field K with a separated ['-filtration fK for some totally ordered
group I'. The category of I'-filtered vector spaces over K is denoted by K-filt. A I"-
filtration on a K-vector space V, F'V is a good filtration if there exist sets {vy, o €
A} {y« € T, € A} such that for y € T we have: F,V = Y 1 fy—y, KVa.
It is clear that {v,, € A} is a set of K-generators for V. In the sequel fK will
be a strong filtration, in fact a valuation filtration. Then from f,_, Kv, € F,V
it follows that v, € F,, V for all « € A; moreover, for every y € I' we also
have that F,V = f, KFyV. Hence, if F'V is a good filtration then without loss
of generality we may assume that {v,,a € A} is taken in FyV and for y € T,
F)V =3 yea fyKve. If FyV is free over Fo K with basis {w;,i € J} then FV
may be given by F,V = >, f,Kw;. If fK is a valuation filtration then it is
strong and fopK = O, is a valuation ring so torsion free finitely generated O,-
modules will be free.

For detail on Hopf algebras we refer to [20, 31]. We let H be a K-Hopf
algebra with counit ¢ : H — K, comultiplication A : H — H ® H and antipode
S : H — H. A I'-filtered Hopf algebra is a K-Hopf-algebra H with a filtration
FH suchthate, A, S are filtered morphisms, e.g.

1. e(F,H) C F,K = f,K,forally € I'.
2. S(F,H) C F,H,forally € I'.

3. A(FyH) C Y.y yre, FoH ® F.H forall y € T.

The condition (3) just expresses that A is a filtered morphism if H ® H is equipped
with the tensor filtration defined by putting

F,(H®H) =Y F,H®F,H,y €.

ot+T=y

We write FPH =Y. _ F,H, F°H =Y _ F,H fort € T.

y<0 y<t

3.4.2 Proposition

Let H be a Hopf algebra over K with Hopf filtration FH, then G(H) is a I'-graded
Hopf algebra. If FH extends fK then G(H) = kI" ®; FyH with Hopf structure
deriving from FyH (via FoH/ F(?H ) making it into a graded Hopf algebra over the
gr-field kT" (where k is the residue field of K).
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Proof. Observe that FoH is a sub-Hopf algebra of H over fK = O,. Indeed,
A(FyH) C Zyer F,H ® F_,H butsince F,H = f,K ® FyH forall y € T,
it follows that A(FyH) C FoH ® FyH; the restriction of ¢ to FyH defines the
O,-linear ¢| Fo H and the kT-linear  on G(H) extending FyH/F)H — K. Since
S|FoH defines the kI'-linear S : G(H) — G(H), all claims in the proposition
follows easily. O

Note that for a Hopf filtration F'H the inclusion K < H is a filtered morphism;
for a strong Hopf filtration FH the condition of extending fK is equivalent to
FoHNK = foK .

Now we consider a Hopf algebra H over K with a I'-valuation ring O, = D in
K; the valuation of O, is v : K* — T and we also write v : K — T" U {oco} by
putting v(0) = oo. The residue field of v will be denoted by k.

A Hopf valuation function extending v is a function —¢ : H —» ' U {00},
usually viewed as a Hopf valuation filtration function £ : H —» " U {—o0},
satisfying:

HV.1  We have £(h) = —oo if and only if 7 = 0.

HV.2 Wehave £(1) = 0.

HV3 Forhe H A € K,E(Ah) = E(Ah) = E(h) —v(A).

HV4 Forg,he H,&(gh) <&(g) + £(h).

HV.S Forg,he H E(g+ h) <max{é(g),&(h)}.

HV.6  Forh € H,§(S(h)) < §(h).§(e(h)) < &(h).

HV.7 For h € H, A(h) = Xh; ® hy (Sweedler notation) £(h) >
inf{maxg{&(hy) + &(hy)}}, where maxy is taken over the terms in a fixed
expression of A(h) while inf is over all possible decompositions of A(h). By

g(h) > inf{y,y € A C I'} we just mean thatif 0 < y fory € Athen&(h) > 0.

3.4.3 Proposition

If & is a Hopf valuation function then we have equality in HV.7, in fact:

§(h) = inf{maxs{§(h1) + §(h2)}} = inf{maxs{§(e(h1)) + §(h2)}}
= inf{maxs|§(h1) + §(e(h2))}

Proof. Indeed, from A(h) = Xhy®h, we may derive: h = Xe(hy)hy = Zhie(hy).
Applying HV.3 leads to:

§(h) = maxz{é(e(h)ha)} = maxs{é(e(h1)) + §(h2)} (*)

Since (*) holds for any decomposition of A(/) we obtain:

§(h) = infimaxs{§(e(h1)) + §(h2)}}
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and by this we just mean that £(h) < maxx(...) for all possible decompositions
of A(h). Now using HV.6 this leads to: &(e(h1)) + £(h2) < &(hy) + E(h2), or
&(h) < inf{maxx(&(e(h1)) + &(h2)}. This proves:

£(h) = inf{maxs{&(h1) + £(h2)}}
= inf{maxs{£(e(h1)) + £(h2)}}
= inf{maxx{&(h) + £(e(h2))}}

where now we may interpret inf in the classical way, because £ (%) is smaller than
all max{...} and bigger than all o € I" smaller than all maxx{...}. Hence HV.7
entails the existence of the inf as defined. The last equality following by using & =
Yhie(hy). 0

3.4.4 Theorem

Hopf filtration functions § : H — ' U{—o0}, satisfying HV.1,... ,HV.7, correspond
bijectively to the separated Hopf filtrations F'H extending the valuation filtration
fK of the valuation v.

Proof. Start from a Hopf valuation filtration function § : H —» ' U {—o0}
satisfying HV.1,... . HV.7. For y € T" put F, H = {h € H,§(h) < y} Properties
HV.5 and HV.3 entail that F), H is an additive subgroup of H, containing 0 because
of HV.1. From HV.2, HV.4 and HV.S it follows that FH is a filtration of the ring
H. Putting » = 1 in HV.3 entails £(A) = —v(A) for A € K, hence FH extends
the valuation filtration fK corresponding to v. For h € H we have h € F¢y)H,
hence FH defines an exhaustive filtration of H. From HV.6 we obtain that S and
¢ are filtered maps of degree zero with respect to FH. In case FH would not be
separated, then there is a nonzero z € H such that for every y € I' such that
z € F,H we have z € F)H. In any case z € FyH butif z € F,H with
y < &(2), then by definition of F), H it means that £(z) < y, contradiction. Thus
FH is separated. Now consider 4 € H, A(h) = £h; ® h,, then Proposition 3.4.3
entails: £ (h) = inf{maxs{£(h) + §(h»)}}. For A(F,H) C Y ..t FFH® F,_H
it suffices to establish this for y = &£(h), any & € H (indeed £ like v is assumed to
be surjective). If § > £(h) = y, then for some decomposition A(h) = > h ® hy
we have § > maxyg{&(h) + £(h,)}, and this comes down to:

A(hye > F.H® F5 H (%)

el

Recall that FH is a strong filtration hence forevery y € I', F,H = F,KFyH =
Jy K FoH . For the tensor filtration on H ® H defined by FH we have:

Fy(H®H)=)Y F, (HRF,H =Y F, (KF,KFkH®FH = F,H®F,H

o€l o€l
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From (x) we obtain A(h) € FsH ® FyH forevery § > £(h). Asa D-module Fy H is
flat, indeed over a valuation domain every finitely generated torsion free modules is
projective and every projective is free. Thus FyH is the direct limit of free modules
of finite rank, thus flat. Consequently: Ns(Fs H®p FoH) = (N3 F5)®p FoH . Either
&(h) is equal to some maxs{&(hy) + £(hy)} for a certain decomposition A(h) =
¥h, ® H, in which case (x) applies with § = &(h) and there is nothing left to prove,
or else £(h) appears as the inf of elements maxs{&(h) + £(h,)} € T (observe that
maxy is over a finite set). In view of the remark after this proof, separatedness of
FH yields Fey = Nss¢anyFsH. Therefore we obtain A(h) € FegnH ® FoH
and it follows that F'H is a Hopf filtration. Conversely if FH is a separated Hopf
filtration extending fKj, then for x # 0 in H there is a unique y € I" such that
x e F,H — F;)H. The function § : H — I' U {—o0} defined by £(0) = —o0
and for x # 0, £(x) = inf{r € I',inf; H} is well-defined and surjective since FH
extends fH and v is surjective. We may view &£(x) as the “filtration degree” with
respect to F'H . Verifying the properties HV.1,... , HV.7 is easy enough. O

3.4.5 Remark

If FR is a separated filtration on a ring R and A is a subset of I" such that y =
infilo, ¢ € A} € I' U {—o0}, then F, R = NgeaFyR. Indeed if x ¢ F, R there is
a unique § € T such that x € FsR but x ¢ Fy R for any § < § in view of the
separatedness. Then y < § because § < y and x € FsR leads to x € F, R which is
excluded. Hence oy < § for sone oy € A and thus x ¢ F, R yields x & Nyea Fo R.

From now on we consider a separated Hopf filtration FH extending fK
associated to a valuation v of R with associated Hopf valuation function &. We
have seen that FyH is a Hopf algebra over D = fyK and it is an order of H in
the sense that KFoH = K ®p FoH = H.For h € H we define I, C K by
putting I, = {A € K, Ah € FyH}. The next proposition establishes that £ may be
calculated from data in K.

3.4.6 Proposition

Forh € H, £(h) = v(I}), in particular for h = A € K,E(A) = —v(A). If £, &
correspond to Hopf filtrations F' H resp. F?H , then FOl H C FOZH is equivalent to
& <&

Proof. Let FH be the Hopf filtration corresponding to &; note that surjectivity of
¢ implies F, H # F;H fory # tinT.Indeed if 0 € T hen 0 = £(z) for some
z€ Handz € Fyp)H butz & FrgyH, ie. F, H # F H forall t < 0. Now take
h € Hthenh € F,H —F)f)H forsome y € I',in facty = §(h). If A € K is
such that Ah € FyH then E(Ah) = £(h) —v(A) < 0. From y = &(h) < v(}) it
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follows that £(A) < —y or I, C f_, K. Since f_, K is obviouslyin I, = f_, K, so
v(I) = y = §(h) follows (in general we may define v(L) for an O,-submodule L
of K as —max{0,(1), A € L} if the maximum exists in I" where o, is the principal
symbol map for fK). For the second statement observe that F'H and F?H are
strong filtrations hance Fj H C FjH entails F)H C F}H forall y € T' and
& < & follows. Conversely from & < & it follows that FolH ={he HE&(") <
0} C FgH =the H =1{he H &(h) <0}. O

For h € FyH we have ¢(h) € D and if v(e(h)) = y then we may divide & by
A € K withv(1) = y and we still have that e(A~") € D but we do not know whether
A~'h € FyH. If a suitable set of K -generators for H, B say, can be selected such
that the D-module generated by {1;'h;,h; € B} is a D-ring then we may obtain
a method to construct D-orders in H. Elements of H which are candidates for the
ones with best divisibility properties are those 4 € H such that ¢(h) = 0, i.e. the
elements of the augmentation ideal. The advantage of Theorem 3.4.4 is that £ is
known if we know the Hopf order Fy H and conversely. In case H = KG for a
finite group G the knowledge of a Zassenhaus valuation on G does not determine
unambiguously a Hopf valuation on KG nor a Hopf order of KG. Indeed the
construction of Larson orders different from DG in KG, cf.[35], exactly shows
that different orders may be constructed from the same Zassenhaus valuation of G.
Theorem 3.4.4 applied to H = KG entails that DG and a nontrivial Larson order L,
DG & L & KG, correspond to different Hopf valuation functions on KG but these
take the same values on some K -basis of the Hopf algebra, e.g. G in KG. It turns
out that some basis is better than another! In the sequel we obtain a construction
method for (maximal) orders of Larson-type in any finite dimensional (semisimple)
Hopf algebra, and a description in terms of some suitably selected basis; we include
some examples with number theoretical flavour.

Consider the K-space H/K and define de : H/K — T' U {—oo} by putting
dg(ﬁ) = &(h — e(h)), where h is the class of / in H/K. We may define dg on H
by putting d¢(h) = &(h — e(h)). Taking into account that d¢(A) = —oo for every
A € K. We call d¢ the derived valuation function of §.

3.4.7 Lemma

With notation as above, either §(h) = £(e(h)) or §(h) = dg(h), in other words
de(h) < £(h) only if £(h) = £(e(h)) and e(h) # 0.

Proof. From h = (h — e(h)) + e(h) if e(h) # 0, we obtain: £(h) <
max{dz(h), & (e(h))}. By definition of d¢ we also have: dt(h) < max{§(h),§(e(h))}.
Combination of these inequalities yields either £(h) = &(e(h)) or else &£(h) =

dg(h). The second statement in the lemma is now clear. Recall that ¢ is a filtered
morphism, hence & (g(h)) < &(h). O

The properties of d; are modifications of those of .
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3.4.8 Proposition

With notation and conventions as before the function d; satisfies the following
properties.

DV.1 Forh € H,d:(h) = —ocoifand onlyif 1 € K.

DV2 Fork e K.h € H,d(Ah) = de(h) — v(A).

DV.3  Forg,h € H,d:(gh) < max{de(g) + §(h),£(g) + ds(h)}. In case e(g) =
e(h) = 0, hen d¢(gh) < d¢(g) + de(h).

DV4 Forg, h € H,d:(g + h) < max{d:(g), de:(h)}.

DV5 Forh € H,ds(Sh) < ds(h).

DV.6 Forh € H — K with e(h) = 0 and A(h) = Zh; ® hy, de(h) >
inf{maxs{d(h1) + de(h2)}.

Proof. The proof of DV.1, DV.2, DV.4 is straightforward.

DV.3  The first statement follows from:
gh —e(gh) = (g —e(g)h + e(g)(h — e(h))

Hence: £(gh) < max{£(g—s(g)h),E(e(g))(h—e(h))}. Now HV.4 and £ (e(g)) <
£(g) yields the statement. In case e(g) = e(h) = 0 we may assume g ¢ K and

we have d:(g) = £(g), de(h) = £(h) and HV.4 applies.
DV.5  Follows from d:(Sh) = £(Sh — e(Sh)) < &E(h — e(h)) = de(h).
DV.6  Since g(h) = 0, d¢(h) = £(h) and the claim follows from [HV.7]. O

To a Hopf valuation filtration function § there corresponds a Hopf order H(§) =
{h € H,£(h) <0} = FyH, to dg we may associate H(d;) = D @ {h € (D) :
—oo < dg(h) <0} U {0}.

3.4.9 Observation

With notation as above: H(dg) = H(£). Indeed it is clear if h € H(d:) with h €
Kere then £(h) < 0, hence h € H(§); if h & kere then §(h) = &(e(h)) entails
&(h) < O because e(h) € D. hence H(dz) C H(§). Conversely if £(h) < O then
E(h —e(h)) < max{&(h),&(e(h)} = E(h) <0, thus H(§) C H(d¢) follows, hence
H(E) = H(dy).

3.4.10 Definition

A D-order in a finite dimensional K-algebra A, A say, is called a moderate order if
it is integral over D and the prime radical rad(A) is a finite D-module.
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Note

In the definition of moderate order given in [2] it is forgotten to remind that
orders are assumed to be integral! The term “Hopf order” used before only refers
to the property KH(§) = H but from now on we shall restrict attention to &
corresponding to orders H(£) which are integral over D.

So we look at Hopf valuation functions § < &, with associated H (&) C H(§)
and assuming H () is a moderated order. Let us write m = m, for the maximal
ideal of D = O,. Pick a K-basis B = {b; = 1,by,...,b,} in H(&) and we may
assume without loss of generality that e(by) = ... = ¢(b,) = 0.

Define Hp(£) to be the D-algebra generated by 1, m%®)p; i =1,... n. Since
g(m%PDp;) = 0, it follows that Hp(£) C H(£) hence Hp(£) is integral over D.
Since 1 and the m%®)p; fori = 2,... n are again a K-basis for H it follows that
KHpg(&) = H,hence Hg(§) is a D-order of H.

We are now interested in the discrete case, so we suppose D is a discrete
valuation ring of K from hereon, we may also assume ch(K) = 0 but that is not
really necessary.

3.4.11 Proposition

With notation as before, if D is a discrete valuation ring of K then H (&), Hp(§),
H () are finite D-modules.

Proof. Since KradH (§) is a nil ideal of H it is in rad H and therefore nilpotent
hence radH(§) = H(§) N radH and similar for radH (&), radHpg(§). Thus
rad(§y) = H (&) NradH,radHp(§) = Hp (&) NradH (&) and we obtain H (&) C
H(E) and Hz(§) C H(§) C H, where we denoted R for R/radR. Now H
is semisimple Artinian with center L; @ ... @ L, say, each L; the center of a
simple component S; of H. The center of H(£), also for H(&) and Hp(§) is
integral over D hence in the integral closure of D in L; @ ... L, and therefore
it is a finitely generated D-module, thus also Noetherian. In any case for all three
D-orders it follows by a result of G. Cauchon that they are finitely generated
D-modules because they are finite over their center since it is Noetherian (P.I. rings
with Noetherian center) and the center is a finite D-module as observed above.
Since rad(£) is a finite D-module, so are rad H (&) and rad H 3 (§), consequently the
statement of the proposition follows. O

3.4.12 Corollary

There is a K-basis B in H (&) such that Hg(§) = H(§).
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Proof. Since H (&) is finitely generated as a D-module it is free of finite rank over D
and it has a basis, B say. Without loss of generality we may assume B = {by = 1,

by, ...,b,} with e(by) = e(b3) = ... = e(b,) = 0. Now (writingm = () C D)
look at 7% b; where B; = &y(b;). This yields a K-basis in H (&), say By, such that
Hp, (§) contains B hence D[B], consequently Hp, (§) = H(§). O

From the foregoing it follows that if there is a (finitely generated) Hopf order
over D, say H', containing H (&) then we may construct it from some K -basis
contained in H (). Now let us forget H (&), but start from a D-basis B of H (&),
this is also a K-basis for H, and make the D-order Hp(&)) and then try to check
we obtain a finitely generated D-module which is a Hopf-order. In case H (&) is
not a maximal Hopf order, the foregoing corollary suggested we can find a maximal
one by the H pg-construction but for some K-basis B in H (&), not necessarily for
a D-basis of H(&j)! Nevertheless we shall show in a series of examples that this
method leads to new Hopf orders in many cases.

3.4.13 Example. The Sweedler Hopf Algebra

Consider the Sweedler Hopf algebra over the rational fields Q, say H = Q|[x, y]
with relations x? = 1, y?> = 0 and xy + yx = 0, and put:

ex)=1,5(x)=x,A(x) =xQx,
e(y) =0,85() =xy. A(y) =1®y+y®x

Let D = Z, the localization of Z at the prime ideal (p) and m = (p). Define
H(m) =7, +Zy(x —1) +n""y + m™"xy, foreveryn > 0, H(0) = Hy,. Itis
easily verified that H(n) is a Hopf order in H. If Hz, = Z,[x, y] is in some Hopf
order H(§) then £(x—1) < Oand from &(S(h)) < &(h) it follows that E(xy) < E(y)
and £(y) < &(xy) by taking h = y resp. h = xy. Thus £(xy) = £(y). So we put
§(y) = §(xy) = —n withn > 0 and §(x — 1) = 0 is then the Z,-subalgebra
of H generated by b*®)(b — £(b)) for b in the chosen basis for Hz,,, has Z,-basis
a,x — 1, 77"y, 77" xy and it is exactly the H(n) we defined.

3.4.14 Example. The Taft Algebras Over Q
Let Hr(n) be the Taft algebra over K = Q, i.e. Hr(n) = Q[x, y] with x" = 1,
y" =0and xy + yx = 0, where we put:

e(x)=1,Sx)=x"1LAKX) =x®x,
e(») =0,S() =—x""AQ) =1®y+y®x

Then Hr(n)(=1) = Z, + Y021 Z,(x — 1) + Z?;(l),j=1 Zym~/xy’ is a Hopf
order on Hr(n) with Z,-basis {x(x~'y)/, i, j =0,...,n — 1}. We can construct
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Hr(n)(—1) from Hy(n) by constructing £ by putting £(x"~' — 1) = 0,i =
I,....n—1,6(7) = 1,j = 1,...,n — 1. In checking that Hr(n)(—1) is an
Hopf order only A(zw =/ x/y/) € Hr(n)(—1) ® Hr(n)(—1) needs some work; this
follows from the following lemma.

3.4.15 Lemma

In Hr(n), fromall 0 < i,j <n wehave: A(x',y) =x"y @ (x' = 1) +x'y' ®
1+Y7 e, (i)xi+’+/_v®xiy’+ 1®x'y/ +(x'T/ —1)®x'y/, where: for j

(r—=1)(r—=3)...

even, o, = 0 when r is odd and o, = T390 =FD

r(r=2)... (r—=1)(r=3)...
JG=2)..—r+1) iG=2..G—1+2)
Proof. Since A is an algebra morphism A(x'y/) = A(x)' A(y)) = (x' @ x')(y ®
1—x®y)’. Applying the binomial formula and taking into account that yx = —xy,
yields the result in a straightforward way. O

when r is even, for j odd,

o = if risodd and o, = if r is even.

The group-like elements we have to consider are just the g — 1 (e(g) = 1).
Therefore the following numerical lemma will be useful.

3.4.16 Lemma

Let g be any element in a Q-algebra A, then for any natural number n we have the
equality:

(g—1D"=g"+a1(=D)(Eg—D""+aa(-1)*(g—1)"?
+oF i (=D)i(g=1D)" ..
+ar(=1)"2(g = D>+ ar(=1)""(g = 1) + cu(=1)"

where
et = (1) = (1) = (7).
__ (n n—1 n—2
Un—i = (z)_a” T\i—1 Ol,,_z(l 2)

—Qn—(i—-1) (” (; 1)) and Chp = - Qp—1 —0p—2 —Qp—3 — ... =]
Proof. The proof is by induction on n. If n = 2, then
(g—1?=g +a(=1)Eg—-1)+c(-1)

o =(})ade=1-a =1-2=-1,
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Suppose now that it is true for all n < k, it is true for n = k + 1. Since it is true
for n = k, then we can write:

(=DM =g 4 (o + D(=D)(g — DF+
(o) — a,’(_l)(—l)z(g — D+
(oz]/c_(iH) — oz]/c_l)(—li'*l)(g — D+
w(=1)"2(g — 1)? + (af — ah) (=1 (g — 12+
(cx —aD(=DF(g — 1) — cx (1!

/ k / k / k
ak—l = 1 ’ak—z = 2 - ak—l 1 LR

, K, (k—-1\ , (k-2 , k—(i—1)
ak—i = l' - ak—l l' _ 1 - ak—Z l' _ 2 T ak—(l—l) 1

and¢p = 1 —ap_; —o_; —op_, —op_3 — ... —aj. To complete the proof we

prove o —; — “/L—(i+1) — oo = op_; + 1and o) = ¢ — . First we prove
. . _ / /7 . — k+1 / — k

by induction that ax—; = O —(i+1) — X—j Since o = ( 1 ) SO = (1)’ then

or = oy _, + 1. Since

() () (e
and &y — ey = (g)_a’/“l (I;)

then o—p — “1/6—1- Suppose now this is true for all j < i, then

(2 e () ()
= ()= () == () (620)]
(D)
s[5 ()
R (iil)_“i‘l (ki_l)_“;”(l;:lz)_”‘
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—Ol/ (k_(i_l))_ / (k_(l_l))
k—(@i—1) 5 i 1

7 /
= O_(i—1) — X—;

: ) 7 )
Using aj—; = O _(i+1) — O—; We can prove that ®y = ¢ — o/, then

(k1 k k—1
a= ( : )—ak (k_l)—ak_l (k_z)_...
k—i 2
—U—1 (k—(l—l))__az(l)

_ I / / / /
=l—-o_—o_,—ap_3—...—ap_; —...— 2]

cr —

Using ay—; = a,’(_(H_l) — oy _; we find that o) = ¢ —af, thencpyy =1 — o —
Ojp—1 —Of— — ... — 0] = Cf.

3.4.17 Remark

1 o = (—1) ("),
2. Oy—i =( 1)i+1

3. If n = p’llplzz. . pls where py,.. ., Ps are nonequal prime numbers, then

pj ot x,,O<]Z<sand] ;élandpj fo iz

4. Ifn = p*,s = 1 then p* o, i (p—i_y) andps N o (i

Proof. 1. We prove it by induction.
Ifi =1, thena,—; = () = (=1)* (). Suppose it is true forall i <k — 1,

then
-1 -2
ok = (;) = -1 (Z—l) — Un—2 (Z—z) -

—(k—1
ey ("D

i = (;) =k () + ktk =1)/2(}) =
o (=R (D)
If k is odd, then: o, = (=1)**! (7). If k = 25 is even, then:

an = (}) =2k (}) +2k(k —1)/2(}) —
+2k(k — D)(k—2).. (k/2)/((k/2) - D!(
— 2k(k = 1)(k =2)...((k/2) + 1)/ (k/2)!

= (-2()+2(5) - +2(5) - (1))

0)
1y
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2.1fn = pgthena, = (—1)"P*pg(pg —1)...(pg — p + 1)/p! = gz. In
fact, no factor pg —i,1 <i < p — 1 can be divided by p, otherwise i = sp, a
contradiction. .

3.Ifn = p'thena, = (—1)" P ps(p*—1)...(p* = p' + 1)/p't = p*z.In
fact, no factor pi —t,1<t< pi — 1 can be divided by p[ with [ < i without
reducing p' by a factor of (p’ — 1)!, otherwise i = kp’, a contradiction.

4. Similar to (3). O

3.4.18 Proposition

Consider a numberfield K /Q and let D be a discrete valuation ring of K extending
Z, C Q (here Z, is the location of Z with respect to the prime p). Let e = v(p)
be the absolute ramification index of K. Consider a finite dimensional Hopf algebra
H over K and let G = G(H) be its finite group of group-like elements. If £ is any
Hopf valuation filtration function on H extending v then we have:

1. £(g) = 0 for g € G such that the order 0(g) of g in G is not a power of p.
2. £(g) < e(p*— p* ")~ lif the order of g is p*.

Proof. This follows from (3) and (4) in Remark 3.4.17. Indeed if 0(g) # p° then
it is a multiple of at least two different primes and none of these can divide all «’s
in the formula given in Lemma 3.4.16, hence in that case £(g) = 0. On the other
hand if n = p* then p will be a divisor of all «’s in the formula in Lemma 3.4.16
but p? will not divide « p—1. From Lemma 3.4.16 we may obtain an expression for
(7E@ (g —1))", ie.: withn = p°*:

(né(g))n — oz,,_l(—l)nf(g)(nf(g)(g — 1))+
et ape TP TR ()T (@ (g — 1)

It follows from this that p = d7®~7""5@® for some d € D, therefore e > (p* —
PHE(9). O

3.4.19 Remark

1. For H = KG, G a finite group, and £ corresponding to a Larson order (i.e.
a Hopf order Hp(§) corresponding to the basis {I,1 — g,g € G}), then the
conditions in Proposition 3.4.17 do reduce to the conditions also found by Larson
in [35]. Note that in [35] the author proves that the constructed orders (of Larson-
type) in RG are in fact finitely generated D-modules without the assumption that
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they are constructed in an integral D-order. The proof is more combinatorial in
nature.

2. The conditions (2) in Proposition 3.4.18 make it clear that the realization of a
certain ¢ forces rather demanding ramification properties of v, e.g. for £(g) = 1
one needs e > p* — p*~!, p* = 0(g).

Recall the definition of the generalized Taft algebra with respect to a root of
unity p, say p" = 1. Put Hr(n) equal to the K-algebra generated by x and y
satisfying x” = 1, y” = 0 and xy = pyx, with Hopf algebra structure given by:

ex)=1,5x)=x"1LAx) =x®x
() =LS»)=—p"¥""Ty AP =10y®y®x

3.4.20 Example

Let D be a discrete valuation ring of K, p € D.
In case n # p* for x > 1, then

n—1 n—1
Hr(-n)=D+Y Dx—1)+ Y Dr/"(x-1)y
i=1 i=0,j=1

is a Hopf order.
Incasen = p’, Jr’"(ps_f’ﬁl)|p and 7" |(p — 1) in D, then

n—1 n—1
Hry(-p’) =D + Z Dr7im(x — 1) + Z Dr~immin(x — 1) yJ
i=1 i=0,j=1

is a Hopf order.

Observe that (p — 1)”’ = p Zip;_ll(a,-/p)(p —1)' (Lemma 3.4.16) and then
(p—1)P € (p) C a7 where p'm < e + p*'m,e = v(p).

A full proof of the claims can be obtained via the quantum binomial formula
(see [31]) applied to f = 7~ (g — 1), and via a careful coefficient calculation in
an expression for X’ f*, ¢, s € N. We omit these technical details here. Let us just
provide a concrete case where all of the above phenomena are clear.

3.4.21 Example

Take p = 2 and look at the localization of Z,[p] at p — 1 where p = ~v/—1 = +/i.
For D we take Z[(p — 1)"/3]((,1ys). In this case 7 = (o — D'/5, (2) = (7°),
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v(ir) = 1,e =v(2) = 5, v(p—1) = 5, p! = 1. So we have (p — 1)® € (2) and
(2) C (p—1) C () C D. The constructions in Example 3.4.20 apply in this case.
Let us conclude with an example showing the effect of base change.

3.4.22 Example

We start with the situation of Example 3.4.13 but with K a number field such that
a™2in D.Put H(m,n) = D[f, x], f = 77" (g —1), x = n~"h. Then H(m,n)
is a Hopf algebra of rank 4 over D with:

Af)=f®g+1®f
fx+ xf =vy, where2 =vy” withv € D
A= r®1+1® fr+fRgx+x®f¢g
AND=1®@x+r®g
fx—x=vgx

We may also define H(n) as in Example 3.4.13, it is of rank 4 over D with
basis {1, g—1,77"h,n"gh}. Both H(m,n), H(n) contain the Hopf order D|g, /]
(viewed as H (&) in Proof of 3.4.12).

Now H(n) is of the form Hpg|&| with respect to B = {1,g — 1,h,gh} and
H(m,n) with respectto B’ = {1, g—1, h, (g— 1)h}, and these orders are obviously
different.
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