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Introduction

The classical theory of valuation rings in fields has natural applications in algebraic
geometry as well as in number theory, e.g. as local rings of nonsingular points of
curves or, respectively, as prime localizations of rings of integers in number fields.
In these applications the rings are Noetherian and the valuations are discrete, that is
the value group is the additive group of the integers, Z. The fact that non-discrete
valuation rings are not Noetherian may be the reason that general �-valuations with
totally ordered value group � , which need not be discrete, have not been used
to the same extent as discrete ones in the aforementioned branches of classical
mathematics.

However, function field extensions of arbitrary transcendence degree have
been considered; the transcendence degree is recorded as the dimension of some
corresponding algebraic variety, but it is also the maximal rank of a valuation ring
in the function field. Algebraic geometry easily survives by using the theory of
local Noetherian rings, avoiding the non-Noetherian valuation rings dominating
them. The algebraic theory in this book deals with generalized �-valuations,
often related to �-filtrations, for totally ordered groups � , at places even totally
ordered semigroups appear. A source of problems and new ideas is the extension
theory for valuations from a subfield to the field. This theory is well developed
for number fields in connection with Galois theory, but is perhaps less used for
field extensions of finite transcendence degree probably because the (Noetherian)
geometric approach is more popular. We want to consider more general algebra
extensions including skewfields, matrix rings, etc.

Therefore we develop in Chap. 1 the general theory starting from a noncommuta-
tive background, expounding a minimal commutative background when necessary.
The primes or prime places introduced provide a very general approach to a
valuation theory for associative rings and algebras; this originates in the theory of
pseudoplaces as in [70, 71] and the work of Van Geel [68, 69]. The theory is related
to the consideration of filtrations and gradations by totally ordered groups; this is
the topic of Sect. 1.3 (and Sect. 1.8). Originally pseudoplaces were developed with
the aim to apply them to the construction of generic crossed products and generic
skewfields, hence it is not really surprising that an interesting class of algebras
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vi Introduction

inviting the development of a generalized valuation theory is the class of central
simple algebras, or more generally finitely dimensional algebras over fields. Thus
our theory has direct links to the theory of orders and maximal orders; this will be the
subject of Chap. 2. The second part of Chap. 1 is devoted to some particular primes:
Dubrovin rings. After the basic theory in Sect. 1.4 and the ideal theory in Sect. 1.5
we focus on Dubrovin valuations of finite dimensional (simple) algebras in Sect. 1.6
and on Gauss extensions in Sect. 1.7. To a generalized valuation ring corresponds a
reduction of the original algebra and the relation between properties of the reduced
algebra and the original one should be clarified. There are properties of homological
type or of (noncommutative) geometric type; in Appendix 1.9 we provide some
theory related to Auslander regularity of the algebras under consideration.

Chapter 2 deals with orders. It is not our aim to provide a complete theory of
orders in (semisimple) Artinian algebras, but we include a short introduction to this
important root of the theory relating to the fundamental work of Auslander, Reiner
and others (see [57]).

Arithmetical rings with suitable divisorial properties and noncommutative Krull
rings are amongst the natural study objects here (Sects. 2.1 and 2.2). Then we
consider Ore extensions over Krull orders and noncommutative valuation rings of
Ore extensions of simple Artinian rings in Sects. 2.3 and 2.4. To end the chapter
we arrive at an arithmetical divisor theory, a noncommutative divisor calculus,
leading to a noncommutative Riemann–Roch theorem over a central curve. The
latter result fits in the geometry of rings with polynomial identities, cf. [76]; it
also fits in this book because it provides a good example of a concrete, almost
calculative, application of noncommutative valuation theory, even if here only
discrete valuations appear.

In Chap. 3 we leave the biotope of finite dimensional algebras and turn attention
to a recently popular class of infinite dimensional algebras containing quantum
groups, quantized algebras and deformations. Usually examples of such algebras are
given by generators and relations and therefore they are equipped with a standard
filtration. The reduction of such an algebra at a central valuation can be “good”
or “bad” depending on how the defining relations reduce modulo the maximal
ideal of the central valuation ring. Similar phenomena exist in algebraic geometry
related to good reduction of (elliptic) curves but now the reducing “equations” are
elements of the ideal of relations in the free algebra. The property of good reduction
allows the extension of the central valuation to the (skewfield of fractions of the)
noncommutative algebra; this is the topic of Sect. 3.1. To establish a case where we
can completely calculate all valuations we focus on the Weyl field in Sect. 3.2 and
provide some divisor theory related to a very peculiar subring in Sect. 3.3.

Finally we consider finite dimensional Hopf algebras in the last section and
extend the valuation filtration of a central valuation to a Hopf filtration on the
Hopf algebra. The filtration part of degree zero is a Hopf order and we show how
certain Hopf orders, generalizing Larson orders in the case of finite group rings,
may be explicitly constructed. The explicit examples over number rings exhibit the
importance of ramification properties of the value function corresponding to the
Hopf order.



Introduction vii

In our opinion noncommutative extensions of valuation theory deserve to be
further integrated in noncommutative algebra (and noncommutative geometry too).
We do realize that this book does not provide a finished picture of possible
noncommutative extensions of valuation theory, but we hope to have opened a few
doors for possible new developments pointing at interesting directions for further
research.
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Chapter 1
General Theory of Primes

1.1 Prime Places of Associative Rings

Throughout we fix notation and conventions as follows. By R we denote an
associative ring with unit and R0 is a subring of R. A prime in R is a pair .P; R0/
such that P is a prime ideal of R0 satisfying the condition: for x; y 2 R, xR0y � P

entails either x 2 P or y 2 P . A prime .P; R0/ in R is said to be completely prime
if P is a completely prime ideal of R0 and for x; y 2 R, xy 2 P yields that either
x 2 P or y 2 P .

For a given prime .P; R0/ in R we may consider the idealizer of P in R, that is
RP D fx 2 R; xP � P and P x � P g. A subset S of R is said to be an m-system
(multiplicative system) whenever 0 62 S and for s1; s2 in S there exists an x 2 R

such that s1xs2 2 S . Prime ideals in a ring may be characterized as being ideals
having an m-system for their complement in the ring. We extend this definition so
that it may be applied with respect to subsets of R. Consider a subset X of R, a
subset S of R is said to be an m-system for X whenever 0 62 S and for s1; s2 in S

there is an x 2 X such that s1xs2 2 S . Obviously, if X � Y then any m-system for
X is an m-system for Y .

1.1.1 Example

(a) If Q is a prime ideal of R then .Q; R/ is a prime in R.
(b) For any prime number p in Z; ..p/;Z/ is a prime in ZŒT �, the polynomial ring

in one variable over Z. This example shows that in general R0 and R need not
be very close.

In case R0 � R1 � R, for some subring R1 of R, then if .P; R0/ is prime in R it is
also a prime in R1.

Marubayashi and Van Oystaeyen, Prime Divisors and Noncommutative Valuation Theory,
Lecture Notes in Mathematics 2059, DOI 10.1007/978-3-642-31152-9 1,
© Springer-Verlag Berlin Heidelberg 2012
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2 1 General Theory of Primes

1.1.2 Lemma

Let P be an ideal of R0, then for .P; R0/ to be a prime in R it is necessary and
sufficient that R � P is an m-system for R0. If .P; R0/ is a prime in R then so is
.P; RP /.

Proof. If R � P , the complement of P in R, is an m-system for R0 then R0 \
.R � P / D R0 � P is also an m-system for R0 and thus .P; R0/ is a prime in R. The
converse is trivial. Since RP is a ring containing P as an ideal, hence as a prime
ideal of RP because .P; R0/ is a prime in R, the last statement is obvious. ut

1.1.3 Convention

If we talk about a prime P of R then we shall always mean the prime .P; RP /

and we may refer to RP as the ring of definition of the prime P of R. Since RP

is by definition the largest subring of R that may serve as a defining subring for
the prime considered, the presentation .P; RP / may be considered as the canonical
presentation for the prime P of R.

It is clear from the foregoing observations that the generality of the definition
may put a limitation on the value of results derived in full generality. The theory
of primes becomes more rich if we demand a more stringent relation between R0
and R. An interesting situation arises when R is (in some well defined sense) a ring
of fractions of R0. The following three definitions, increasing in strength, anticipate
on the existence of such relation without actually describing a notion of “ring of
fractions”.

R

1.1.4 Definitions

(a) A prime .P; R0/ in R is said to be fractional if for every r 2 R � R0 there exist
x; y 2 R0 � f0g with x or y in P such that xry 2 R0.

(b) A fractional prime .P; R0/ is said to be localized, if in (a) we have that x; y are
such that xry 2 R0 � P .

(c) A localized prime .P; R0/ in R is said to be separated if for every r 2 R0 �f0g
there exist x and y in R such that xry 2 R0 � P .

Observe that in general for r 0 2 R0 there may not exist x; y 2 R0 � f0g such
that xr 0y 62 P , indeed it is possible that P contains a nontrivial ideal of R. Put
P 0 D fp 2 P; RpR � P g; P o is the largest ideal of R contained in P . A separated
prime is then just a localized prime such that P o D 0.
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1.1.5 Proposition

In a simple ring, i.e. an associative ring without nontrivial twosided ideals, localized
primes are always separated.

1.1.6 Remark on Terminology

In the publications [69, 71] a localized prime was called a semi-restricted prime, a
separable prime was called a restricted prime. This old terminology was completely
ad hoc and non descriptive, the terminology we propose to be standardized now is
more related to the “meaning” of the properties.

1.1.7 Lemma

If .P; R0/ is a prime in R that is fractional, respectively localized, respectively
separated, then .P; RP / is a fractional, respectively localized, respectively separated
prime in R.

Proof. Since R0 � RP , R � RP � R � R0; R0 � P � RP � P , the statements are
obvious. ut

In the lemma the converses need not be true; it is useful that by selecting the
canonical representative .P; RP / for a prime P of R we do not loose the properties
defined above if they hold for some presentation .P; R0/ as a prime in R.

Consider the set QR D f.P; R0/; R’ a subring of R; P a prime ideal of R0;
elements of QR are called pairs for R. On QR we may introduce a partial order <,
called domination relation, by putting: .P; R0/ < .P1; R0

1/ whenever R0 � R0
1 and

P1 \ R0 D P . A pair maximal in QR with respect to the domination relation is said
to be a dominating pair in R. Clearly if .P; R0/ is dominating then R0 D RP . The
use of dominating pairs is that they can be used to construct primes in R, see later.
For the moment let us look at localized pairs, i.e. pairs not necessarily defining a
prime of R but satisfying the definition of being localized.

1.1.8 Proposition

A localized pair .P; R0/ for R is necessarily dominating and it is a prime of R.

Proof. Let .P; R0/ be a localized pair. Take z 2 RP � R0 then there exist x; y 2 R0
with x or y in P such that xzy 2 R0 � P . Since z 2 RP and either x or y is in
P , xzy 2 P , contradiction. Hence RP D R0. Suppose .P; RP / < .Q; R1/ such
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that there is an x 2 R1 � RP . Since .P; RP / is localized there exist �; � 2 RP �
f0g with � or � in P such that �x� 2 RP � P . Say � 2 P , the argument for
� 2 P is symmetric. Then �x� 2 RP \ PR1 � RP \ Q D P , a contradiction,
therefore .P; RP / is dominating. In order to check that .P; RP / is a prime suppose
that xRP y � P with x 62 RP . We find �; � 2 RP � f0g with � 2 P such that
�x� 2 RP � P but also x�RP y � P or �x�RP y � P . Thus y 2 P follows, or
.P; RP / is a prime. ut

1.1.9 Proposition

For any prime P; R0 in R we have that P o is a prime ideal of R and .P ; R
0
/ is a

prime of R, where P D P=P o; R
0 D R0=P o; R D R=P o. Whenever .P; R0/ is

localized so is .P ; R
0
/. Moreover, if .P; R0/ is localized then .P ; R

0
/ is a separated

prime of R.

Proof. If there exist nonzero x and y in R such that xRy � P o then
.RxR/.RyR/ � P o. If neither x nor y is in P o then neither .RxR/ nor
.RyR/ is in P , so we may select x1 2 RxR � P; y1 2 RyR � P , such that
x1R

0y1 � x1Ry1 � P , contradicting the prime property of .P; R0/. Consequently
P o is a prime ideal of R. In order to check that .P ; R

0
/ is a prime of R select

nonzero x; y 2 R such that xR
0
y � P . For representatives x of x, y of y in R, we

have xR0y � P because P contains the kernel of R ! R. Since .P; R0/ is a prime
in R it follows that x or y is in P and thus x or y is in P .

Assume that .P; R0/ is localized and look at r 2 R � R
0

with representative
r 2 R � R0, we may find �; � 2 R0 � f0g with � or � in P such that �r� 2 R0 � P .
Since �r� 62 P it is clear that � 62 P o; � 62 P o, hence � ¤ 0 and � ¤ 0; then
we observe that �r� 2 R

0 � P because P contains P o the kernel of R ! R. That
P

o D 0 is easily verified hence a localized prime of R is necessarily separated. ut

1.1.10 Corollary

A separated prime is necessarily defined in a prime ring R.

Proof. We observed that a localized prime .P; R0/ is separated exactly when
P o D 0. The foregoing proposition stated that P o is a prime ideal of R, hence R

has to be a prime ring. ut
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1.1.11 Example

Let C be any commutative ring. A valuation v on C with value � where � is a
totally ordered group is a surjective map v W C ! � [ f1g satisfying

V.1 v.0/ D 1 and 0 is the only element of C as such.
V.2 For x; y 2 C; v.xy/ D v.x/ C v.y/, in particular v.1/ D 0.
V.3 For x; y 2 C; v.x C y/ � inf fv.x/; v.y/g.

Even if � need not be an abelian group we denoted its operation by C. Consider
OC D fc 2 C; v.c/ � 0g; mC D fc 2 C; v.c/ > 0g, then .mC ; OC / is a localized
prime in C . Indeed if c 2 C � OC then v.c/ < 0 and we may select a d 2 C such
that v.d/ D �v.c/ because v is surjective; then V.2 entails v.cd/ D v.c/Cv.d/ D 0

or cd 2 OC � mC and d 2 mC . The epimorphism �v W OC ! C D OC =mC is
called a primeplace of C and it is also referred to as a primeplace of v.

We extend this terminology to arbitrary primes .P; R0/ in R, i.e. the map R0 !
R0=P is called the primeplace of .P; R0/ but we have, at the moment, no valuation
function associated to this. We come back to this later.

We now consider R as a subring of A and fix some prime .P; R0/ in R with
corresponding primeplace � W R0 ! R0=P D R. A �-pseudoplace of A is given
by a triple .A0; ‰; A/ where: A0 is a subring of A such that A0\R D R0; ‰ W A0 ! A

is a ring homomorphism such that Ker‰\R D P and ‰jR0 D �; R being a subring
of A. A pseudoplace is called a preplace if ker‰ defines a prime .Ker‰; A0/ of A.
Obviously a �-pseudoplace is a �-preplace if and only if A-Ker‰ is an m-system for
A0. We shall now prove a general version of the Krull–Chevalley extension theorem
for valuations and derive from this that dominating pairs are necessarily primes
(actually this is equivalent to the extension theorem).

1.1.12 Notation

For subsets S and T in A we write S < T > for fa 2 A; a D P
j sj tj ; sj 2 S; tj 2

T g where T is the multiplicatively closed set in A generated by T , and 1 2 T .

1.1.13 Theorem (the Extension Theorem [69])

With notation as before, fix a dominating pair .P; RP / in R and consider subsets
M � B � A such that the following properties hold:

(a) BP � P < B > and BRP � RP < B >.
(b) P < B > \R � P .
(c) M is an m-system for B .
(d) RP � P � M .
(c) M \ P < B >D ;.
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Then there exists a �-preplace .A0; ‰; A/ of A such that Ker‰ D Q; BP �
Q; PB � Q and Q \ R D P , where � is the primeplace of .P; RP /.

Proof. Consider the family F D fX; X is left and right RP -submodule of A; X is
multiplicatively closed and M \ X D ;; BX � X; XB � X; R \ X D P g. Let us
first verify F ¤ ;. Indeed we claim that

L.B/ 2 F ; L.B/ D fa 2 A; aRP < B >� P < B > Bg

(i) L.B/ is obviously a left and right R-submodule of A.
(ii) L.B/ is multiplicatively closed because P < B >� RP < B >.
(iii) If a 2 M \ L.B/ then a 2 P < B > since 1 2 RP < B > but M \ P.B/ D

;, hence M \ L.B/ D ;.
(iv) For a 2 L.B/ and b 2 B we obtain:

baRP < B >� bP < B >� P < B > (the latter from a.)

abRP < B >� aRP < B >� P < B > (also from a).
(v) Look at L.B/ \ R. Since P � L.B/; P � L.B/ \ R.

We already observed before that L.B/ � P < B >, hence by (b) we arrive at
L.B/ \ R D P . Zorn’s lemma allows us to select a maximal element Q in F ; it
suffices to establish that A � Q is an m-system for AQ. Take x; y 2 A � Q and
suppose that xAQy � Q. Now we define Qx D P1

iD0 Qx;i where Qx;o D Q and
for every i , Qx;i D fz 2 A; z is a finite sum of elements of the form a1xa2x : : : xai

with aj 2 AQg.
It is clear that Qx is a multiplicatively closed left and right RP -module contain-

ing P as well as x. Define Qy in exactly the same way. Since by definition B � AQ

it follows that BQx � Qx; QxB � Qx and similarly BQy � Qy; QyBB � Qy .
Since Q is maximal in F the longer Qx, resp. Qy , must satisfy either Qx \ M ¤ ;
or Qx \ R ¤ P , resp. Qy \ M ¤ ; or Qy \ R ¤ P . Put Qx \ R D Px . If
B satisfies the conditions of the theorem then so does RP < B > and we may
replace B by RP < B > from the beginning; thus without loss of generality we
may assume that RP � B . Since now RP � B and B normalizes Qx as well as
Qy it follows that RP � RPx and Px is an ideal in RPx . In case Px \ RP ¤ P

we must have Px \ M ¤ ;. In case Px \ RP D P then Px D P because
.P; RP / was a dominating pair in R; indeed if .Px; RPx / ¤ .P; RP / then we
may look at the family S of pairs of .X; RX/ where X is an ideal, not necessarily
prime, of RX such that RP � RX ; X \ RP D P . Since .Px; RPx / 2 S we may
apply Zorn’s lemma again and select a maximal element of S say .I; E/. If I is
not prime that J1J2 � I for some ideals J1; J2 of E with J1 ¥ I; J2 ¥ I .
Hence J1 \ RP ¥ P; J2 \ RP ¥ P and I \ RP D P contradicts the fact
that P is a prime ideal of RP . Consequently I is a prime ideal of E but then
.P; RP / < .I; E/ yields that P D I and RP D E because .P; RP / is dominating.
Since we excluded P D Px.P � Px � I / we are left with the conclusion
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Px \ M ¤ ;. In formally the same way we obtain Py \ M ¤ ;. So we may pick
mx 2 Qx \ M and my 2 Qy \ M . Say, mx D fo.x/ C f1.x/; C : : : C fn.x/ with
fi .x/ 2 Qx;i ; my D go.y/Cq1.y/C: : :Cgt .y/ with gj .y/ 2 Qy;j we may assume
mx and my are chosen such that n and t are minimal. Since yAQx � Q we have
Qx;iQy;j � Qx;i�j for i � j � 1. Suppose that n � t . By (c) we may select an
element s 2 B such that mxsmy 2 M . Then: h D mxs.my � go.y// 2 Pn�1

kD0 Qx;k

or
mxsmy D mxsgo.y/ C h where mxsgo.y/ 2 Q .�/

(Note: we use M � B � AQ; s 2 B � AQ).
Now, (*) contradicts the minimality assumption on n and t unless mx D fo.x/ 2

Q; my D go.y/ 2 Q but that is contradiction. ut

1.1.14 Corollary

Dominating pairs .P; RP / of R are primes of R.

Proof. In the theorem take A D R; B D RP ; M D RP � P . We obtain a prime
.Q; RQ/ such that Q \ RP D P , RP � RQ. Hence .Q; RQ/ > .P; RP / but this
yields Q D P , RQ D RP , hence .P; RP / is a prime. ut

1.1.15 Example

If R is a field K then .P; RP / is a valuation pair .Mv; Ov/. If L is a field extension of
K the theorem reduces to the Krull–Chevalley extension theorem. See also further
in Sect. 1.2.

For primes .P; R0/ and .P1; R0
1/ of R we say that .P1; R0

1/ is a specialization
of .P; R0/, and we denote this by .P; R0/ ! .P1; R0

1/, if P � P1 � R0
1 � R0.

Observe that P is an ideal of R0
1 as well as of R0 but P need not be a prime ideal of

R0
1 in general. Let us write � for the primeplace � W R0 ! R0=P D R of R and �1

for the primeplace �1 W R0
1 ! R0

1=P1 of R.

1.1.16 Lemma

With notation as before, if .P; R0/ ! .P1; R0
1/ then .P1=P; R0

1=P / is a prime of R.
In that case there is a primeplace � W R0

1=P ! R0
1=P1 of R such that � ı �jR0

1
D �1.

Proof. Put P D P1=P , R
0 D R0

1=P; R D R0=P . If .P; R0/ ! .P1; R1/ then

we have: P � P1 � R0
1 � R0 and P is clearly a prime ideal of R

0
. Moreover if

x; y 2 R are such that xR
0
y � P then for any choice of representatives x for x, y
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for y in R0 we have xR0
1y � P1 because P D Ker.R0 ! R/ is contained in P1.

Consequently x or y is in P1 or x or y is in P . The second statement follows from
this. ut

In the situation of the lemma we shall say that �1 is a specialization of � , denoted
by � ! �1, and this yields the existence of a prime place � on the residue ring of
� such that as primeplaces: �1 D � ı � (meaning that this equality holds where
both members are defined). The converse need not be true in this generality! The
situation is better for completely prime primes or for primes in algebras over fields.

1.1.17 Remark

In the foregoing we used left and right multiplications but it is possible to obtain
a one-sided theory which may be connected to left quotient rings and left Goldie
rings. We do not go into this here.

1.2 Primes in Algebras

In this section we consider C -algebras A, i.e. we view C as a subring of the center
Z.A/ of A. We aim to study primes of A inducing a fixed prime of C , in other words
we look at extensions to the possibly noncommutative C -algebra A of primes in C .
A case of particular interest is provided by algebras over fields and primes extending
primes of fields; thus we include in this section some basic theory about valuations
of fields that will be of fundamental importance throughout the other chapters. Let us
fix a prime .p; C 0/ in C , and let � W C 0 ! C 0=p be the corresponding primeplace.
Following [70] we introduce pseudoplaces of A. A �-pseudoplace of A is given by
a triple .A0; ‰; A/ where A0 is a subring of A such that: A0 \ C D C 0; ‰ W A0 ! A

is a ringepiomorphism such that ‰jC 0 D � and Ker‰ \ C D p. In particular A is
a C -algebra where C D C=p. In case .Ker‰; A0/ is a prime in A we call .A0; ‰; A/

a �-preplace of A.
In general every prime .Q; A0/ in A defines a prime .Q \ C; A0 \ C / in C hence

.Q; A0/ defines a �Q-preplace of A where �Q is the primeplace of C induced by

.Q; A0/ as above.

1.2.1 Proposition

If C 0 is a subring of the commutative ring C such that C � C 0 is multiplicatively
closed then there is a prime .p; C 0/ in C . On the other hand, for every prime .p; C 0/
of C we have that C � C p is multiplicatively closed.
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Proof. Suppose C �C 0 is multiplicatively closed, then take p D fc0 2 C 0; ac0 2 C 0
for some a 2 C �C 0g. It is not hard to verify that p is a nontrivial ideal of C 0; let us
just mention that for x; x0 2 p, that is ax and a0x0 are in C 0 for some a; a0 2 C �C 0,
we have .ax0/.a0x/ 2 C 0, hence either ax0 or a0x must be in C 0, in case ax0 2 C 0
then a.x � x0/ 2 C 0 hence x � x0 2 p. Let us check that C � p is multiplicatively
closed. If x; y 2 C are such that xy 2 p � C 0 then for some a 2 C � C 0 we have
axy 2 C 0. In case ax 2 C 0 it follows that x 2 p, but in case ax 62 C 0 then y 2 p

follows. In order to prove the second statement in the proposition look at x; y 2 C

such that xy 2 C p . Then we have: xyp � p and thus either x 2 p or yp � p.
Consequently if x 62 p then y 2 C p. ut

We put Dom.C / D fC 0; C 0 a subring of C such that C � C 0 is multiplicatively
closedg. We have already established above that every element of Dom.C /, called
proper domain, appears as the domain of a prime in C ; moreover Dom.C / contains
all C p for primes .p; C 0/ of C .

1.2.2 Proposition (cf. [69])

(a) If C 0 2 Dom.C / then C 0 is integrally closed.
(b) The integral closure of any subring D of C is exactly the intersection of all

elements of Dom.C / containing D.

Proof. (a) Look at C 0 2 Dom.C /; x 2 C � C 0 and suppose we have a relation
xn C r1x

n�1 C : : : C rn D 0 with ri 2 C 0. We may assume that such a relation
has been selected with minimal n. We obtain: x.xn�1 Cr1xn�2 C : : :Crn�1/ D
�rn 2 C 0, hence xn�1 C r1x

n�2 C : : : C rn�1 2 C 0 but that leads to an integral
equation over C 0 of length strictly shorter than n, a contradiction.

(b) From the first part it is clear that the integral closure D of D (in C ) is contained
in \fC 0; D � C 0 � C; C 0 2 Dom.C /g. If x 2 C is not integral over D, we
aim to find a prime .p; C 0/; C 0 a proper domain, such that D � C 0 but x 62 C 0.
In case xn D 0 then x is integral over D so 0 62 f1; x; x2; : : : ; xn; : : :g D M .
Let jM W C ! M �1C be the canonical localization map and look at E D
jM .D/Œx�1� � M �1C . Now x 62 jM .D/Œx�1� because that would lead to an
integral equation for x over jM .D/, and thus for x over D because KerjM

is the ideal of C consisting of elements x 2 C such that xnc D 0 for some
n � 1. It follows that x�1 is contained in a proper maximal ideal w of E . Now
we apply the extension theorem with R replaced by M �1C , B by E and M

by E � w. This yields the existence of a prime of M �1C , say .Q; .M �1C /Q/

with E � .M �1C /Q; w � Q, hence x 62 .M �1C /Q (because x�1 2 w � Q/.
By taking inverse images we arrive at a prime .j �1

M .Q/, j �1
M ..M �1C /Q// in

C having a domain of definition that is in Dom.C /, because .M �1C /Q is in
Dom.M �1C /, and x 62 j �1

M ..M �1C /Q/.
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1.2.3 Remark

Let R be the field of real numbers. In RŒX� every subring R � R0 � RŒX� defines a
prime .0; R0/ of RŒX� but RŒX� is integral over R0 and R0 is not a proper domain. On
the other hand, R is integrally closed in RŒX� but it cannot be RŒX�p for some prime
.p; R0/ of RŒX� because .0;R/ is the only prime with definition domain R. Again
it follows from the foregoing that the property of having a domain of definition that
is integrally closed is detected on C p and in particular C p is integrally closed for
every prime p of C .

Since p is not maximal (perhaps) in C 0 it may be a natural idea to localize at the
prime ideal p of C 0 and consider the situation pC 0

p � C 0
p � Cp, where localization

is with respect to the multiplicative set C 0 � p. For a C -algebra A one may then
consider Ap over Cp where Ap is obtained by central localization of A at C � p;
however Ap is not necessarily related to a localization at some Q of A even if
some prime .Q; A0/ lies over .p; C 0/ in A. Localization theory (noncommutative)
at general primes exists under some extra hypotheses, e.g. [54], but we do not strive
for full generality here.

1.2.4 Lemma

If .p; C 0/ is a prime in C then .pC 0
p; C 0

p/ is a prime in Cp, in case .p; C 0/ is
fractional, respectively localized, respectively separated, then so is .pC 0

p; C 0
p/.

Proof. Put tp.C / D fc 2 C; sc D 0 for some s 2 C 0 � pg. Since .p; C 0/ is a
prime in C it follows that tp.C / � p hence tp.C / D tp.C 0/ \ C 0. So we may
reduce modulo tp.C /, putting C D C=tp.C /C 0 D C 0=tp.C 0/; p D p=tp.C /, and

it is clear that .p; C
0
/ is a prime of C . Since tp.C / is an ideal of C it is contained

in pı. It is easily verified that the reduced .p; C
0
/ is fractional, localized, separated,

in case .p; C 0/ is respectively fractional, localized, separated. Thus without loss of
generality we may assume tp.C / D 0, hence C 0 � C 0

p; C � Cp . Take q1; q2 2 Cp

such that q1q2 2 pC 0
p, then there are s0; s00; s000 in C 0 �p such that: s0q1 2 C; s00q2 2

C and s000q1q2 2 p. Hence: s000s0q1s
00q2 2 p with s000s0q1 2 C and s00q2 2 C .

Consequently, since .p; C 0/ is a prime in C we have s00q2 2 p or s000s0q1 2 p,
i.e. q2 2 pC 0

p or q1 2 pC 0p. This establishes that .pC 0
p; C 0

p/ is a prime in Cp .
In case .p; C 0/ is fractional and q 2 Cp � C 0

p i.e. for some s 2 C 0 � p we have
sq 2 C � C 0 and there exist x; y 2 C 0 � f0g such that xsqy 2 C 0 with x or y in
p and also xqy 2 C 0

p. In case .p; C 0/ is localized and q 2 Cp � C 0
p, i.e. for some

s 2 C 0 � p, sq 2 C � C 0, hence there exist �; � 2 C 0 one at least in p such that
�sq� 2 C 0 � p or �q� 2 C 0

p � pC 0
p with �; � 2 C 0

p at least one in p. Suppose
.p; C 0/ is separated, then .pC 0

p; C 0
p/ is known to be localized by the foregoing. Pick

q 2 C 0
p � f0g i.e. sq 2 C 0 � f0g, for some s 2 C 0 � p, hence there exist �; � 2 C

such that �sq� 2 C 0 � p, thus �q� 2 C 0
p � pC 0

p with �; � 2 Cp . ut
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1.2.5 Remark

It is easily verified that .C p/p D .C 0
p/pC 0

p , hence by localization we may restrict
attention to primes having a domain of definition that is an integrally closed local
ring. In case the Noetherian property holds for C 0 (and C ) the foregoing leads us
to considering local Krull domains (local integrally closed Noetherian rings, more
precisely).

Now focus attention on a field K .

1.2.6 Definition

A proper domain K 0 in K is called a valuation ring of K . If � ¤ 0 in K then
���1 D 1 yields that K 0 is a proper domain of K exactly when for � ¤ 0 in K we
have � 2 K 0 or ��1 2 K 0.

1.2.7 Corollary

For a field K , the following statements are equivalent for a subring Ov of K:

(a) Ov is a valuation ring of K with maximal ideal mv.
(b) The pair .mv; Ov/ in QK is dominating.
(c) The pair .mv; Ov/ is a localized prime of K .
(d) The pair .mv; Ov/ is a separated prime of K .

Proof. Follows from Proposition 1.1.8 and the fact that in a valuation ring Ov of K

the set f� 2 Ov; ��1 62 Ovg is the unique maximal ideal of Ov. ut

1.2.8 Definition

A place of K (corresponding to a valuation ring Ov of K) is a ring homomorphism
from Ov to a field k. In the sequel we understand places to be epimorphisms and in
that case the kernel of a place is the maximal ideal mv of Ov; without this restriction
we would have places corresponding to all prime ideals of Ov for all valuation rings
Ov of K . By localizing at the kernel such places may be related to epimorphic ones.

If K=k is a field extension, a valuation ring Ov of K is said to be a k-valuation
ring if k � Ov, i.e. Ov is a k-algebra too. The residue field kv D Ov=mv is then
also a field extension of k and the place Ov ! kv is a k-algebra homomorphism.
Places corresponding to k-valuation rings of K are called places of K=k. If �1; �2

are places of K , respectively of K=k with residue fields k1, respectively k2, then
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�1 and �2 are said to be isomorphic places, respectively k-isomorphic places, if
there exists an isomorphism, respectively k-isomorphism i W k1 ! k2 such that
�2 D i ı �1. One easily checks that places �1 and �2 are isomorphic if and only
if their valuation rings coincide; so up to isomorphism of places we consider the
canonical epimorphism Ov ! kv D Ov=mv and call it “the” place associated to Ov,
denoted by �v. For a place of K=k we define dim�v D td.kv=k/, where td refers
to the transcendence degree of the residual field extension corresponding to �v.

For a commutative ring C the fact of having its ideals totally ordered by inclusion
is easily seen to be equivalent to: for �; � 2 C either � 2 C� or � 2 C �. If Ov

is a valuation domain of K then for �; � 2 Ov we either have ��1� � Ov or
���1 2 Ov unless � or � is zero, in any case either � 2 Ov� or � 2 Ov�. So we
have established a basic but fundamental fact.

1.2.9 Lemma

If Ov is a valuation ring of K then the set of ideals of Ov is totally ordered by
inclusion.

1.2.10 Corollary

A finitely generated ideal of Ov is necessarily a principal ideal. A Noetherian
valuation domain Ov is necessarily a principal ideal domain.

1.2.11 Lemma

Consider a valuation ring Ov of K .

(a) If p ¤ 0 is a finitely generated prime ideal of Ov then p D mv is the unique
nonzero prime ideal of Ov, in this case, Ov is Noetherian, mv D Ov�v also all
ideals are of the form Ov�

n
v . In this case Ov is said to be a discrete rank one

valuation ring of K (D.V.R. of K).
(b) A nonzero ideal I of Ov that is idempotent cannot be finitely generated and it

is a prime ideal.
(c) For a nonzero ideal I of Ov we have that \fI n; n 2 Ng is a prime ideal of Ov

(it may be zero).

Proof. (a) Suppose p ¤ 0 is a finitely generated prime ideal of Ov. For � 2 mv �p

we must have p � Ov�. Corollary 1.2.9 entails p D Ov� , thus � D �� for
some � 2 Ov. Since p is a prime ideal � 2 p and � D 	� for some 	 2 Ov.
Thus � D 	�� or .1�	�/� D 0 and 	� 2 mv, contradiction. Consequently Ov

satisfies the descending chain condition on prime ideals and is Noetherian. If L
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is an ideal of Ov such that L � Ov�
n for all n 2 N then L D 0, if not then there

is an n such that we have Ov�
n � L � Ov�

n�1, hence mv � ��nC1L � Ov.
The latter means ��nC1L D mv or ��nC1L D Ov, consequently Ov�

n D L

or L D Ov�
n�1.

(b) If I ¤ 0 is idempotent and finitely generated, thus principal say I D Ov� then
� D ��2 for some � 2 Ov and thus .1 � ��/� D 0. Since �� 2 I either
1 2 I and I is not a proper ideal or else we have to contradict the assumptions.
To establish I is prime consider �; � 62 I such that �� 2 I . Then Ov� ¥ I

and Ov� ¥ I , thus I � Ov�� � I 2 D I . It thus follows that I D Ov��, a
contradiction.

(c) If �; � 62 \fI n; n 2 Ng then Ov� � I e, Ov� � I d for some e; d 2 N (use
Lemma 1.2.9) and Ov�� � I eCd . If �� 2 \fI n; ng then Ov�� D I eCd D
\fI n; n 2 Ng follows, but then I eCd is principal and idempotent and therefore
a contradiction in view of (b). It follows that �� 62 \fI n; n 2 Ng and we have
established that the latter is a prime ideal. ut

There is a nice correspondence between rings intermediate between Ov and K and
prime ideals of Ov.

1.2.12 Proposition

If we have a ring T such that Ov � T � K then T is a valuation ring of K and it
is .Ov/p for some prime ideal p of Ov. In particular the valuation domain Ov is a
DVR if and only if it is a maximal subring of K , its field of fractions.

Proof. If Ov � T � K then T is certainly a valuation ring of K , with unique
maximal ideal mT say. Since elements of mT do not have their inverse in T , certainly
not in Ov, it follows that mT � mv � Ov � T and mT is a prime ideal of Ov. The
multiplicative set Ov � mT is inverted in T and for every t 2 T � Ov we have
t�1 2 Ov � mT , hence t D .t�1/�1 2 .Ov/mT , the localization of Ov at mT . That a
DVR is maximal as a subring of K follows from the foregoing. Conversely, assume
that R is maximal as a subring of K . If R is not a field it has a nonzero prime ideal p

and R � Rp � K then yields R D Rp because Rp D K is excluded since pRp is
a nontrivial ideal of Rp . If q ¤ 0 is another prime ideal of R then R D Rq follows
and thus p D q because q � p follows from R D Rp and p � q from R D Rq .
Therefore R has a unique nonzero prime ideal p. If x 2 K � R then K D RŒx�

follows, hence x�1 either is in R or there is a nontrivial relation x�1 D P
rix

i

leading to an integral equation for x�1 over R. However since the integral closure
of R cannot be K (otherwise R is a field and K is an algebraic extension) it must
be R and then x�1 2 R. So if R is not a field then it is a valuation ring of K . We
may exclude that R is a field since we restricted attention to K being the field of
fractions of R. ut
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1.2.13 Proposition

Let Ov be a valuation ring of K and consider a1; : : : ; an 2 K not all zero, then for
some j 2 f1; : : : ; ng aj ¤ 0 and ai a

�1
j 2 Ov for all i 2 f1; : : : ; ng.

Proof. Select aj such that v.aj / is minimal amongst the v.ai /; i D 1; : : : ; n. ut
Let us look at skewfields now. Because we are dealing with domains most of the

time it is natural to look at completely primes as introduced in Sect. 1.1. A subring
ƒ of a skewfield (= division algebra), D say, is called a total subring if for x 2 D

either x or x�1 is in ƒ. Sometimes a total subring is called a total valuation ring.

1.2.14 Proposition

A subring ƒ of a skewfield D is a total subring if and only if it the domain of a
complete prime of D.

Proof. First suppose ƒ is a total subring of D and put P D fx 2 D; x�1 62 ƒg.
For � 2 ƒ and x 2 P we obtain from .�x/�1 2 ƒ that x�1��1:� D x�1 2 ƒ, a
contradiction, hence .�x/�1 62 ƒ or �x 2 P . For x; y 2 P we would obtain from
.x C y/�1 2 ƒ that .x C y/�1x 2 P; .x C y/�1y 2 P thus x�1.x C y/ 62 ƒ

and y�1.x C y/ 62 ƒ. The latter yields x�1y 62 ƒ and y�1x 62 ƒ contradicting
totality of ƒ, hence x C y 2 P . We established that P is an ideal of ƒ (we did
the left ideal property but the right hand version is similar). If for some u; v 2 D

we have uv 2 P then u 62 P yields u�1 2 ƒ and thus u�1.uv/ 2 P , so v 2 P .
This establishes that .P; ƒ/ is a completely prime of D. From the proof it also
follows that .P; DP / is a completely prime of D. In fact ƒ D DP follows because
if z 2 DP � ƒ then z�1 2 P and 1 D zz�1 2 zP � P since z 2 DP , contradiction.
Conversely let DP � P define a completely prime of D and assume there exists
an x 2 D with x 62 ƒ; x�1 62 ƒ; ƒ D DP D fx 2 D; xP � P and P x � P g.
Suppose xP 6� P , say xp 62 P for some p 2 P . From P x�1xP � P we derive
P x�1xp � P , thus P x�1 � P . If xP 6� ƒ then x�1xP � P with x�1 62 ƒ

contradicts the completely primeness of P in D, thus we may conclude that xP �
ƒ (in a similar way one can show that P x � ƒ; x�1P � ƒ and P x�1 � ƒ/. Now
look at:.xP x�1/.xP x�1/ D .xP /.P x�1/ � P because xP � ƒ and P x�1 � P .
Consequently, completely primeness of P yields xP x�1 � P , hence xpx�1 2 P

or x�1 2 P , a contradiction. ut

1.2.15 Proposition

A total subring ƒ of a skewfield D satisfies the following properties:
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1. ƒ is a local ring with maximal ideal P and ƒ=P is a skewfield, called the residual
skewfield.

2. Every finitely generated left (right) ideal of ƒ is principal. For two finitely
generated left (right) ideals I and J in ƒ we have either I � J or J � I .

Proof. 1. By definition of P it is clear that ƒ � P contains only units hence ƒ is a
local ring with maximal ideal P and ƒ=P is a skewfield because images of units
are invertible elements.

2. Consider L D Pn
1 ƒxi in ƒ. For x1; x2 we have either x1x�1

2 or x2x�1
1 in ƒ,

hence eitherƒx1x
�1
2 x2 D ƒx1 � ƒx2, or respectively ƒx2x

�1
1 D ƒx2 � ƒx1.

Hence ƒx1 Cƒx2 D ƒx12 (where x12 is either x1 or x2); repeating this argument
a finite number of times will lead us to L D ƒx12:::n. If I and J are finitely
generated then I D ƒxi ; J D ƒxj by the foregoing and then I � J or J � I

follows from the same argument used in the proof of (1). ut
We may expand somewhat on point (2) in the foregoing proposition and arrive at

a characterization of total subrings of D. Recall that for an order ƒ in D (i.e. D is
the total ring of fractions of ƒ) a left ƒ-ideal L (of D)is just a left ƒ-submodule of
D such that Lz � ƒ for some z 2 ƒ.

1.2.16 Proposition

For an order ƒ of the skewfield D the following properties are equivalent.

1. ƒ is a total subring of D.
2. The set of left (right) ideals of ƒ is linearly ordered by inclusion.
3. The set of left (right) ƒ-ideals of D is linearly ordered by inclusion.

Proof. 1. ) 2: Look at left ideals I; J of ƒ such that I 6� J . Pick a 2 J � I and
look at b 2 I . From (1) either ba�1 2 ƒ, then b 2 ƒa or b 2 J , or ab�1 2 ƒ,
then a 2 ƒb � I is a contradiction. Hence b 2 I for all b 2 I , or I � J .

2. ) 3: Look at ƒ-ideals I; J of D, then there is a z 2 ƒ such that I z; J z � ƒ.
Thus either I z � J z or J z � I z by (2). Consequently either I � J or J � I .

3. ) 1: For any x 2 D � ƒ either ƒx � ƒ or ƒ � ƒx because ƒ and ƒx are
ƒ-ideals of D and (3). Indeed since D is the total ring of fraction of ƒ we have
xz 2 ƒ for some z 2 ƒ, thus ƒxz � ƒ. From ƒ � ƒx it follows that x�1 2 ƒ.

ut

1.2.17 Proposition

For a total subring ƒ of a skewfield D the following statements are equivalent:

1. Every one-sided ideal of ƒ is two-sided.
2. ƒ is invariant under all inner automorphisms of D.
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Proof. 1. ) 2: If one-sided ideals are two-sided then we obtain for a 2 ƒ that
aƒ D ƒaƒ D ƒa, hence aƒa�1 D ƒ for all a 2 ƒ (then also for all d 2 D

because d or d �1 is in ƒ). Hence (2) follows.
2. ) 1: Look at ƒa for a 2 ƒ nonzero. Pick � 2 ƒ and look at a� D .a�a�1/a

with a�a�1 2 ƒ; clearly it follows that aƒ � ƒa. The converse can be
established in a completely similar way. For L D P

i2J ƒxi , some index set
J , L D P

i2J xi ƒ follows. ut

1.2.18 Definition

A total subring ƒ of a skewfield D that is invariant under inner automorphisms of
D is called a valuation ring of D.

Valuation rings of D may be constructed from specific value functions; we refer
to next section for full detail on these.

We paid some special attention to fields and skewfields because very often rings
considered are also vector spaces over fields or skewfields. With notation as in the
beginning of Sect. 1.2 we consider now C -algebras A and a fixed prime .p; C 0/
of C . Look at a �-pseudoplace of A given by a triple .A0; ‰; A/, i.e. ‰jC 0 D �

where ‰ W A0 ! A is the ring homomorphism defining the �-pseudoplace. Recall
that we say that .A0; ‰; A/ is a �-preplace if .Ker‰; A0/ is a prime of A.

1.2.19 Definition

A �-pseudoplace .A0; ‰; A/ is said to be �-fractional, �-localized or �-separated if
in Definition 1.1.4 the elements x; y may be taken from C . Observe that centrality of
C in A then allows to replace the two-sided condition in the definition of localized
and separated by a onesided condition i.e. the existence of one c 2 C 0 such that
cr 2 A0- Ker‰, which replaces the pair c; d 2 C 0 with crd 2 A0 � Ker‰ (in other
words one may choose c or d equal to 1).

It is easily seen that every localized pseudoplace of A such that A is a prime ring
is a preplace of A. Even if the following arguments may be adapted to the case where
A is projective as a C -module we shall restrict attention here to the case where it
is free, so we assume from hereon that: C is a commutative domain and A is a free
C -algebra, .A0; ‰; A/ is a �-pseudoplace with � D .p; C p/ being a localized prime
of C . For any C -subalgebra B of A we write B for the image under ‰ of A0 \ B

in A. Obviously B is a C -algebra and C is again a domain. A subalgebra B of A

which is free as a C -module is said to be ‰-spanned if B \ A0 contains a C -basis
for B and it is said to be ‰-unramified in case that C -basis may be chosen such that
its image in B is also a C -basis for B . We say .A0; ‰; A/ is unramified whenever
A is ‰-unramified.
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1.2.20 Proposition

With notation and convention as above:

1. If A is ‰-spanned then .A0; ‰; A/ is �-fractional.
2. An unramified �-pseudoplace of A is �-localized; in case � is separated then an

unramified �-pseudoplace is �-separated.

Proof. 1. Let fai ; i 2 J g be a C -basis for A contained in A0. If
Pn

iD1 ci ai 2 A�A0
then some cj is not in C p . Since we assumed .p; C p/ to be localized there exists
a �j 2 p such that �j cj 2 C p � p. In �j .

Pn
iD1 ci ai / there are strictly less

coefficients not in C p than in
Pn

i ci ai ; after a finite number of repetitions of this
argument we arrive at a � 2 p such that all �ci 2 C p, hence �.

Pn
iD1 ci ai / 2 A0

(note that we also obtained that at least one �ci is not in p).
2. Suppose fai ; i 2 J g is a C -basis contained in A0 such that f‰.ai/; i 2 J g is a

C -basis for A. For x 2 A�A0 we have x D P
ci ai with some ci 62 C p for some

i 2 J . The assumption that .p; C p/ is localized entails that there is a �i 2 p

such that �i ci 2 C p � p. After repetition of the argument we obtain � 2 P

such that �x 2 A0 but for some j; �cj 62 p. From �x 2 Ker‰ we would obtainP0
‰.�ei /‰.ai / D 0, thus ‰.�ci/ D 0 for all i but that contradicts �cj 62 p.

A similar argument applies in the separated case. ut

1.2.21 Corollary

If .A0; ‰; A/ is an unramified �-pseudoplace such that A is a prime ring, then
.Ker‰; A0/ is a prime of A such that A0 D AKer‰ . In particular, unramified
pseudoplaces in algebras A over fields K such that A is a prime ring define localized
primes of A.

Proof. A localized prime of a field is a valuation ring of that field. ut

1.2.22 Proposition

With assumptions as before and assuming C to be a field, if dimC A < 1 then there
is a �-prime .P; AP / containing a C -basis of A.

Proof. Select a C -basis for A with structure constants in C p , say fa1; : : : ; ang,
this means that products of elements of fa1; : : : ; ang are linear combinations of
fa1; : : : ; ang with coefficients in C P . Put B D C p [fa1; : : : ; ang and M D C p �p.
Now apply Theorem 1.1.3 (the extension theorem), verification of the conditions is
straightforward, in particular (b) and (c) follow from the properties of fa1; : : : ; ang.
The extension theorem yields the existence of a �-prime .P; AP / in A with
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B � AP . Consequently AP contains a C -basis of A and then .AP ; ‰; A/ is a �-
fractional preplace (see Proposition 1.2.20.1). ut

1.2.23 Proposition

In the situation of the foregoing proposition there exists at least one unramified
pseudoplace over � D .p; C p/.

Proof. Select a C -basis fa1; : : : ; ang for A having structural constants in C p, then
the ring A0 D C pŒa1; : : : ; an� equals the C p-module generated by fa1; : : : ; ang.
Then P D Pn

iD1 pai is an ideal of A0 and we claim that ‰ W A0 ! A0=P D A

yields a pseudoplace of A. In order to establish A0 \ C D C p. Consider c DPn
iD1 ci ai 2 C �C p, with ci 2 C p. Since .p:C p/ is localized there is a � 2 p such

that �c 2 C p � p. Hence �c D Pn
iD1 �ci ai with �ci 2 p for i D 1; : : : ; n. We

calculate: �caj D Pn
k;iD1 �ci ˛

k
ij ak , where we wrote ˛k

ij for the structural constants

of fa1; : : : ; ang. It follows that �c D Pn
iD1 �ci ˛

j
ij , but the right hand members is

in p and that contradicts �c 2 C p � p. Moreover, if in the foregoing we choose
c 2 C p � p with c D Pn

iD1 ci ai and ci 2 p for i D 1; : : : ; n then we obtain:
caj D Pn

i;kD1 ci ˛
k
ij ak , or c D Pn

iD1 ci ˛
j
ij 2 p and that is a contradiction. Finally,

if
Pn

iD1 ci ‰.ai / D 0 for some ci 2 C D C p=p then select ci such that ‰.ci / D ci

for i D 1; : : : ; n; hence ‰.
P

iD1 ci ai / D 0 means that
Pn

iD1 ci ai 2 P and then it
follows that each ci 2 p because fa1; : : : ; ang is a C -basis, i.e. ci D 0 or ‰.ai / is a
basis for A as ‰ is surjective. ut

The �-pseudoplaces have been used in constructions of generic crossed products
by the second author, cf. [71], and foregoing results stem from the general theory
there. More general statements over domains C , as claimed in [69] may be correct
for suitable C but in the generality claimed in loc. cit there seems to be a gap in
the proof; the point being that a C -basis fb1; : : : ; bng multiplied by some c 2 C in
order to obtain structural constants in C p need not be a C -basis unless the factor c

is a unit in C .
The foregoing may be used to prove a lifting result for Azumaya algebras under

unramified pseudoplaces.

1.2.24 Remark

In view of Proposition 1.2.14 a localized prime .P; DP / of a skewfield D is a total
subring of D if and only if D is a domain (hence skewfield). In case K D Z.D/

and � belongs to .mv; Ov/ then a �-localized prime of D having a skewfield D for
its residual algebra is a total subring with extra properties. For example if .P; DP /

is the corresponding prime then for d 2 D � Dp there exists r; r 0 2 DP such that
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rd and dr 0 2 DP � M , in fact one may then even take r D r 0 in Ov, central in DP .
This means that DP is a Dubrovin valuation ring of D; we shall study this type of
primes later in more detail.

1.3 Value Functions and Prime Filtration

1.3.1 Partially and Totally Ordered Groups

A partially ordered set, or poset, is a set with a relation � that is reflexive,
antisymmetric and transitive; a poset S; � is a partially ordered group, which is
also a group or po-group, if from x � y it follows that sxd � syd for all s; d 2 S

where we have denoted the group operation multiplicativity. A partial order on S is
said to be total, or S is said to be totally ordered, if for each s; d 2 S either s � d

or d � s: In the sequel � is a totally ordered group and we write it as an additive
group with neutral element 0, even if � need not be abelian. The positive part of �

is �C D f	 2 �; 	 > 0g. To 	 2 � we associate j	 j 2 �C where j	 j D 	 if 	 > 0,
j0j D 0 and j	 j D �	 if 	 < 0. Observe that 	 < 0 yields �	 > 0. An isolated
subgroup K � � is one such that 
 2 K entails that all 	 2 � such that j	 j � j
j
are in K .

1.3.1.1 Lemma

The set of isolated subgroups of � is totally ordered by inclusion.

Proof. Consider nonzero proper isolated subgroups K1 and K2 in � . If K1 ¤ K2

then K1;C ¤ K2;C where we denote KC for any subgroup K of � for the set of
positive elements of K . Suppose 	1 2 K1;C and 	1 62 K2 and look at arbitrary
	2 2 K2;C. Since � is totally ordered and K2 is isolated 	2 < 	1 follows but then
	2 2 K1 since K1 is isolated too. Consequently K2;C � K1 and thus K2 � K1.

The order type of the set of all proper isolated subgroups of � is called the rank
of � , denoted rk� . ut

1.3.1.2 Proposition

Let K be a invariant (normal) isolated subgroup of � then �=K is totally ordered
such that the canonical � ! �=K is an ordered group morphism. Moreover, rk� D
rkK C rk�=K .

Proof. Pick 	 ¤ ı in �=K and 	; ı 2 � representatives of 	; ı respectively.
Suppose 	 > ı and look at 	 0 D 	 C � and ı0 D ı C � with �; � 2 K . If
	 0 � ı0 then � < � since ı < 	 . Then it follows that 	 � ı C � � � or
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�ı C 	 � � � � with � � � � K . Since K is an isolated subgroup of � and �ı C 	

being positive, �ı C 	 2 K follows. The latter contradicts 	 ¤ ı in �=K . This
allows to define 	 > ı if 	 > ı since the foregoing establishes independence of the
chosen representative. It is obvious that this makes �=K into a totally ordered group

such that �
��! �=K is order preserving. For the second statement it is sufficient to

observe that an isolated subgroup L of � is given by L \ K , an isolated subgroup
of K and �.L/, an isolated subgroup of �=K . The set of isolated subgroups in � is
the set-theoretic sum of two ordered sets, hence for the order types it follows that
rk� D rkK C rk�=K . ut

1.3.1.3 Definition

A totally ordered group � is Archimedean if for 	; ı 2 � with ı > 0 say, there is
an n 2 N such that nı > 	 .

1.3.1.4 Proposition

For a totally ordered group � , the following statements are equivalent:

(i) rk� D 1.
(ii) � is Archimedean.

Proof. (i) ! (ii) Suppose ı > 	 > 0 in � are such that there is no n 2 Z such
that n	 > ı. Look at S D f	 0 2 �C; 	 0 < n	 for some ng. Obviously S

is closed under addition in � and if 	 00 < 	 0 for some 	 0 2 S then 	 00 2 S .
The elements of S and their inverses generate a proper isolated subgroup of �

(proper because ı is not in it), contradicting rk� D 1 (0 is the only isolated
proper subgroup).

(ii) ! (i) Suppose 0 ¤ K is an isolated proper subgroup in � , and pick a positive
element 	 2 K . Then 	 < � for each positive element � not in K (if � < 	

then � 2 K because K is isolated). But by (ii), � < n	 for some n 2 N would
lead to � 2 K , contradiction. Hence such K does not exist. ut

The following is a classical result, the proof is based on the use of Dedekind cuts,
see [61, Theorem 1, p. 6].

1.3.1.5 Theorem

An Archimedean group is order isomorphic to a subgroup of R.
A group of rank 1 is said to be discrete if it is order isomorphic to Z; C. An

abelian totally ordered group of finite rank is called discrete if the factorgroups of
successive isolated subgroups are isomorphic to the additive group Z; C. A discrete
group is thus necessary order isomorphic to Z

r ; C for some finite r .
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It is easy to see that a totally ordered group � is necessarily torsion free; indeed
if n	 D 0 for 	 2 � , n 2 N then either 	 � 0 and n	 � 	 � 0 yields 	 D 0, or
else 	 � 0 and then n	 � 	 � 0 yields 	 D 0. In case � is only partially ordered
there may exist nontrivial torsion elements but these are then incomparable to 0.

1.3.2 Value Functions of Primes in Simple Artinian Rings

Starting from a prime .P; AP / in a simple Artinian ring A we associate to a 2 A

the set P W a D f.x; x0/ 2 A � A; xax0 2 P g. We define a relation 	 on A by
putting a 	 a0 whenever P W a D P W a0. It is clear that 	 is an equivalence
relation on A; we writeea for the equivalence class of a 2 A. For a D 0 we have
that P W 0 D A � A and a0 	 0 then means that Aa0A � P , thus a0 D 0 since A is
simple. So we may look at 	 on the semigroup A� D A � f0g.

We introduce a partial order in A�= 	D eA by putting ea � eb whenever
P W a � P W b.

1.3.2.1 Lemma

The multiplication of A� induces a partially ordered semigroup structure on eA with
neutral elemente1.

Proof. The relation 	 is compatible with multiplication, that is: if a 	 a0; b 	 b0
then ab 	 a0b0. Indeed if .x; y/ 2 A � A is such that xaby 2 P then .x; by/ 2
P W a D P W a0, thus xa0by 2 P or .x; a0/ 2 P W b D P W b0, thus xa0by 2 P

or P W ab � P W a0b0. The converse inclusion follows by interchanging the role
of .a; b/ and .a0; b0/. The relation ea � eb whenever P W a � P W b is obviously
reflexive, antisymmetric and transitive. Moreover for ea D eb andec 2 eA we have
eaec � ebec as well as ecea � eceb, indeed if .x; y/ 2 P W ca, then xcay 2 P or
.xc; y/ 2 P W a � P W b yields xcby 2 P or .x; y/ 2 P W cb and thus P W ca �
P W cb or eca � ecb (the right symmetric statement follows in a symmetric way).
Now we defineea:eb in eA by puttingea:eb D fab and this is well defined; this makes eA
into a partially ordered semigroup with neutral elemente1. ut

Define a value function ' W A� ! eA; a 7!ea.

1.3.2.2 Corollary

The value function ' W A� ! eA satisfies:

(i) ' is multiplicative, i.e. '.ab/ D '.a/'.b/ for a; b 2 A�.
(ii) Ifea � ec andeb � ec then .a C b/� � ec. In particular when ea � eb then

.a C b/� �eb or '.a C b/ � '.b/.
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Proof. (i) By definition.
(ii) Take .x; y/ 2 P W c, thus .x; y/ 2 P W a and .x; y/ 2 P W b. This yields

xay 2 P and xby 2 P , thus x.a C b/y 2 P or .x; y/ 2 P W .a C b/.
Consequently P W c � P W .a C b/. ut

Observe in (ii) that '.a C b/ � minf'.a/; '.b/g whenever that minimum exists,
so ' does extend the notion of a valuation function for a totally ordered value group
to a partially ordered semigroup. Note that for a 2 U.A/ we have '.a�1/ D '.a/�1

because from aa�1 D a�1a D 1 we obtain '.a/'.a�1/ D '.a�1/'.a/ De1. So for
a 2 U.A/, ifea �e1 thenea�1 D .a�1/� �e1.

If we consider an arbitrary ring A in the foregoing, say R. Then a0 	 0 means
Ra0R � P or a0 2 P o. Therefore we replace R by R=P o and look at the
prime .P=P o; RP =P o/ in R=P o. On R we define eR D R

�j 	. We may check
Lemma 1.3.2.1 for R and see that eR is a partially ordered semigroup and obtain
a value function ' W R� ! eR satisfying the properties of Corollary 1.3.2.2. For
separated primes .P; RP / in R we have P o D 0 and ' W R� ! R is then well
defined.

In case A is a skewfield, D say, then eD is a partially ordered group. In general
when we consider a prime .P; RP / in a ring R, then we call it an arithmetical
prime of R in case it is separated and eR is a partially ordered group.

Value functions associated to primes in skewfields were introduced by J. Van
Geel in [69]; they may be considered as the natural modification of valuation
functions.

Now consider a localized prime .P; DP / in D and look at OP D fx 2 D; x D 0

or '.x/ � 0g[f0g where ' denotes the value function on D� associated to the prime
.P; DP / and we have written the value group eD additively with neutral element 0

(even if it need not be abelian).

1.3.2.3 Proposition

With notation as above; OP is a subring of D invariant under inner automorphisms
of D, in fact OP D \z2D�zDP z�1.

Proof. If suffices to prove the second statement after verifying that OP is a subring
of D, but the latter is an immediate consequence of Corollary 1.3.2.2. Now look at
x such that '.x/ � 0, thus .P W 1/ � .P W x/ and consider zxz�1 for some z 2 D�.
We calculate: .a; b/ 2 .P W 1/ (i.e. ab 2 P / implies .a; b/ 2 P W x, axb 2 P and
.az; z�1b/ satisfies azz�1b D ab 2 P thus .az; z�1b/ is in P W 1 hence in P W x,
consequently azxz�1b 2 P and P W zxz�1 contains .a; b/. This establishes P W 1 �
P W zxz�1, and therefore OP is invariant under inner automorphisms of D. Consider
x 2 \z2D�zDP z�1 and let a; b 2 D� be such that ab 2 P . From x 2 bDP b�1, say
x D byb�1 with y 2 DP we obtain: abyb�1b D aby 2 axb D abyb�1b 2 P .
Therefore we have P W 1 � P W x or \z2D�zDP z�1 � OP . The converse inclusion
follows from the fact that OP � DP . Indeed x 2 OP � DP would lead to the
existence of r; s 2 DP such that rxs 2 DP � P with rs 2 P , by the fact that
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.P; DP / is a localized prime of D. However rs 2 P yields .r; s/ 2 P W 1 � P W x

and rxs 62 P then leads to a contradiction, so there is no x in OP � DP . ut

1.3.2.4 Lemma

If U stands for the group of units of OP , then we have the following exact sequence
of group morphisms:

1 ! U ! D� �!
'

eD ! 0

Proof. If x 2 D� is such that '.x/ D 0 then from x�1x D 1 it follows that
0 D '.x�1/ C 0, hence x�1 2 Ker'. Conversely if x 2 U then x; x�1 2 OP and
'.x/ C '.x�1/ D 0 with '.x/; '.x�1/ � 0 hence if '.x/ > 0 then in the partial
order of eD W 0 D '.x/ C '.x�1/ � '.x/ C 0 > 0 leads to '.x/ D '.x�1/ D 0. ut

A localized prime .P; DP / of D is called strict if from '.a/; '.b/ >ec forec 2 eD
it follows that '.a C b/ >ec. In particular when eD is totally ordered then .P; DP /

is strict as is easily seen.

1.3.2.5 Corollary

Let .P; DP / be a strict localized prime in D. The ring OP is a local ring with
maximal ideal p D fx 2 D; '.x/ > 0 or x D 0g.

Proof. Obviously p D OP � U . If x; y 2 p then '.x C y/ > 0 hence x C y 2 p.
For x 2 p and z 2 OP we have '.zx/ D '.z/ C'.x/ with '.x/ > 0; '.z/ � 0, thus
'.z/ C '.x/ � 0 C '.x/ > 0 entails zx 2 p, similarly it is established that xz 2 P .
Therefore p is an ideal of OP and the statement follow. ut

We do not know in general whether .p; OP / is a prime of D but we can
summarize its properties as follows.

1.3.2.6 Proposition

Let .P; DP / be a strict localized prime in D. The ring OP is local and OP =p is a
skewfield. Every one sided ideal of OP is two-sided and OP D zOP z�1; p D xpz�1

for every z 2 D�. The set O�
P D OP � f0g is a left and right Ore set of OP and so

OP has a skewfield of fractions D.P / obtained by inverting (left or right) the Ore
set O�

P . If .p; OP / is a prime of D.P / with domain OP , then OP is a valuation ring
of D.P / with value group � in eD obtained as the subgroup fv1 � v2; �v2 C v1, with
v1 � 0; v2 � 0g being the subgroup generated by elements comparable to 0 in the
partial order of eD.

Proof. From the fact that OP is local (Corollary 1.3.2.5.) it follows that OP =p is a
skewfield since U maps to invertible elements. From Proposition 1.3.2.3 it follows
that zOP z�1 � OP hence in fact zOP z�1 D OP , because z�1OP z � OP . Since
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OP � DP we have P \ OP ¤ OP hence as an ideal P \ OP is contained in the
unique maximal ideal p. For any z 2 D�; zpz�1 is an ideal of OP D zOP z�1 and
so zpz�1 � p. Hence zpz�1 D p follows. If a 2 OP then OP a D .aOP a�1/a D
aOP hence all onesided ideals of OP are twosided. Since OP is a domain we only
have to verify one condition for OP � f0g D S to be a left (similarly: right) Ore
set of OP : given � 2 OP ; s 2 S there exist �0 2 OP ; s0 2 S such that s0� D �0s.
Take s0 D s and pick �0 2 OP such that �0s D s�, this is possible because OP s D
sOP 3 s�. The skewfield of fractions D.P / is the left and right quotient ring of OP

with respect to the left and right Ore set S (see [63, 72, 76] and many papers about
localization theory). If we assume that .p; OP / is a prime in D.P / with domain
OP then if x 2 D.P / such that x�1 62 OP we have pxOP x�1 � p because
xOP D OP x (write x D s�1a for s 2 S; a 2 OP then s�1aOP D s�1OP a and
from sOP D OP s it follows that OP s�1 D s�1OP , hence s�1aOP D s�1OP a D
OP s�1a). Since .p; OP / is a prime by assumption px � p follows from x�1 62
p. In a completely symmetric way it follows that xp � p, hence x 2 Pp . This
proves that OP is a total subring of D.P / and as it is invariant under all inner
automorphisms of D.P / it is a valuation ring by definition. The values of s�1a with
s 2 S; a 2 OP are �v.s/ C v.a/ with v.s/ � 0; v.a/ � 0, so the value group for
D.P / is the subgroup of eD generated by the elements as claimed in the proposition.
It follows that this is a totally ordered subgroup of eD. ut

1.3.2.7 Remark

If in the foregoing proposition we only assume that .p; OP / is a prime of D.P / then
it does not follow that OP is the domain of definition of .p; OP /. Let us say that p

is full if v.ı/ > �v.�/, for some ı 2 D.P / and all � 2 p, implies v.ı/ � 0. In case
p is full then the domain of .p; OP / is exactly OP . Indeed if � is the domain of
.p; OP /, i.e. � D fı 2 D.P /; ıp � p and pı � pg, then v.ı�/ D v.ı/ C v.�/ > 0

for every ı 2 � and � 2 p. From v.ı/ > �v.�/ for all � 2 p it then follows by the
assumption that v.ı/ � 0 or ı 2 OP .

1.3.2.8 Lemma

Consider a; b 2 D� then a 2 OP b if and only if '.a/ � '.b/.

Proof. If a D �b with � 2 OP then '.a/ D '.�/ C '.b/ � '.b/. Conversely, if
'.a/ � '.b/ then '.ab�1/ � 0, hence ab�1 2 OP and a 2 OP b. ut

For any partially ordered group G we define positive filters of G to be the subsets
of positive elements such that if g is in it then every h 2 G, h � g, is also in it.
A positive filter is said to be pointed if it has a least element. If F1 and F2 are
positive filters in G then F1 C F2 is the positive filter consisting of all f1 C f2 with
f1 2 F1; f2 2 F2. Note that if f � f1 Cf2 then f D f �f1 Cf1 with f �f1 � f2

hence f � f1 2 F2 and thus f 2 F1 C F2.
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1.3.2.9 Proposition

With notation as before assume eD is totally ordered.
Ideals of OP correspond bijective with the positive filters in eD. Principal

ideals correspond to pointed filters. The multiplicative system of ideals of OP is
isomorphic to the additive system of positive filters in eD. Since eD is totally ordered,
the set of ideals of OP is totally ordered.

Proof. To I , an ideal of OP , we associate '.I / � eD. As a consequence of
Lemma 1.3.2.8, '.I / is a filter of positive elements. Conversely to a positive filter
F in eD we associate J .F / D fa 2 OP ; '.a/ 2 F g; the properties of ' entail
that J .F / is an ideal of OP . Since ' is surjective, '.J .F // D F ; we also have
J .'.I // D I . If I D OP a then '.I / is the positive filter consisting of ex 2 eD
such that ex � '.a/, hence it has least element '.a/. Conversely if F D fex 2
eDC;ex � ex0g for some fixedexo 2 eDC then taking xo 2 OP such that '.x0/ D exo

yields that every x 2 J .F / has '.x/ � '.xo/ hence x 2 OP xo and the ideal
J .F / is generated by xo. For ideals I; J in OP we have '.IJ / D '.I / C '.J /.
Indeed if z D Pn

iD1 ai bi 2 IJ then '.z/ � minf'.aibi /; i D 1; : : : ; ng, say:
'.z/ � '.aio/ C '.bio/ for some io 2 1; : : : ; n. This yields '.z/ 2 '.I / C '.J /.
Conversely if h D '.a/ C '.b/ 2 '.I / C '.J / with a 2 I; b 2 J , then we have
h D '.ab/ 2 '.IJ /. Since eD is totally ordered the set of positive filters is totally
ordered too and so is the set of ideals of OP in view of the bijective correspondence
established before. ut

1.3.2.10 Remark

For a finitely generated ideal OP a1 C : : : C OP an D I in OP it is true, that I is
principal because we can select one of the '.ai /; i D 1; : : : ; n as a minimal one! If
eD is not totally ordered, then this property fails.

Next we look at a totally ordered group � . In the sequel we link value functions
onto � to valuation rings.

1.3.2.11 Definition

For a skewfield D, let U.D/ D D � f0g be its multiplicative group. A surjective
map v W U.D/ ! � , where � is a totally ordered group, is called a �-valuation of
D if v satisfies the following conditions:

(i) For a; b 2 U.D/, v.ab/ D v.a/ C v.b/ (where we denote the operation in
� by C even if it need not be an abelian group).

(ii) For a; b 2 U.D/; v.a C b/ � minfv.a/; v.b/g.

In case � is abelian then v is called an abelian valuation. The set ƒ D fd 2
D; v.d/ � 0g is a subring of D with P D fd 2 D; v.d/ > 0g being an ideal
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of ƒ (note that 0 denotes the neutral element of �). The elements u 2 U.D/ with
v.u/ D 0 form an invariant subgroup of U.D/ contained in ƒ and in fact it is
exactly ƒ � P . Therefore ƒ is a local ring with unique maximal ideal P . Since v
is by definition surjective it defines an exact sequence of groups 0 ! ƒ � P !
U.D/

v�! � ! 0, actually defining � in terms of U.D/.

1.3.2.12 Remark

If a; b 2 U.D/ are such that v.a/ ¤ v.b/ then we actually have v.a C b/ D
minfv.a/; v.b/g. Indeed if we assume v.a/ > v.b/ say then from v.a C b/ >

minfv.a/; v.b/g would lead to v.b/ D v.a C b � a/ � minfv.a C b/; v.a/g > v.b/,
a contradiction. Therefore v.a C b/ D minfv.a/; v.b/g follows. Observe that for
d 2 D; v.d �1/ D �v.d/ in particular ƒ is invariant under all inner automorphisms
of D.

Let us write ƒv for the subring of D corresponding to a valuation function v W
U.D/ !! � .

1.3.2.13 Proposition

With notation as before: ƒv is a valuation ring of D.

Proof. By definition ƒv is obviously a total subring of D. It is also obvious that ƒv

is invariant under inner automorphisms of D. ut
We can add the converse to the foregoing proposition and arrive at the following

theorem (a version of Theorem 3 of [61]).

1.3.2.14 Theorem

The valuation rings of a skewfield D are exactly the ƒv corresponding to a valuation
function v.

Proof. In view of the foregoing proposition we only have to show that a valuation
ring ƒ in D is of the form ƒv for some �-valuation function v W U.D/ !! � . Write
U for ƒ � P and consider v W U.D/ !! U.D/=U , the canonical epimorphism.
Since U is invariant under inner automorphisms of D it follows that �U D U�

for every � 2 ƒ and we have v.a/ D aU D Ua in U.D/=U . For a; b 2 U.D/

either a�1b or b�1a is in ƒ, say a�1b 2 ƒ. Then ba�1 2 ƒ too because ba�1 D
a.a�1b/a�1. Define ˛ > ˇ in � D U.D/=U whenever ˛ D v.a/; ˇ D v.b/ such
that ab�1 2 P (then also b�1a 2 P ). It is easy to verify that this makes � into a
totally ordered group and also verifies in a straightforward way that v is a valuation
function U.D/ !! � . That ƒ is exactly ƒv is obvious. ut
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Valuation rings of D can also be characterized via primes as in the following
proposition.

1.3.2.15 Proposition

The primes .P; DP / of D with eD a totally ordered group such that DP is invariant
under inner automorphisms of D are exactly the valuation rings of D.

The proof is a modification of an argument in the proof of Proposition 1.3.2.6,
taking into account that .P; DP / is strict because eD is totally ordered.

Proof. If .P; DP / defines a valuation ring ƒv D DP then DP is by definition
invariant under inner automorphisms of D. Conversely, suppose DP is invariant
and assume x 2 D such that x�1 62 DP . From xDP x�1 � DP it follows that
P xDP x�1 � P and because .P; DP / is a prime of D it follows that P x � P .
Similarly, from x�1DP xP with x�1 62 DP it follows that xP � P . But xP � P

and P x � P means x 2 DP . Thus DP is a total subring of D. Consequently, since
DP is assumed to be invariant under inner automorphisms it follows that DP is a
valuation ring of D. ut

Abelian valuations have better structural properties than general ones. An easy
characterization of abelian valuations is that ƒv contains U.D/0, the commutator
subgroup of U.D/. As an example of the good behaviour of abelian valuations let
us mention Krasner’s theorem.

1.3.2.16 Proposition

Let D � E be skewfields and v an abelian valuation on D given by ƒv � D; Pv �
ƒv,. Then v extends to an abelian valuation w on E if and only if PvU.E/0 is a
proper subset of ƒvU.E/0.

Proof. If c is in U.E 0/ and d 2 D then dc D .dcd �1/d and the conjugate
of a commutator is again a commutator. It follows that ƒvU.E/0 D U.E/0ƒv

and PvU.E/0 D U.E/0Pv. Now we apply the extension Theorem 1.1.3 with
B D U.E/0ƒv and M D ƒv � Pv (conditions (a),. . . ,(e) are verified by definition
here) since PvU.E/0 is a proper subset of ƒvU.E/0. This leads to the existence of a
prime of E; .P1; EP1/ say, such that U.E/0ƒv � EP1 and P1 \ D D Pv. For any
x 2 E we have that xEP1x�1 � EP1 because for every � 2 E , x�x�1��1 is in
U.E/0 � EP1 . Thus EP1 is invariant under inner automorphisms of E therefore a
valuation ring in view of Proposition 1.3.2.15. ut

A deeper understanding of the connections between the ideal theory of a
valuation ring in a skewfield and the group theory of the totally ordered value group
may result by restricting attention to prime ideals.

Let ƒv be a valuation ring of the skewfield D with corresponding valuation
function v W D� ! � . If � is an isolated subgroup of � we denote the sets of
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positive elements of � and � by �C and �C respectively. Then �C � �C is a filter
of �; indeed if 	 2 �C � �C and ı � 	 , say ı ¤ 	 hence ı > 	 , then ı 2 �C and
if ı 62 �C � �C we must have ı 2 �C and so 	 2 �C because � is an isolated
subgroup, a contradiction, hence ı 2 �C � �C as desired.

1.3.2.17 Proposition

The nonzero prime ideals of ƒv correspond bijectively to the isolated subgroup of �

and prime ideals invariant under inner automorphisms of D correspond to invariant
subgroups of � .

Proof. First observe that prime ideals of ƒv are in fact completely prime. Indeed,
from Proposition 1.3.2.6 we retain that one-sided ideals of ƒv are two-sided hence
from ab 2 P for some prime ideal P of ƒv it follows that ƒvab D aƒvb � P

or a or b 2 ƒv. Put F D �C � �C then J.F / D fa 2 ƒv; v.a/ 2 F g is an ideal
of ƒv (Proposition 1.3.2.9). If x; y 62 J.F / we have v.x/; v.y/ 2 �C and then
v.xy/ 2 �C hence xy 62 J.F /, consequently J.F / is a prime ideal. Conversely,
look at the positive filter for some prime ideal P of ƒv, say F.P /. It suffices to show
that �C � F.P / is the positive part �C of an isolated subgroup � of � . Suppose
we have 0 < 	 < ı with ı 2 �C � F.P /. Then 	 2 �C � F.P / too (because
otherwise 	 2 F.P / yields ı 2 F.P //. Now put �C D �C � F.P /; �� D
f�	; 	 2 �Cg [ f0g. Observe that for ı; ı0 in �� also ı C ı0 2 �C because
ı D v.a/; ı0 D v.a0/ for a; a0 2 ƒv � P , hence v.aa0/ D ı C ı0 and aa0 62 P . It is
easily checked that the compositum of �C and ��, given by finite sums of elements
	 C ı; �	 C ı; �ı � 	; �ı C 	 , for 	; ı 2 �C, is a group � such that �C is exactly
its positive part. Argumentation as just above establishes that � is isolated. It is
clear that invariant prime ideals correspond to isolated subgroups invariant under
conjugation in � . ut

1.3.2.18 Corollary

If � is abelian then every prime ideal of ƒv is invariant under inner automorphisms
of D.

1.3.2.19 Proposition

Every nonzero prime ideal p of ƒv defines a quotient ring of functions ƒv;p � D

containing ƒv such that p is again a prime ideal in ƒv;p such that ƒv;p=p is a
skewfield, hence p is the Jacobson radical of ƒv;p .

Proof. Since left ideals of ƒv are two-sided the multiplicative set S D ƒv �p is an
Ore set (left and right) so we have a localized domain S�1ƒv of left (right) fractions.
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Now write ƒv;p D S�1ƒv; ƒv � ƒv;p and pƒv;p ¤ ƒv;p because p \ S D ;. By
general localization results pƒv;p is a maximal ideal of ƒv;p , say M D pƒv;p . If
x 2 M � ƒv, then there are �; � 2 ƒv such that �x� 2 ƒv � p but �x� 2 M

and �x� 2 ƒv must imply �x� 2 p (otherwise M would contain a unit of ƒv), a
contradiction. Consequently M D p.

For y 2 ƒv;p � p, if y 2 ƒv then y 2 S and then y is a unit in ƒv;p . On the
other hand if y 62 ƒv then y�1 2 ƒv and thus again y is a unit in ƒv;p . Therefore
p is the unique maximal ideal of ƒv;p (hence completely prime) and ƒv;p=p is a
skewfield. ut

1.3.2.20 Corollary

In the situation of foregoing theorem, ƒv;p is a total subring of D, in case p is an
invariant prime of ƒv then ƒv;p is a valuation ring of D.

Proof. If x 62 ƒv;p then x�1 2 ƒv � ƒv:p. If p is invariant then the localization of
ƒv at p is also invariant (in fact S D ƒv � p is also invariant), in combination with
the first statement ƒv;p is then a valuation ring. ut

Finally let us return to the notion of specialization as introduced before
Lemma 1.1.16 for arbitrary primes.

The situation p � ƒv � ƒv:p with .p; ƒv/ and .p; ƒv:p/ being complete
primes of D yields that .p; ƒv/ is a specialization of .p; ƒv;p/ in the sense of
Lemma 1.1.16, denoted by .p; ƒv;p/ 7! .p; ƒv/. It is clear that ƒv=p is a total
subring of ƒv;p=p D D.p/, the residual skewfield for ƒv;p . In case p is invariant
in ƒv then ƒv=p is a valuation ring of D.p/. The prime place ƒv ! F.v/ D
ƒv=Pv, where Pv is the maximal ideal of ƒv, is called the place corresponding
to the valuation v, the prime place ƒv;p ! ƒv;p=p D D.p/ is called the place
corresponding to p even if this is not a place of a valuation in general (unless p

is invariant). Now .Pv=p; ƒv=p/ is the induced complete prime in D.p/ and the
primeplace �p W ƒv;p ! D.p/ may be composed with �v W ƒv=p ! ƒv=Pv D
F.v/ to a morphism defined on ��1

p .ƒv=p/ � ƒv;p . Of course ��1
p .ƒv=p/ contains

the valuation ring ƒv and it is therefore again a total subring. We now obtain
Theorems 3 and 6 as in [61, p. 16, 17].

1.3.2.21 Theorem

1. With notation as above assume that p is invariant and let � � � be the invariant
isolated subgroup of � corresponding to p. Then ƒv;p defines a �=�-valued
valuation of D and ƒv=p defines a �-valuation for D.p/.

2. Let v be a �1-valuation of the skewfield D with residual skewfield D.v/ and w
is a �2-valuation of D.v/ with residual skewfield D.w/. If the inverse image of
ƒw � D.v/ in ƒv under �v W ƒv ! D.v/ is invariant then it defines a valuation,
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let us denote it by w:v, with value group � having an isolated subgroup � 0
2 with

� 0
2 Š �2 and such that:

0 ! � 0
2 ! � ! �1 ! 0; i:e: �=� 0

2 Š �1

Proof. 1. The valuation v�=� is defined by v�=�.a/ D v.a/mod� 2 �=�. Observe
that �=� is totally ordered (Proposition 1.3.1.2). This is obviously a valuation.
If v�=�.a/ � 0 then either v.a/ � 0 or v.a/ D �ı for some ı 2 �C. In the
second case a D b�1 for some b with v.b/ 2 �C, then b 2 ƒv � p and thus
b�1 2 ƒv;p; hence in both cases a 2 ƒv;p . Conversely if ad �1 2 ƒv;p with
v.a/ � 0; v.d/ 2 �C then v�=�.ad �1/ D v�=�.a/ D v.a/mod�, therefore ƒv;p

is contained in the valuation ring of v�=� and thus equal to it. For x 2 D.p/

we define v�.x/ D v.x/ where x is any representative for x (the definition of
v� does not depend on the choice of representative). Clearly v�.x/ 2 � and all
elements of � are values of elements in D.p/ because only elements of ƒv;p �p

have values in � where .ƒv;p � p/modp D D.p/ � f0g. Standard verification
leads to the observation that v� is a valuation and its valuation ring in D.p/ is
ƒv=p.

2. If ��1
v .ƒw/ is invariant then it is a valuation ring because it is a total subring

(see remarks before the theorem) and the corresponding valuation is w:v: If �

is the value group of w:v: then the isolated subgroup of � corresponding to
��1

v .0/ D Pv is order isomorphic to �2 and �=� 0
2 D �1,where � 0

2 is the copy of
�2 identified in � . ut

Let ' be the value function for an arithmetical prime .P; RP / for any ring R. We
may consider for any 	 2 � D eR in the value group (only assumed to be a partially
ordered group for now) F	 R D fr 2 R; '.r/ � 	g. We write the operation in �

additively and write 0 for its neutral element.

1.3.2.22 Lemma

With notations as above:

1. For 	 2 �; F	R is an additive subgroup of R.
2. For 	; ı 2 �; F	RFıR � F	CıR.
3. The unit of R, say 1, is in F0R.
4. [	2�F	R D R.
5. For the set of elements r 2 R such that '.r/ � 	 for all 	 2 � we write F1R.

Then F1R is an ideal of R.
6. If 	 > ı in � then we have F	R � FıR.

Proof. 1. Take x; y 2 F	R for a certain 	 2 � , then '.x/; '.y/ � 	 , thus '.x C
y/ � 	 (see Corollary 1.3.2.2.(ii) and the remarks following it), hence x C y 2
F	 R.

2. Take x 2 F	R, y 2 FıR then '.xy/ D '.x/C'.y/ � 	 Cı, then xy 2 F	CıR,
so if

Pn
iD1 xi yi 2 F	RFıR then we obtain '.

Pn
iD1 xi yi / � 	 C ı because each

'.xi yi / � 	 C ı and thus
Pn

iD1 xi yi 2 F	CıR.
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3. Obvious from '.1/ D 0.
4. Clear because ' is surjective.
5. It is clear that F1R is an additive subgroup of R. Take r 2 R; x 2 F1R,

since r 2 F	R for some 	 2 � , we have rx 2 F	CıR for all ı 2 � and since
	 C � D � , because � is a group as .P; RP / is arithmetical, it follows that
rx 2 F1R. In a similar way xr 2 F1R and consequently F1R is an ideal
of R.

6. Obvious. ut

1.3.2.23 Definition

For a partially ordered group � and a ring A, a � -filtration of A is obtained from an
ascending chain of additive subgroups f	 A; 	 2 � , i.e. if ı � 	 then fıA � f	A,
such that f	Af
A � f	C
A for 	; 
 2 � and 1 2 f0A. We say that the �-filtration
fA is exhaustive if [	2�f	 A D A.

1.3.2.24 Corollary

The value function of an arithmetical prime .P; RP / of R defines an exhaustive
�-filtration f	R D F	R, with respect to the opposite partial order of � in the
indexes.

1.3.2.25 Remark

For an arithmetical prime .P; RP / of R we have a subring OP of R given as
OP D F0R (with notation as above). Just like in Proposition 1.3.2.3. it follows
that OP is invariant under inner automorphisms of R but it need not be equal to
[z2U.R/zRP z�1, where U.R/ is the group of units of R!

The restriction of ' W R� D R � f0g ! eR to U.R/, say 'jU.R/ W U.R/ ! eR
has image a partially ordered subgroup � of eR (this works for any separated prime
of R, it need not be arithmetical) and we obtain an exact sequence of groups:

1 ! U.OP / ! U.R/
'�! � �! 0 (this may be checked along the lines of

Lemma 1.3.2.4. This extends the notion of a valuation function to value functions
of arbitrary separated primes, but it is only defined on U.R/ which is different from
R� in general if R is not a skewfield.

The relation between F0R and RP is not too clear in general, even in the case of
a skewfield R D D we obtain F0D D OP and from Proposition 1.3.2.3 it is clear
that the relation between OP and DP may be traceable sometimes but it need not
be as strict as one might hope for in an optimistic mood.

On the other hand, the theory of filtered rings and algebras is well developed,
see [40] for example; therefore it is plausible to start from the idea that suitable
filtrations on R forcing convenient relations between R and F0R are natural replace-
ments for value functions or valuations. In the remainder of this section we merely
introduce some basic facts postponing full detail on filtration methods to Sect. 1.7.
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For a ring A with �-filtration fA we may view the filtration on a basis of
neighbourhoods of o that allows us to view A as a topological ring. From this point
of view f�1A D \	2�f	A ¤ 0 would obstruct the Hausdorf property, hence
we are interested in a condition that would correspond to the separation conditions
(like Hausdorf, T2; : : :). In case ' derives from a value function there is a special
property of the filtration stemming just from the fact that ' is (well-) defined, that
is: for every x 2 A there is a unique 	 2 � (in fact '.x/ D 	 ) such that x 2 F	A but
for every 	 0 > 	 we have x 62 F	 0A. Indeed, x 2 F	 0A would mean '.x/ � 	 0 > 	 ,
contradiction. Uniqueness of 	 follows from: x 2 FıA means '.x/ � ı hence either
	 D '.x/ D ı and F	A D FıA or '.x/ > ı and x 2 F	A � FıA and FıA does
not have the minimality property.

1.3.2.26 Definition

A �-filtration of A as above is said to be separated if for every x 2 A there exists
a (unique) 	 2 � such that x 2 f	 A but for every 	 0 < 	 we have x 62 f	 0A.
Obviously this is a version of the property of FA as above but taking into account
that then f	A D F	A, passing to the opposite partial order on � .

When � is a totally ordered subgroup of the additive group R
NCthen a more

intrinsic characterization of separatedness is available.

1.3.2.27 Proposition

Let � � R
NC be totally ordered and fA a �-filtration of a ring A. The following

statements are equivalent to one another:

(i) The filtration fA is separated.
(ii) If for 	 2 � we have that 	 D inff
 2 �; 
 2 J g, for some family J , then

f	A D \
2J f
A, in particular we demand: \	2�f	A D 0.

Proof. (i) ) (ii) Suppose 	 D inff
 2 J � �g and put B D \
2J f
A. Suppose
x 2 B � f	 A. Separatedness of fA entails that there is an element ı 2 � such
that x 2 fıA � fı0A, for all ı0 < ı. Since x 62 f	A we cannot have ı � 	 thus
ı > 	 because � is totally ordered. Since 	 D inff
 2 J g there is some 
 2 J
such that ı > 
 � 	 . From 
 2 J it follows that x 2 f
A but from ı > 


it follows that x 62 f
A, a contradiction. Consequently B D f	A. The second
statement is easy (and very similar).

(ii) ) (i) Consider any x 2 A and put Jx D f	 2 �; x 2 f	Ag. Put ıx D inffJxg,
then fıx A D \	2Jx f	 contains x, i.e.ıx 2 Jx is the least element of Jx . ut

For a separated filtration fA it is possible to define the principal symbol map,
� W A ! �; x 7! ıx , where ıx is such that x 2 fıx A but x 62 fı0A when ı0 < ıx .

In case fA derives from a value function ' of an arithmetical prime .P; AP / of
A then � and ' coincide. Indeed if a ¤ 0 in A then '.a/ D P W a in � D eA
and clearly a 2 f'.a/A. If a 2 f	A with 	 < '.a/ in the opposite ordering of � ,



1.4 Dubrovin Valuations 33

i.e. a 2 F	A � F'.a/A then '.a/ � 	 in the original ordering hence '.a/ � 	

in the opposite ordering, or '.a/ D 	 follows. Thus �.a/ D '.a/. If x 2 A� is
in all F	A then '.x/ � 	 for every 	 2 � hence � has a maximal element '.x/;
but '.x/ C '.x/ > '.x/ in the partial ordered group � if '.x/ > 0 in � . On the
other hand if '.x/ < 0 then �'.x/ > 0 and �'.x/ D '.y/ for some y 2 A�
by definition of ' (surjective!). Thus unless '.x/ D 0 for all x 2 A� there is no
maximal element in � . However for p 2 P we have that '.p/ D P W p contains
all .x; y/ with x; y 2 AP , then '.P / D 0 leads to xy 2 P for all x; y 2 AP

and thus 1 2 P , a contradiction. In conclusion, the filtrations fA stemming from
an arithmetical prime (in particular separated) is a separated filtration! Note that in
general, the principal symbol map � is not necessarily multiplicative: more about
filtrations in Sect. 1.7.

1.4 Dubrovin Valuations

In this section Q is a simple Artinian ring, hence a matrix ring over a skewfield. A
pair .M; R/ defines a Dubrovin valuation ring R of Q if the following properties
hold:

DV.1 The ring R=M is a simple Artinian ring.
DV.2 For any q 2 Q � R there exists r; r 0 2 R such that we obtain rq; qr 0 2

R � M .

1.4.1 Lemma

If R is a Dubrovin valuation ring of Q then .M; R/ is a localized prime of Q.

Proof. Look at a; b 2 Q such that aRb � M and suppose that b 62 M . If both a

and b are not in R take r; s such that ra; bs 2 R � M ; then raRbs � rM s � M

yields a contradiction because M is prime. hence if a 62 R then b 2 R, select r such
that ra 2 R � M , again raRb � M entails b 2 M . In case a 2 R and b 62 R then
select s such that bs 2 R � M and if follows that aRbs � M yields a 2 M ; the
case where both a; b 2 R is clear. So we have established that .R; M / is a prime.
In order to check the localized property look at q 2 Q � R and we have to find
x; y 2 R � f0g such that xqy 2 R � M , but this is clear because we may take
.x; y/ D .r; 1/ or .1; r 0/ with r and r 0 as in DV.2. ut

1.4.2 Lemma

If R is a Dubrovin valuation ring then M is the Jacobson radical of R i.e. M D
J.R/, in particular M is the unique maximal ideal of R.
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Proof. It suffices to prove that for all m 2 M; 1 C m 2 U.R/. If .1 C m/x D 0

for some x 2 Q then either x 2 R and x D �mx or x 62 R but then there is a
b 2 R such that xb 2 R � M and xb D �mxb is then a contradiction. Hence
we only have to deal with the first case x 2 R and x D �mx 2 R. Since Q is
simple lQ.1 C m/rQ.1 C m/ D 0 or else 1 2 lQ.1 C m/rQ.1 C m/, where for
any r 2 R lR.a/.rQ.a// is a left (right) annihilator of a in Q. In the latter case
1 D P

i xi yi with xi .1 C m/ D 0; .1 C m/yi D 0, thus: 0 D P
xi .1 C m/yi D

1CPi xi myi . The foregoing entails that both lQ.1Cm/ and rQ.1Cm/ are contained
in R, thus

P
i xi myi 2 M cannot be equal to �1. Thus we only have to consider

the case where lQ.1 C m/rQ.1 C m/ D 0. Since Q is Artinian hence Noetherian,
the ascending chain: lQ.1 C m/ � lQ..1 C m/2/ � : : : � lQ..1 C m/n/ � : : : must
terminate, say at n. Since .1Cm/n D 1Cm0 with m0 2 M we may assume from the
start that lQ.1 C m/ D lQ..1 C m/2/ D : : : because from lQ.1 C m0/ D 0 it follows
that lQ.1 C m/ D 0. In Q we write Q.1 C m/ D Qe for some idempotent element
e of Q. Then: rQ.1 C m/ D rQ.Q.1 C m// D .1 � e/Q and also lQ.rQ.1 C m// D
Qe D Q.1 C m/. From lQ.1 C m/rQ.1 C m/ D 0 it follows that lQ.1 C m/ �
lQ.rQ.1Cm//, hence any x 2 lQ.1Cm/ necessarily has the form x D q.1Cm/ for
a suitable q 2 Q in view of the above deduction. Then from q.1 C m/.1 C m/ D 0,
or q 2 lQ..1 C m/2/ D lQ.1 C m/ it follows that x D 0, thus we have established
lQ.1 C m/ D 0. Since a (left) regular element in Q is invertible in Q it follows that
.1Cm/�1 2 Q. Suppose .1Cm/�1 62 R, then also .1Cm/�1 �1 62 R so there exists
y 2 R such that ..1Cm/�1�1/y 2 R�M . We calculate: .1Cm/..1Cm/�1�1/y D
�my and also, ..1Cm/�1 �1/y D �my�m..1Cm/�1 �1/y 2 M , a contradiction
and .1 C m/�1 2 R leads to the conclusion. ut
Denote R D R=M; � W R ! R being the canonical ring epimorphism. For any
simple Artinian ring A any finitely generated A-module is completely reducible i.e.
a finite direct sum of simple A-modules. For a finitely generated A-module M we
have M D S1˚: : :˚Sd where Si ; i D 1; : : : ; d , are simple A-modules; the number
d D dA.M / depends only on M and not on the chosen decomposition of M into
simple components. In case dA.M / � dA.A/ then M is a cyclic A-module; on the
other hand if dA.M / > dA.A/ then M Š A ˚ N with dA.N / D dA.M / � dA.A/.
These basic facts about finitely generated modules over simple Artinian rings may
be applied to the study of Dubrovin valuation rings.

1.4.3 Lemma

Let R be a Dubrovin valuation ring of Q and N a finitely generated R-submodule
of Q, then N is a cyclic R-module.

Proof. First we establish dR.N=J.R/N / � dR.R/. Suppose the opposite, then
N D N=J.R/N decomposes as R ˚ T and so we may select a; b 2 N

such that Ra C J.R/N=J.R/N Š R and .Ra C Rb C J.R/N /=J.R/N D
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.Ra C J.R/N /=J.R/N ˚ .Rb C J.R/N /=J.R/N with b 62 J.R/N . Since
Ra \ J.R/N � J.R/a and we have that Ra=.Ra \ J.R/N / Š .Ra C
J.R/N /=J.R/N Š R it follows that Ra \ J.R/N D J.R/a, hence Ra=J.R/a Š
R and thus lR.a/ � J.R/. For q 2 Q; Rq \R � J.R/ entails q 2 R and q 2 J.R/

(note that if q 62 R; rq 2 R � J.R/ for some r 2 R with rq 2 Rq \ R). Therefore
lR.a/ � J.R/ entails lQ.a/ � J.R/. Then lQ.a/ D 0 because otherwise this left
ideal of Q contains an idempotent e but then e.1 � e/ D 0, with 1 � e being a
unit in R since e 2 J.R/, yields e D 0. The latter means that a is unit in Q. Now
Ra \ J.R/N D J.R/a yields R \ J.R/Na�1 D J.R/ i.e. R \ Rx � J.R/

for every x 2 J.R/Na�1, leading to x 2 J.R/ hence J.R/Na�1 � J.R/

or J.R/N � J.R/a. Thus J.R/N D J.R/a. By the choice of a; b we have
Ra \ Rb � J.R/N D J.R/a, therefore R \ Rba�1 � J.R/ with ba�1 2 Q.
Again the latter means ba�1 2 J.R/ and b 2 J.R/a D J.R/N , a contradiction.
Hence dR.N=J.R/N / � dR.R/ or N=J.R/N is a cyclic R-module as R is simple
Artinian. Since N is finitely generated we may apply the Nakayama lemma and
conclude that N is cyclic too. ut

1.4.4 Proposition

Let R be a Dubrovin valuation ring of Q. Then:

1. R is an order of Q.
2. Finitely generated left (right) ideals of R are principal.
3. R is a prime Goldie ring.

Proof. 1. Let us check that R is a right order in Q, the left symmetric statement is
easily checked in a similar way (using the right module version of Lemma 1.4.3).

For q 2 Q; R C Rq D Rs for some s 2 Q. In particular 1 D rs for some
r 2 R and q D ts for some t 2 R. It follows that q D t r�1 with t 2 R and r

regular in R. Conversely if r regular in R and qr D 0 for some q 2 Q � R, then
there is an r 0 2 R such that r 0q 2 R � J.R/ and r 0qr D 0; the latter contradicts
lR.r/ D 0. Hence lR.r/ D 0 entails lQ.r/ D 0 or r is invertible in Q since Q is
simple Artinian.

2. Follows from Lemma 1.4.3.
3. It is a well-known result that prime Goldie rings are exactly orders in simple

Artinian rings, cf. [47]. ut

1.4.5 Definition

A subring R of S is called an n-chain ring of S on the left if for any nC1 elements
s0; : : : ; sn of S there is an i such that si 2 P

j ¤i Rsj . A right n-chain ring of S is
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defined similarly and R is said to be an n-chain ring of S if it is an n-chain ring of
S on the left and on the right.

If R � T � S and R is an n-chain ring of S , then it is obvious that R is an
n-chain ring of T and T is an n-chain ring of S . Also if an ideal I of S is contained
in R and R is a (left) n-chain ring of S , then R=I is a (left) n-chain ring of S=I .

1.4.6 Lemma

Let R be semisimple, i.e. J.R/ D 0. Then R is (right) Artinian if and only if R is a
(right) n-chain ring for some n.

Proof. If R is a right n-chain ring in some n, then for every a0; : : : ; an 2 R some
ai must be in

P
j ¤i Raj . The left Artinian property of R will follow if we establish

that a finite intersection of maximal left ideals of R is zero. Consider the descending
chain:

R � M1 � M1 \ M2 � : : : � M1 \ : : : \ Ms � : : :

where each Mi is a maximal left ideal of R. We have

R=M1 \ : : : \ Ms D .R=M1/ ˚ : : : ˚ .R=Ms/

with each R=Mj a simple left R-module. Select a1; : : : ; as 2 R, preimages of some
nonzero elements a1; : : : ; as in R=M1; : : : ; R=Ms, respectively. Clearly, no ai can
be in the left ideal generated by the others. The remark starting the proof then learns
that M1 \ : : : \ Mn D 0. Conversely look at a semisimple Artinian ring R and put
n D d.R/. For any a0; : : : ; an 2 R, different elements of R, the chain of left ideals:
Ra0 � Ra0 C Ra1 � : : : � Ra0 C : : : C Ran has length at most n, thus there is an
i such that Ra0 C : : : C Rai D Ra0 C : : : C RaiC1, hence aiC1 2 Pi

j D0 Raj . ut
An order R in Q is called a left Bezout order if any finitely generated left ideal is

principal. A right Bezout order in Q is defined similarly and R is called Bezout if
it is left and right Bezout. R is called left semi-hereditary if any finitely generated
left ideal is projective. A right semi-hereditary order in Q is defined similarly and
R is said to be semi-hereditary if it is left and right semi-hereditary. ut

1.4.7 Theorem

For a subring R of a simple Artinian ring Q; the following are equivalent:

1. R is a Dubrovin valuation ring of Q:

2. R is a local Bezout order in Q:

3. R is a local semi-hereditary order in Q:

4. R is a local n-chain ring in Q for some n with n D d.R/; where R D R=J.R/:
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Proof. 1. ) 2. Follows from Lemma 1.4.2 and Proposition 1.4.4.
2. ) 3. This is a special case.
3. ) 2. Let I be a finitely generated left ideal of a local semi-hereditary order

R: If I is essential, then I is generated by regular elements (cf. [47]). If I is
not essential, then there are b1; 
 
 
 ; bn 2 R such that I ˚ P

Rbi is essential.
If we could prove that this left ideal is principal, say I ˚ P

Rbi D Rc and
c D x C P

ri bi for some x 2 I and ri 2 R; then I D Rx: Thus we may
assume that I is generated by regular elements. Moreover we may assume that I

is generated by two regular elements a; b 2 I .
Let � W R ˚ R ! I D Ra C Rb be an epimorphism of left R-modules such
that �.r; s/ D ra � sb; where r; s 2 R. Since I is projective, we have R ˚ R Š
M ˚ N; where M Š I and N D Ker � D f.r; s/ W ra D sbg: It is clear
that either dR.M=J.R/M / � d.R/ or dR.N=J.R/N / � d.R/ holds. If the first
holds, then M is cyclic and we are done. If the second holds, then N is cyclic
with generator x. Furthermore, by the Ore condition,we have ra D sb for some
r; s 2 R with r regular, that is .r; s/ 2 N: Thus the left annihilator of x is zero
and N Š R follows. Therefore d.M=J.R/M / D 2d.R/ � d.R/ D d.R/ and
M is cyclic.

1. ) 4. Let n D d.R/ and for q0; 
 
 
 ; qn 2 Q; Rq1 C 
 
 
 C Rqn D Rx for some
x 2 Q: Since d.Rx=J.R/x/ � n it follows that for some i

X

j ¤i

Rqj C J.R/x D Rx:

By Nakayama’s lemma qi 2 Rx D P
j ¤i Rqj and R is a left n-chain ring of Q

and it is a right n-chain ring of Q by a left–right version of the argument.
4. ) 1. By Lemma 1.4.6, R is simple Artinian. Let e1; 
 
 
 ; en 2 R be selected

preimages of the primitive orthogonal idempotents of R; i.e. n D d.R/: For
q 2 Q � R we have either: Rq mod .J.R// � P

Rei mod .J.R// or Rei mod
.J.R// � .Rq CP

j ¤i Rej / mod .J.R// for some i . Since q 2 Q � R the first
possibility cannot happen and so ei D rq CP

j ¤i rj ej C a with r; rj 2 R and
a 2 J.R/:

Thus rq D ei �Pj ¤i rj ej �a 2 R�J.R/: In a similar way by a right version
of the argument, one establishes that there is an r 0 2 R such that qr 0 2 R�J.R/.

ut
An ideal P of R is called a Goldie prime ideal if R=P is a prime Goldie ring, i.e.
R=P has the classical quotient ring which is a simple Artinian ring. We denote by
C.P / D fc 2 R W c is regular mod P g:
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1.4.8 Corollary

In the situation of the theorem, let P be a Goldie prime ideal of a Dubrovin valuation
ring R. Then R=P is a Dubrovin valuation ring of its quotient ring Q.R=P /.

Proof. Since J.R=P / D J.R/=P; .R=P /=J.R=P / Š R; simple Artinian and
R=P is a Bezout order in Q.R=P /; hence R=P is a Dubrovin valuation ring of
Q.R=P /. ut

1.4.9 Theorem

Let R be a Dubrovin valuation ring of a simple Artinian ring Q and let R � S � Q

be an overring of R. Then the following hold:

1. The ring R=J.S/ is a Dubrovin valuation ring of the simple Artinian S D
S=J.S/.

2. S is a Dubrovin valuation ring of Q and J.S/ is a Goldie prime ideal of R.
3. CR.J.S// is an Ore set of R and S D RJ.S/.

Proof. Observe that J.S/ � J.R/ follows from J.S/ \ R � J.R/. Since S is an
n-chain ring with n D d.R/, S is also an n-chain ring of Q. Then S is Artinian by
Lemma 1.4.6. If I is a proper ideal of S then I � J.R/ and 1CI � U.R/ � U.S/

then yields I � J.S/; hence S is local and S=J.S/ is a simple Artinian ring.

1. Since d.R=J.S/=J.R/=J.S// D d.R=J.R// D d.R/ D n it follows that
R=J.S/ is a local n-chain ring with n D d.R/; thus R=J.S/ is a Dubrovin
valuation ring of S .

2. For q 2 Q � S there is an r 2 R; rq 2 R � J.R/ � S � J.S/; similar there is
an r 0 2 R such that qr 0 2 S � J.S/ hence S is a Dubrovin valuation ring. From
(1), R=J.S/ is a prime Goldie ring, hence J.S/ is a prime ideal of R:

3. Pick c 2 CR.J.S// D C then c maps to a regular element of R=J.S/ hence
to a unit of S=J.S/ because of (1). Thus c is a unit of S and cJ.S/ D J.S/:

Consider r 2 R; then there are c0 2 C; r 0 2 R such that cr 0 � rc0 D s for some
s 2 J.S/ D cJ.S/: Hence cr 0 � rc0 D cz for some z 2 J.S/ and thus rc0 D
c.r 0 � x/I thus C satisfies the right Ore condition, the left Ore condition follows
in a similar way. Since C � U.S/; every element of C is regular and RJ.S/ � S .
Then RJ.S/=J.S/RJ.S/ D Q.R=J.S// D S=J.S/; the latter following from (1).
For any x 2 S there exists an r 2 RJ.S/ such that x � r 2 J.S/RJ.S/ � RJ.S/;

hence x 2 RJ.S/ and S D RJ.S/ follows. ut
We now check that any Goldie prime P of a Dubrovin valuation ring R of Q

corresponds to an overring R � S � Q; S D RP ; this follows from the following
lemma and proposition.
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1.4.10 Lemma

Let R be a Dubrovin valuation ring of Q then for regular elements x; y 2 R the left
(right) ideal Rx \ Ry (resp. xR \ yR) is principal.

Proof. Let x; y 2 R be regular then there are r; s 2 R with r regular such that
xs D yr (Q D Q.R/!). We have xR C yR D zR for some z 2 R; then z is regular
and x D zx0; y D zy0 for some x0; y0 2 R. Moreover z D xu C yv for some
u; v 2 R; thus 1 D x0u C y0v: Pick w 2 xR \ yR; then w D xw1 D yw2 for some
w1; w2 2 R: Thus we obtain

w D zx0w1 D z.x0u C y0v/x0w1 D zx0ux0w1 C zy0vx0w1

D xux0w1 C yvx0w1 D xuy0w2 C yvx0w1:

The last equality follows from x0w1 D y0w2 since xw1 D yw2 with x D zx0;

y D zy0 and z is regular. It follows that xR \ yR � xuy0R C yvx0R: However
xuy0 D .z � yv/y0 D y � yvy0 D y.1 � vy0/ is in xR \ yRI similarly yvx0 2
xR \yR Thus we obtain that xR \yR D xuy0R Cyvx0R is finitely generated and
then it is principal. ut

1.4.11 Proposition

Let R be a Dubrovin valuation ring of Q: Let P be a Goldie prime ideal of R then
C.P / is an Ore set of R and RP is a Dubrovin valuation ring with J.RP / D PRP .

We postpone the proof till after the following reduction of Dubrovin valuations to
Dubrovin valuations in skewfields.

1.4.12 Lemma

Let R be a Dubrovin valuation ring of Mn.�/; � a skewfield. Then there exists a
subring S of � and q 2 U.Mn.�// such that qRq�1 D Mn.S/.

Proof. Let feij g be a complete set of matrix units for Mn.�/. There is a regular
a 2 R such that eij a 2 R for i; j D 1; 
 
 
 ; n. Consider fa�1eij ag D X . Clearly
aX � R and X is also a complete set of matrix units for Mn.�/. Since aXR is
finitely generated there exists a regular b 2 R such that aXR D bR; i.e. XR D
a�1bR. Since XR � R; the foregoing entails a�1bR � R and b�1aR � R or
b�1a 2 R. Put A D fr 2 R; rX � Rg D fr 2 R; ra�1b 2 Rg D Rb�1a

From AX D A it follows that Rb�1aX D Rb�1a; thus Rb�1aXa�1b D R. Since
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.b�1eij b/ is a complete set of matrix units of R there exists a subring S of � such
that bRb�1 D Mn.S/. ut

1.4.13 Lemma

Let R be a Dubrovin valuation ring of Q D Mn.�/; � a skewfield.

1. Mm.R/ is a Dubrovin valuation ring of Mm.Q/ for any m 2 N.
2. Let e be an idempotent of R, then eRe is a Dubrovin valuation ring of eQe.
3. There exists a Dubrovin valuation ring S of � such that R D q�1Mn.S/q for

some q 2 Q.

Proof. (1) and (2) are easy enough.

3. There is a subring S of � such that qRq�1 D Mn.S/ in view of Lemma 1.4.12.
Clearly qRq�1 is a Dubrovin valuation ring of Q; say R1: Then S Š e11R1e11 is
a Dubrovin valuation ring of � in view of (2). ut

1.4.14 Corollary

The property of being a Dubrovin valuation ring is Morita invariant.

1.4.15 Lemma

Let R be a Dubrovin valuation ring of Q and P a Goldie prime ideal of R. Then for
regular elements r; s 2 R with s 2 C.P /; there exists r 0; s0 2 R; with s0 2 C.P /,
such that rs0 D sr 0.

Proof. We have: rR C sR D dR for some d 2 R; hence r D du; s D dv; where
u; v are regular and uR C vR D R: Write x 2 R=P for the canonical image x 2 R:

From s D dv it follows that v is regular in R=P; hence v 2 C.P /: By Lemma 1.4.10:
uR \ vR D uxR for some x 2 R; thus for some y 2 R; ux D vy. Therefore rx D
dux D dvy D sy. It is enough to prove that x 2 C.P / then put s0 D x; r 0 D y:

From uR C vR D R we obtain:

R=vR D .uR C vR/=vR Š uR=.uR \ vR/ D uR=uxR:

Since u is regular in R it follows that R=vR Š R=xR: Let � W R=vR ! R=xR be
the latter isomorphism. There exist a; b 2 R such that �.a C vR/ D 1 C xR and
�.1 C vR/ D b C xR. Since R=P is a Goldie ring, ae D vf for some e; f 2 R
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with e regular in R=P: Put p D ae � vf 2 P; then �.p C vR/ D �.1 C vR/p D
.b C xR/p D bp C xR: Also we obtain:

�.p C vR/ D �.ae C vR/ D �.a C vR/e D e C xR:

Consequently bp D e � xc for some c 2 R; hence x 2 C.P /. ut

Proof of Proposition 1.4.11

We write Q D Mn.�/ and we may assume that R D Mn.S/ for some Dubrovin
valuation ring S of �; P D Mn.p/ for some prime ideal p of S: In view of the
foregoing lemma CS .p/ is an Ore set of S . Then Sp is an overring of S in � hence
a Dubrovin valuation ring of � and J.Sp/ D p. In view of Lemma 1.4.13 we have
that Mn.Sp/ is a Dubrovin valuation ring of Q containing R and J.Mn.Sp// D
Mn.p/ D P . As a consequence of Theorem 1.4.9(3) it follows that C.P / is an Ore
set and Mn.Sp/ D RP : ut

1.4.16 Corollary

There is a one-to-one correspondence between the set of all Goldie prime ideals of
R and the set of all overrings of R, which is given by P ! RP and S ! J.S/;

where P is a Goldie prime ideal of R and S is an overring of R. Moreover if P and
P 0 are Goldie prime with P ¥ P 0; then RP 0 ¥ RP .

1.4.17 Proposition

Let S be a Dubrovin valuation ring of Q and let eR be a Dubrovin valuation ring of
S D S=J.S/. Then R D fr 2 S; r CJ.S/ 2 eRg is a Dubrovin valuation ring of Q.

Proof. Let M D fm 2 R; m C J.S/ 2 J.eR/g. M is an ideal of R such that R=M

is simple Artinian. Let q 2 Q � R: First suppose q 2 S . There are r and r 0 2 R

such that qr C J.S/ and r 0q C J.S/ 2 eR � J.eR/. Hence qr and r 0q 2 R � M .
Suppose q 62 S . Then I D J.S/q \ S 6� J.S/ the image eI of I in S contains a
non-zero idempotent. If I � M; then eI � J.eR/; a contradiction. Thus I 6� M

and there is s 2 J.S/ � R such that sq 2 S � M . Hence xsq 2 R � M for some
x 2 R. Similarly qr 2 R � M for some r 2 R: Hence R is a Dubrovin valuation
ring of Q. ut
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1.5 Ideal Theory of Dubrovin Valuation Rings

In this section we study ideal theory of Dubrovin valuation rings R. We first show
that the set of R-ideals is linearly ordered by inclusions. We define the prime
segments to study prime ideals and primary ideals. As an application we show that
any ideal is a product of a primary ideal and a stabilizing element under a mild
condition.

1.5.1 Lemma

Let R be a Dubrovin valuation ring of Q with R ¤ Q and X a left R-submodule
of Q. If X contains a regular element, then any element of X is sum of two regular
elements. In particular this holds for X D R:

Proof. By assumption we have R ¤ Q thus J.R/ ¤ 0 because R=J.R/ simple
Artinian. Hence J.R/ contains a regular element (an ideal of a prime Goldie ring),
z say. Let x 2 X be a regular element then for any y 2 X there is a c 2 U.Q/ such
that: R.y � x/ C Rzx D Rc; being contained in X .

Now (see claim) Rc D R.y � x C rzx/ for some r 2 R; and y � x � rzx is
regular as c 2 U.Q/. Then it follows that y D .y � x C rzx/ C .1 � rz/x is a sum
of two regular elements. ut

Proof of Claim

If X C Ra D Rb for some a; b 2 Q then there is an x 2 X such that R.x C a/ D
Rb. There are two cases to consider:

1. There is a regular element in Rb.
2. There is no regular element in Rb.

1. If Rb contains a regular element then b is regular and Xb�1 C Rab�1 D R.
Then there exists x 2 X such that xb�1 C ab�1 D u unit in R (a general fact for
(semi-)local rings [41, Lemma 6.1]). Hence R.x C a/ D Rub D Rb.

2. Then Qb ˚ Qc D Q for some c 2 Q hence Rb ˚ Rc contains a regular
element and Rb ˚ Rc D Rd for some regular element d 2 Q. We then arrive
at: X CRaCRc D RbCRc D Rd D R.xCrcCa/ for some x 2 X and r 2 R

by the part (1). Therefore: b D y.x C rc C a/ D y.x C a/ C yrc D y.x C a/,
some y 2 R; because Rb \ Rc D 0. This leads to Rb D R.x C a/ and finishes
the proof of the claim. ut
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1.5.2 Lemma

Let R be a Dubrovin valuation ring of Q and let X2 � X1 be left R-submodules of
Q such that

1. X1 contains a regular element in Q.
2. S D Or.X2/ D fq 2 Q; X2q � X2g is right Bezout.

Then either X1 D X2 or J.R/x1 � X2 for some regular x1 2 X1.

Proof. Let x1 2 X1 be regular. Then R \ X2x
�1
1 C J.R/ D Re C J.R/ for some

e 2 R: If e 2 J.R/; then R \ X2x
�1
1 � J.R/; which implies X2x

�1
1 � J.R/

and X2 � J.R/x1 follows. In the case where e … J.R/ for any regular x1 2 X1;

choose x1 2 X1 such a way that d.Re C J.R/=J.R// is minimal. Let x2 2 X1

be any regular. There is a regular x 2 X1 such that x1S C x2S D xS and hence
.S W xS/l D Sx�1 � Sx�1

1 \ Sx�1
2 . Consequently R \ X2x

�1 D R \ X2Sx�1 �
R \X2x

�1
1 \X2x

�1
2 . The choice of x1 yields .R \X2x

�1/CJ.R/ D R \X2x�1
1 C

J.R/ D Re C J.R/. Thus e 2 R \ X2x
�1 C J.R/ � R \ X2x

�1
2 C J.R/ for any

regular x2 2 X1. Let r 2 R be any regular. Then rx1 2 X1 is also regular and we
obtain:

er 2 .R \ X2x
�1
1 r�1 C J.R//r � R \ X2x

�1
1 C J.R/

� R \ X2x
�1
2 C J.R/ � X2x

�1
2 C J.R/

Hence from Lemma 1.5.1, we have eR � X2x
�1
2 C J.R/. Since e … J.R/;

R D ReR � X2x
�1
2 C J.R/; hence x2 2 Rx2 � X2 C J.R/x2; i.e. x2 D x0 C zx2

for some x0 2 X2; z 2 J.R/. Consequently x2 D .1�z/�1x0. Since x2 is any regular
element of X1; X1 D X2 follows. ut

Let R be an order in Q. A left R-submodule I of Q is said to be a (fractional)
left R-ideal if I \ U.Q/ ¤ ; and Ia � R for some a 2 U.Q/. In a similar fashion
(fractional) right R-ideals and (fractional two-sided) R-ideals are defined. If I is
both a left R-ideal and a right S -ideal for some order S in Q then I is called an
.R; S/-ideal.

1.5.3 Proposition

Let R be a Dubrovin valuation ring of Q and S be a Bezout order in Q:

1. The set of left R and right S -ideals of Q is linearly ordered by inclusion.
In particular, the set of R-ideals is linearly ordered by inclusion.

2. Let I be an .R; R/-bimodule in Q with I ¤ Q: Then I is an R-ideal.
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Proof. 1. Let X1 and X2 be left R and right S -ideals of Q and X D X1 \ X2:

If X D X1; then X1 � X2. So we may assume that X ¤ X1. Then, by Lemma
1.5.2, J.R/x1 � X for some regular x1 2 X1. Thus X2\Rx1 � X2\X1 D X �
J.R/x1 and X2x

�1
1 � J.R/; which implies X2x

�1
1 � R. Hence X2 � Rx1 � X1

follows.
2. I contains a regular element in Q since I \R is a non-zero ideal of R. Applying

Lemma 1.5.2 to I D X2 and Q D X1; we have J.R/a � I for some regular
a 2 Q: Hence R � J.R/ � Ia�1; showing I is a left R-ideal. Similarly I is a
right R-ideal. ut

For any R-ideal A; define Ol .A/ D fq 2 Q; qA � Ag called a left order of A;

Or.A/ D fq 2 Q; Aq � Ag; a right order of A and A�1 D fq 2 Q; AqA � Ag,
the inverse of A.

1.5.4 Lemma

Let R be a Dubrovin valuation ring of Q.

1. Ol .J.R// D R D Or.J.R// and either J.R/ D aR D Ra or J.R/ D J.R/2:

2. If J.R/ D J.R/2 then J.R/�1 D R:

Proof. 1. Suppose R ¤ Ol.J.R//. Then R � J.R/c for some c 2 Ol.J.R//

and c�1 2 J.R/: Thus 1 D cc�1 2 Ol .J.R//J.R/ D J.R/; a contradiction.
Hence Ol .J.R// D R and similarly Or.J.R// D R: Suppose J.R/ ¥ J.R/2:

Then there is an a 2 J.R/ with J.R/2 � J.R/a; which implies J.R/a�1 �
Or.J.R// D R and J.R/ � Ra. Hence J.R/ D Ra: R D Or.J.R// D a�1Ra

entails J.R/ D Ra D aR.
2. Since J.R/J.R/�1J.R/ � J.R/; we have J.R/J.R/�1 � Ol .J.R// D R and

J.R/J.R/�1 � J.R/, because J.R/ D J.R/2: Thus J.R/�1 � R and hence
J.R/�1 D R: ut

1.5.5 Corollary

Let P be a Goldie prime ideal of R: Then Ol.P / D RP D Or.P /.

Proof. Follows from Corollary 1.4.16 and Lemma 1.5.4. ut

1.5.6 Lemma

Let R be a Dubrovin valuation ring of Q and A be an R-ideal of Q with S D Ol.A/:

Then the following are equivalent:
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1. A is principal as a left S -ideal.
2. AA�1 D S:

3. A ¥ J.S/A:

Proof. 1. ) 2: and 2: ) 3: are obvious.
3. ) 1: There is a regular a 2 A with J.S/a � J.S/A and Aa�1 � Or.J.S// D

S . Hence A � Sa and A D Sa follows.

1.5.7 Lemma

Let R be a Dubrovin valuation ring of Q and A be an R-ideal of Q: Then Ol.A/ D
Or.A

�1/ and Or.A/ D Ol.A
�1/:

Proof. Put S D Ol.A/ and T D Or.A
�1/. We may assume that R � S � T

by Proposition 1.5.3. If S D AA�1; then A D Sa for some regular a 2 A by
Lemma 1.5.6 and A�1 D a�1S . Hence Or.A

�1/ D S follows. If S ¥ AA�1 then
AA�1 � J.T /; otherwise AA�1 ¥ J.T / implies T D .AA�1/J.T / D AA�1T D
AA�1 ¤ S; a contradiction. Suppose T ¥ S: Then TA ¥ A and TA � Sc �
J.S/c � A for some regular c 2 TA: Multiplying T on the relations from the
left, it follows that TA D T c. Sc � A entails c�1 2 A�1: Thus T D TAc�1 �
TAA�1 � J.T /, a contradiction. Hence S D T and similarly, Or.A/ D Ol.A

�1/.
ut

Let A be an R-ideal with S D Ol .A/ and T D Or.A/: Note that A�1 D .T W
A/l D fq 2 Q; qA � T g and A�1 D .S W A/r D fq 2 Q; Aq � Sg. Define
�A D .S W .S W A/r/l and A� D .T W .T W A/l/r .

1.5.8 Proposition

Let R be a Dubrovin valuation ring of Q and let A be an R-ideal of Q: Then

1. �A D \fSc; Sc � A for some c 2 U.Q/g:
2. �A D .A�1/�1 D A�.
3. �.�A/ D �A and �.A�1/ D A�1:

4. If A is not a principal left S -ideal then AA�1 D J.S/ and J.S/ D J.S/2:

5. If A ¤ �A; then �A D Sc and A D J.S/c for some regular c 2 �A:

Proof. 1. It is clear that �A � \fSc; Sc � A for some c 2 U.Q/g. Since .S W
A/r D P

xS; where x runs over all regular in .S W A/r ; it follows that �A D
.S W PxS/l D \Sx�1 and Sx�1 � A. Hence the statement follows.

2. .A�1/�1 D fq 2 Q; A�1qA�1 � A�1g D fq 2 Q; A�1q � T g D .T W A�1/r D
.T W .T W A/l/r D A� by Lemma 1.5.7. Similarly .A�1/�1 D �A:

3. These are obvious.
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4. It follows from Lemma 1.5.6 that S ¥ AA�1 and AA�1 � J.S/: If AA�1 ¤
J.S/; then AA�1 � J.S/c for some regular c 2 J.S/ and AA�1c�1A �
J.S/A � A: Thus A�1c�1 � A�1 and c�1 2 Or.A

�1/ D Ol.A/ D S; a
contradiction. Hence AA�1 D J.S/: If J.S/ ¥ J.S/2; then J.S/ D Sx for
some x 2 J.S/: So AA�1x�1 D S and A�1x�1 � .S W A/r D A�1; which
entails x�1 2 Or.A

�1/ D S; a contradiction. Hence J.S/ D J.S/2:

5. Note that A is not a principal left S -ideal. �A ¥ A implies J.S/c � A for some
regular c 2 �A and J.S/c � J.S/ �A D .AA�1/�A D A.A�1.A�1/�1/ �
AT D A. Hence A D J.S/c: Furthermore, A�1 D c�1J.S/�1 D c�1S by
Lemma 1.5.4 and �A D .A�1/�1 D Sc: ut

An R-ideal A is called divisorial if A D �A (note: �A D A D A� if A is
divisorial).

1.5.9 Lemma

Let R be a Dubrovin valuation ring of Q and A; B be R-ideals with Or.A/ D S D
Ol.B/: Then Ol.AB/ D Ol .A/ and Or.AB/ D Or.B/.

Proof. It is clear that Ol.AB/ � Ol .A/ and A � ABB�1 since S � BB�1:

If A D ABB�1; then Ol .A/ D Ol .ABB�1/ � Ol .AB/. If A ¥ ABB�1;

then BB�1 ¤ S and B is not a principal left S -ideal. Thus BB�1 D J.S/

by Proposition 1.5.8 and A ¥ AJ.S/. Hence A is a principal right S -ideal by
the right version of Lemma 1.5.6, say, A D aS for some regular a 2 A. It
follows that Ol .AB/ D Ol .aB/ D aOl.B/a�1 D aSa�1 D Ol .A/: Similarly
Or.AB/ D Or.B/. ut

For divisorial R-ideals A; B with Or.A/ D Ol.B/; define a product “ı” with
A ı B D �.AB/.

1.5.10 Lemma

Let R be a Dubrovin valuation ring of Q and A; B; C be divisorial R-ideals such
that Or.A/ D Ol.B/ and Or.B/ D Ol .C /: Then

1. A ı .B ı C / D .A ı B/ ı C:

2. A ı A�1 D Ol.A/ and A�1 ı A D Or.A/.

Proof. 1. A ı .B ı C / D A ı .BC /� D .A.BC /�/� D .ABC /� D �.ABC / D
�.�.AB/C / D �..A ı B/C / D .A ı B/ ı C:

2. Since S D Ol.A/ � AA�1; it follows that S � A ı A�1: To prove the converse
inclusion, suppose that AA�1 � Sc for some c 2 U.Q/: Then AA�1c�1 � S

and A�1c�1 � .S W A/r D A�1: Thus c�1 2 Or.A
�1/ D S implies S � cS:

Hence A ı A�1 � S and A ı A�1 D S follows. Similarly A�1 ı A D Or.A/: ut
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1.5.11 Corollary

Let S be an overring of R: Then DS .R/ D fA W divisorial R -ideal; Or.A/ D S D
Ol.A/g is a group.

1.5.12 Remark

See [21, 41] for more detail results on divisorial R-ideals.
We will classify prime ideals of Dubrovin valuation rings in terms of prime

segments.

1.5.13 Lemma

Let R be a Dubrovin valuation ring of Q and I be an idempotent ideal of R: Then:

1. I is not principal as a left Ol .I /-ideal and a right Or.I /-ideal.
2. Ol .I / D I �1 D Or.I / and I D J.S/; where S D Ol.I /: In particular, I is a

Goldie prime.

Proof. 1. Put S D Ol.I / and T D Or.I /: If I ¥ J.S/; then S D SI D I since
S D RJ.S/; which is a contradiction. Thus I � J.S/: Suppose I is principal as
a left S -ideal, say, I D Sa for some a 2 I: I D I 2 D SaSa entails S D SaS:

Write 1 D P
si ati for si ; ti 2 S: There are c; d 2 C.J.S// with csi ; ti d 2 R

and cd D c.
P

si ati /d 2 I; a contradiction. Hence I is not principal as a left
S -ideal. Similarly I is not principal as a right T -ideal.

2. Note that .S W I /r D I �1 D .T W I /l and I �1 � S; T . By Proposition 1.5.3,
either S � T or S � T . Suppose S � T and let x 2 I �1: Then Ix � S and
Ix D I 2x � IS � IT D I; which entails x 2 T and I �1 D T follows.
Since I �1I D J.T / � R by Lemma 1.5.6 and (1), it follows that I �1I � I and
I �1 � Ol.I / D S: Hence S D I �1 D T and I D J.S/: ut

1.5.14 Lemma

Let R be a Dubrovin valuation ring of Q and let fPi ; i 2 J g be a set of Goldie
primes of R.

1. P D \Pi is a Goldie prime and RP D [RPi .
2. P 0 D [Pi is a Goldie prime and RP 0 D \RPi .

Proof. 1. Put S D [RPi ; an overring of R such that P D \Pi � J.S/: If P ¥
J.S/ then S D PS and write 1 D P

pisi for some pi 2 P and si 2 S:
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There is an i0 such that si 2 RPi0
for all i and 1 D P

pi si 2 Pi0 RPi0
D Pi0 ;

a contradiction. Hence P D J.S/ and RP D Ol.P / D Ol .J.S// D S by
Corollary 1.5.5.

2. If there is an i0 such that Pi0 � Pi for all i; then P 0 D Pi0 is a Goldie prime and
RP 0 D \RPi : For any i; there is a j with Pj ¥ Pi : Then P 0 � P 02 � Pi for all i

which entails P 0 D P 02: Hence P 0 is a Goldie prime and RP 0 � \RPi D T: Let
x 2 T and p 2 P 0: Then there is a Pi with p 2 Pi and px 2 Pi RPi D Pi � P 0:
Thus P 0x � P 0 and x 2 Or.P

0/ D RP 0 . Hence RP 0 D \RPi . ut
Let A be a proper ideal of R that is not a Goldie prime. It follows from
Lemma 1.5.14 that there is a pair of primes P ¥ P1 such that P ¥ A ¥ P1

and there are no further Goldie primes between P and P1: Such a pair of primes
is called a prime segment. The maximum length of sequences of Goldie primes is
called the rank of R:

1.5.15 Lemma

Let R be a Dubrovin valuation ring of Q and A be an ideal of R: Then P D \1
nD1A

n

is a Goldie prime.

Proof. Suppose that P is not a Goldie prime. By Lemma 1.5.13, A ¥ A2: There is
a prime segment P1 ¥ P2 such that P1 ¥ A ¥ P2: Put B D P1AP1: Then A3 � B

and P D \An D \Bn: In addition, P and B are RP1 -ideals. After localizing at
P1 we obtain RP1 ¥ P1 � B ¥ \Bn D P ¥ P2 and P is not a Goldie prime
in RP1 : We therefore can consider RP1 =P2 and assume that R has rank one with
R � J.R/ D P1 � B ¥ P D \Bn ¥ .0/. We consider the following set W of
ideals in R W

W D fL; P1 ¥ L ¥ P g;
which is non-empty, because W 3 Bn for n � 2: In the first case we assume that
W contains an ideal L with L ¤ �L: Since R is of rank one, it follows that
Ol.L/ D R and so �L D Ra; L D J.R/a D P1a for some regular a 2 �L

by Proposition 1.5.8. Since R D Or.
�L/ D a�1Ra; we have L� D Ra D aR

and anR D Ran for n � 1: Hence the set C D fan; n 2 Ng is an Ore set in R

and the localization RC of R at C is a proper overring of R and hence Q D RC :

For any regular element c 2 P; c�1 D a�nr for some r 2 R and n � 1: Hence
P 3 an D rc implies .�L/n � P: If P ¤ �L; then Bm � �L for some m and
.Bm/n � .�L/n � P . Thus P D Bmn and P 2 D .Bmn/2 D P; a contradiction.
Hence P � �L ¥ L; which is also a contradiction. Therefore P is a Goldie prime.
In the second case we have L D �L for every ideal L in W: By Corollary 1.5.11,
the set of all divisorial R-ideals forms a group and hence L�1 ¥ R for every L 2 W:

Hence Q D [fL�1; L 2 W g as before. Let c be a regular element in P . There is an
L 2 W with c�1 2 L�1 and c�1L � L�1L � R; i.e. L � cR � P; a contradiction.
Hence P is a Goldie prime. ut
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Let C be a prime ideal of R that is not Goldie. There is a prime segment P ¥ P1

in R with P ¥ C ¥ P1. Such a prime segment is called exceptional. It follows from
Lemmas 1.5.13 and 1.5.14 that P D P 2 and P1 D \C n: On the other hand, we say
that a prime segment P ¥ P1 of R is Archimedean if for every a 2 P � P1 there
is an ideal I ¤ P with a 2 I and \I n D P1: It follows from Lemma 1.5.15 that
this exactly the case when either P ¤ P 2 or P D P 2 and P D [fI W ideal, P ¥
I ¥ P1g: The following theorem shows that there are exactly three types of prime
segments of R:

1.5.16 Theorem

For a prime segment P ¥ P1 of a Dubrovin valuation ring R of Q exactly one of
the following possibilities occurs:

1. The prime segment P ¥ P1 is Archimedean.
2. The prime segment P ¥ P1 is simple, i.e. there are no further ideals between P

and P1:

3. The prime segment P ¥ P1 is exceptional.

Proof. We consider L.P / D [fI W ideals, P ¥ I g: If L.P / D P1; then the prime
segment P ¥ P1 is simple, characterizing the possibility (2). The prime segment
is exceptional if and only if P ¥ L.P / ¥ P1 and P D P 2: If these conditions
are satisfied, and A; B are ideals of R properly containing L.P /; then A ¥ P and
B ¥ P and AB � P 2 D P , which implies that L.P / is prime but not Goldie. The
converse was proved before starting the theorem. Finally suppose P D L.P /: This
is exactly the case when the prime segment is Archimedean. ut

1.5.17 Remark

1. If P D [fPi ; P ¥ Pi Goldie primesg; then we can not construct the prime
segment P ¥ P1: Such a prime ideal is called upper prime.

2. See [6] for examples of the prime segments. If Q is a finite dimension over its
center, then any prime segment is Archimedean which follows from Proposi-
tion 1.6.3, because any prime segments of commutative rings are Archimedean.

If we define K.P / D fa 2 P; P aP ¤ P g; then it is an ideal of RP as well as R

and the following result holds:

1.5.18 Corollary

The prime segment P ¥ P1 is Archimedean if and only if K.P / D P; it is simple
if and only if K.P / D P1; and it is exceptional if and only if P ¥ K.P / ¥ P1: In
the last case K.P / D C is a non-Goldie prime.
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1.5.19 Lemma

Let R be a Dubrovin valuation ring of Q and let C be a non-Goldie prime with the
prime segment P ¥ C ¥ P1: Then Ol.C

n/ D RP D Or.C
n/ for any n 2 N and

C D �C:

Proof. C is an ideal of RP since C D fa 2 P; P aP ¤ P g and hence S D
Ol.C

n/ � RP : If S ¥ RP ; then P ¥ J.S/ and C ¥ J.S/; because J.S/ is Goldie
prime. Thus C n ¥ J.S/ and C n \ C.J.S// ¤ ;; which shows C n D SC n D
RJ.S/C

n D RJ.S/; a contradiction. Hence S D RP and similarly Or.C
n/ D RP :

If �C ¥ C; then C D J.RP / �C D P �C by Proposition 1.5.8, which is a
contradiction, because C is prime. Hence �C D C follows. ut

1.5.20 Lemma

Let R be a Dubrovin valuation ring of Q: Suppose the prime segment J.R/ ¥ P is
Archimedean.

1. If J.R/ D RxR for some x 2 J.R/; then J.R/ is a principal left and right ideal.
2. If R is of rank one and J.R/ D J.R/2; then for any a 2 J.R/; I D RaR is a

principal left and right ideal with J.R/ ¥ I:

Proof. 1. We consider F D fA; A an ideal and x … Ag that is non-empty and
inductive set. It contains a maximal element in F ; say, B: Since there are no
ideals between J.R/ and B properly, B is prime if J.R/ D J.R/2: In this case,
it follows B D P; which contradicts the Archimedean property. Hence J.R/ ¥
J.R/2 and J.R/ is principal as left and right ideal by Lemma 1.5.6.

2. It follows form (1) and the assumption that J.R/ ¥ I: Suppose I is not principal
as a left ideal. Then I D J.R/I: Write a D P

ri axi for some ri 2 J.R/ and
xi 2 R and Rr D P

Rri for some r 2 J.R/: It follows that I D RrRI

and RrR ¤ J.R/: There is a regular s 2 J.R/ such that RrR � sJ.R/: Thus
I D RrRI � sJ.R/I � sI and s�1 2 Ol .I / D R: This implies that s is a
unit in R; a contradiction. Hence I is a principal left ideal and similarly it is a
principal right ideal. ut

Suppose R is of rank one. Since Q is the only proper overring of R; we have
Ol.I / D R D Or.I / for every non-zero R-ideal I of Q: The set D.R/ of divisorial
R-ideals is a group by Corollary 1.5.11. Let I be an R-ideal of Q such that I D Ra

for some a 2 Q Then R D Or.I / D a�1Ra and hence aR D Ra: We denote
by H.R/ the set of principal R-ideals. An R-ideal I of Q is either divisorial or
�I D Ra D aR; I D J.R/a and J.R/ is not a principal left R-ideal. The lattice of
R-ideals is therefore known completely if D.R/ and H.R/ are known.
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1.5.21 Lemma

Let R be a Dubrovin valuation ring of Q with rank one. D.R/ is order isomorphic
to a subgroup of .R; C/.

Proof. Let I ¤ R be a divisorial ideal. Then \I n D .0/ by Lemma 1.5.15 if
I ¤ J.R/ or I D J.R/ ¤ J.R/2 since R has rank one. If J.R/ D J.R/2; then it
is not divisorial by Lemma 1.5.4. If K D \ �.I n/ ¤ 0; then it is clearly divisorial
and K � I k for some k 2 N: Thus �K D K � �.I k/ and �.I k/ ¥ �.I kC1/ since
D.R/ is a group, which is a contradiction. Hence K D 0 and therefore Hölder’s
Theorem (cf. [23]) shows that D.R/ is order isomorphic to a subgroup of .R; C/:

ut

1.5.22 Proposition

Let R be a Dubrovin valuation ring of Q with rank one. Then exactly one of the
following possibilities occurs:

1. The prime segment J.R/ ¥ .0/ is Archimedean and either:

(i) J.R/ ¥ J.R/2 and then D.R/ Š < J.R/ > Š H.R/ is an infinite cyclic
group or

(ii) J.R/ D J.R/2 and then D.R/ Š .R; C/ and H.R/ is a dense subgroup of
D.R/

2. The prime segment J.R/ ¥ .0/ is simple and then D.R/ D H.R/ D < R > is
the trivial group.

3. The prime segment J.R/ ¥ .0/ is exceptional and C is a non-Goldie prime with
J.R/ ¥ C ¥ .0/: Then D.R/ D < C > is the infinite cyclic group generated
by C D �C and H.R/ D < �.C k/ > for some integer k � 0:

Proof. 1.(i) Since J.R/ ¥ J.R/2; it follows that J.R/ D aR D Ra for some
a 2 J.R/ and hence J.R/n D anR D Ran for any n 2 N: Let I be any
non-zero ideal. There is an n 2 N with J.R/n�1 ¥ I � J.R/n and R ¥
IJ.R/�.n�1/ � J.R/. Hence I D J.R/n which shows the statement.

1.(ii) Note that D.R/ is order isomorphic to a subgroup of .R; C/ by
Lemma 1.5.21. For any non-zero element a 2 J.R/; there is an ideal I

with I 3 a; i.e. I � RaR which is principal by Lemma 1.5.20. For every
RaR ¤ J.R/ there is a b 2 J.R/ � RaR and RaR ¤ RbR ¤ J.R/. Hence
H.R/ and D.R/ are isomorphic to a dense subgroups of .R; C/: Let Ii be
divisorial ideals of R: Then L D \Ii is also divisorial if L ¤ 0 and hence
D.R/ is complete and D.R/ Š .R; C/ follows.

2. This is clear.
3. By Lemma 1.5.19, C is a maximal divisorial ideal. For any I 2 D.R/ with

R ¥ I; there is a minimal n 2 N such that I � C n and hence C n�1 ¥ I �
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�.C n/: It follows that R D �.C n�1/ı �.C �.n�1// ¥ I ı �.C �.n�1// and, by
the maximality of C; C D I ı �.C �.n�1// which entails I D �.C n/. Hence
D.R/ D < C > and H.R/ is equal to < �.C k/ > for some k � 0: ut

We will describe primary ideals by using the prime segments which are applied to
obtain the structure of ideals of Dubrovin valuation rings under a natural condition.

1.5.23 Lemma

Let R be a Dubrovin valuation ring of Q with rank one. The prime segment J.R/ ¥
.0/ is not simple if and only if R is bounded, i.e. any essential one-sided ideal
contains a non-zero ideal.

Proof. Suppose the prime segment J.R/ ¥ .0/ is simple. It is clear that R is not
bounded. Suppose the prime segment J.R/ ¥ .0/ is not simple. If it is exceptional
with non-Goldie prime C and put S D [1

nD1.
�.C n//�1 which is a proper overring

of R and hence S D Q: Let c be a regular element in R. Then c�1 2 .�.C n//�1

for some n 2 N and C nc�1 � C n �.C n/�1 � R. Hence C n � Rc and C m � cR

for some m 2 N. Hence R is bounded. Suppose the prime segment is Archimedean.
If J.R/ ¥ J.R/2; then J.R/ D bR D Rb for some b 2 J.R/: If J.R/ D J.R/2;

then for any non-zero a 2 J.R/; RaR D bR D Rb for some b 2 RaR: In any
cases, C D fbn; n 2 Ng is an Ore set with Q D RC . Hence as in the case of the
exceptional prime segment, we have that R is bounded. ut

For any ideal A; we denote by P.A/ the prime radical of A: If R is a Dubrovin
valuation ring, then P.A/ is a prime ideal of R: An ideal A is called left P.A/-
primary if aRb � A; where a; b 2 R; implies either a 2 P.A/ or b 2 A:

1.5.24 Lemma

Let R be a Dubrovin valuation ring of Q and let A be a non-zero ideal of R with
P D P.A/ Goldie prime. Then S D Ol.A/ � RP : In particular if A is left
P -primary, then S � RP1 for any Goldie prime P1 with P1 ¥ P:

Proof. Either A ¥ J.S/ or A � J.S/: If the former holds then A \ C.J.S// ¤ ;
and A D SA D RJ.S/A D RJ.S/; a contradiction. Thus A � J.S/ which entails
P � J.S/: Hence RP � RJ.S/ D S: Suppose A is left P -primary and P1 is a
Goldie prime with P1 ¥ P: Then P D RP P D RP1 P � RP1 A: Let x D c�1a 2
RP1A; where c 2 C.P1/ and a 2 A: Then P1x D P1c

�1a D P1a � A implies
x 2 A and hence RP1A D A; i.e. RP1 � Ol .A/ D S . ut

It is not necessarily true that Ol.A/ D RP for any ideal A with P D P.A/I even
if A is left P -primary (cf. [9]).
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In order to classify left primary ideals of a Dubrovin valuation rings, for a fixed
Goldie prime P; we consider the following four cases:

P1 There is a Goldie prime P1 such that P1 ¥ P is a prime segment.

(a) P1 ¥ P is Archimedean.
(b) P1 ¥ P is exceptional such that P1 ¥ C ¥ P with C non-Goldie prime.
(c) P1 ¥ P is simple.

P2 P is lower limit, i.e. for any Goldie prime P1 with P1 ¥ P; there is a
Goldie prime P2 such that P1 ¥ P2 ¥ P: This is equivalent to P D
\fPi ; Pi is a Goldie prime with Pi ¥ P g.

1.5.25 Lemma

Let R be a Dubrovin valuation ring of Q and A be a non-zero ideal of R with
P D P.A/ Goldie prime. Suppose one of P1 (a), P1 (b) or P2 holds. Then A is left
P -primary if and only if Ol.A/ D RP :

Proof. Suppose Ol.A/ D RP and aRb � A with a 2 R � P and b 2 R: Then
RaR ¥ P; RP RaR D RP and hence b 2 RP b D RP aRb � A. Hence A is
left P -primary. Conversely suppose A is left P -primary. First assume that P1 (a) or
P1 (b) holds. Then RP1 A D A by Lemma 1.5.24. To prove that Ol.A/ D RP ; let
x D c�1a 2 RP A; where c 2 C.P / and a 2 A: Then cR ¥ P by right version
of Proposition 1.5.3, because cR and P are both left cRc�1 and right R-modules
(note cRP c�1 D RP /: Put RP1 D RP1=P ¥ P 1 D J.RP1 / ¥ .0/: Then RP1

is of rank one and the prime segment is either Archimedean or exceptional. Since
c is regular, there is a non-zero ideal B such that B � RP1c by Lemma 1.5.23,
P ¤ B C P � RP1 c C P and .B C P /x � .RP1 c C P /x � RP1 a C P a � A:

Hence x 2 A; i.e. RP A D A and therefore Ol.A/ D RP by Lemma 1.5.24. Next
assume that P2 holds. Then RP D [RPt by Lemma 1.5.14. Let x D c�1a 2 RP A;

where c 2 C.P / and a 2 A. There is an i with c�1 2 RPi and Pi x D Pi a � A:

Hence x 2 A and RP A D A follows. Hence Ol .A/ D RP : ut

1.5.26 Lemma

Let R be a Dubrovin valuation ring of Q and A be a non-zero ideal of R with
P D P.A/ Goldie prime. Suppose P1 (c) holds. Then A is left P -primary if and
only if either Ol .A/ D RP or Ol.A/ D RP1 and A D �A:

Proof. Assume that A is left P -primary. Then RP1 � S D Ol.A/ � RP and
hence either RP1 D S or RP D S: In the case RP1 D S; if A ¤ �A; then
A D J.S/ �A D P1

�A by Proposition 1.5.8, which is a contradiction. Hence
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A D �A follows. In order to prove the if part, first assume that Ol.A/ D RP . Then
an argument similar to the one in Lemma 1.5.25 shows that A is left P -primary.
Assume that Ol.A/ D RP1 and A D �A: Suppose aRb � A; where a 2 R � P

and b 2 R: Since RaR ¥ P; we have either RaR D P1 or RaR ¥ P1; i.e.
RP1aR D RP1 : Furthermore we may assume that b is regular element in R; because
RbR is generated by regular elements in RbR. If RaR D P1; then A � RaRb D
P1b and A D �A � �.P1bR/ D �.�P1RbR/ � RP1b 3 b; because �P1 D RP1

by Lemma 1.5.4 and Theorem 1.5.16 (note that J.RP1 / D P1/: If RP1 aR D RP1;

then b 2 RP1 aRb � A: Hence A is left P -primary. ut

1.5.27 Lemma

Let R be a Dubrovin valuation ring of Q and C be a non-Goldie prime such that
P § C § P0 is the exceptional prime segment. Let A be an ideal of R with
C D P.A/. Then A is left C -primary if and only if Ol .A/ D RP and A D �A.

Proof. First we prove that S D Ol.A/ � RP . If A ¥ J.S/, then RJ.S/ D
RJ.S/A D SA D A, a contradiction. Hence J.S/ � A and J.S/ � P since J.S/ is
a Goldie prime. This implies RP � S D RJ.S/. Suppose that A is left C -primary. To
prove that S D RP , on the contrary, assume that RP ¥ S . Then RP A ¥ A and for
any x D c�1a 2 RP A � A, where c 2 C.P / and a 2 A, we have P x D P a � A,
a contradiction. Hence Ol .A/ D RP . If �A ¥ A, then �A D RP d and A D P d

for some d 2 �A � A by Proposition 1.5.8, which is again a contradiction. Hence
�A D A follows. Conversely suppose Ol.A/ D RP and �A D A. If aRb � A with
a 2 R�C and b 2 R, then RaR � P and as before we may assume that b is regular.
It follows that A � P bR and A D �A D �P bR D �.�PRbR/ � RP b 3 b.
Hence A is left C -primary. ut

We denote by l � stP .R/ D fa 2 R, RP a is an ideal of Rg. The following is a
complete description of left primary ideals of Dubrovin valuation rings (cf. [9] for
examples).

1.5.28 Theorem

Let R be a Dubrovin valuation ring of a simple Artinian ring Q.

1. Let P be a Goldie prime of R satisfying one of the P1a/,P1b/, or P2.

(i) If P § P 2, then fP n; n 2 Ng is the set of left P -primary ideals of R and
P n D pnRP D RP pn for some p 2 P .

(ii) If P D P 2, then fP; P a; A; a 2 l � stP .R/ with P.RP a/ D P and A is
an ideal with P D P.A/; Ol.A/ D RP and A D �Ag is the set of left
P -primary.



1.5 Ideal Theory of Dubrovin Valuation Rings 55

2. Let P be a Goldie prime of R satisfying P1c/.

(i) If P § P 2 , then fP n; RP1a and A; a 2 l � stP1.R/ with P D P.RP1a/

and A is an ideal with P D P.A/; Ol.A/ D RP1 and A D �Ag is the set of
left P -primary ideals. In particular, P n D pnRP D RP pn for some p 2 P

with P D pRP D RP p.
(ii) If P D P 2, then fP; P a; RP1b, and A; RP1 a with a 2 l � stP .R/ with

P D P.RP a/; b 2 l � stP1 .R/ with P D P.RP1 b/ and A is an ideal with
P D P.A/; A D �A and either Ol .A/ D RP or Ol .A/ D RP1g is the set
of left P -primary.

3. Let C be a non-Goldie prime of R. Then f�.C n/; n 2 Ng is the set of left C -
primary ideals of R.

Proof. 1.(i) Since P D pRP D RP p for some p 2 P by Lemma 1.5.4, P n D
pnRP D RP pn for all n 2 N and P n are all (left) P -primary by Lemma
1.5.25. Let A be left P -primary. Then P � A � P0 D \P n. We may
assume that P n � A ¥ P nC1 for some n 2 N and RP � p�nA ¥ pRP D
P . If p�nA ¥ R, then A ¥ pnR, a contradiction. Thus p�nA � R and
C.P / \ p�nA ¤ � which entails p�nA D RP , i.e. A D pnRP D P n.

1.(ii) It is easy to see from Lemma 1.5.25 that P , P a and A stated in (ii) are left
P -primary. Let B be left P -primary. Then RP D Ol .B/. If B D �B , then
there is nothing to do. If B ¤ �B , then B D P b and �B D RP b for
some b 2� B � B by Proposition 1.5.8 (note b 2 RP ). If b 2 U.RP / then
B D P . If b 62 U.RP / then we prove P � RP b, i.e. b 2 l �stP .R/. Suppose
P ¤ RP b. Then P b�1 � P since P D P 2 and so b�1 2 Or.P / D RP ,
a contradiction. Hence B D P b with b 2 l � stP .R/ and P D P.RP b/

follows.
2.(i) It follows from Lemma 1.5.26 and the proof of 1.(i) that P n, RP1 a and A are

all left P -primary, where a 2 l � stP1 .R/ with P D P.RP1 a/, and A is an
ideal with P D P.A/, Ol.A/ D RP1 and A D �A. Let B be left P -primary.
If Ol.B/ D RP , then B D P n for some n 2 N as in 1.(i). Suppose that
Ol .B/ D RP1 . If B is a finitely generated left RP1 -ideal, i.e. B D RP1 a with
a 2 l � stP1.R/. If B is not a finitely generated left RP1-ideal, there are two
cases: either B D �B or B ¦ �B with B D P1b and �B D RP1b for some
b 2 �B � B . In the latter case, B is not left P -primary.

2.(ii) P , P a, RP1b and A in 2.(ii) are all left P -primary. Let B be left P -primary.
Suppose Ol .B/ D RP . It is shown as in 1.(ii) that B is one of P , P a or A,
where a 2 l � stP .R/ with P D P.RP a/ and A D �A with Ol.A/ D RP .
Suppose Ol .B/ D RP1 . Then B is one of B D �B or B D RP1 b with
b 2 l � stP1 .R/ and P D P.RP1 b/ as in 2.(i).

3. Since C D �C � �.C n/ � C n for all n 2 N, it follows that C D P.�.C n//

and Ol.
�.C n// D RP by Lemmas 1.5.7 and 1.5.19. Hence �.C n/ is left

C -primary by Lemma 1.5.27. Let B be left C -primary. Then B D �B and
Ol .B/ D RP . Since P0 D \C n, there is an n 2 N such that C n � B � C nC1

and RP � C �nC n � C �nB � C �nC nC1.
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Taking �-operation, RP � �.C �nB/ � �C D C . If �.C �nB/ � P ,
then �.C �nB/ � �P D RP and hence RP D �.C �nB/. Hence B D
�.�.C nC �n//B/ D �.C n.C �nB// D �.C nRP / D �.C n/. If P ¥
�.C �nB/, then C �� .C �nB/, �.C nC1/ � B and hence B D �.C nC1/

follows. ut

1.5.29 Lemma

Let R be a Dubrovin valuation ring of Q and I be an R-ideal of Q. If I is not
a finitely generated as a left S -ideal, where S D Ol.I /, then I �1 D .S W I /r D
.R W I /r and I.R W I /r D J.S/.

Proof. It follows from Lemma 1.5.6 and Proposition 1.5.8 that I D J.S/I , J.S/ D
J.S/2 and II �1 D J.S/. Hence .R W I /r D .R W J.S/I /r D ..R W J.S//r W
I /r D .Or.J.S// W I /r D .S W I /r D I �1. ut

1.5.30 Lemma

Let R be a Dubrovin valuation ring of Q and I D RqR for some q 2 Q with S D
Ol.I / and T D Or.I /. Suppose the prime segment J.S/ ¥ P is Archimedean,
then I D Sa D aT for some a 2 I .

Proof. To prove that I D Sa, it suffices to prove that I ¥ J.S/I . Suppose, on the
contrary, I D J.S/I . Then q D x1qr1 C 
 
 
 C xnqrn and xS D x1S C 
 
 
 C xnS ,
where xi ; x 2 J.S/, and ri 2 R. It is clear that I D SxSI . If J.S/ D SxS , then
J.S/ D sS D Ss for some s 2 J.S/ by Lemma 1.5.20. Thus I D sI and s�1 2
Ol.I / D S , a contradiction. Hence J.S/ ¥ SxS which implies tJ.S/ � SxS

for some t 2 J.S/. Then I D SxSI � tJ.S/I D tI and t�1 2 Ol .I / D S , a
contradiction. Hence I D Sa for some a 2 I and I D aa�1Sa D aOr.I / D aT .

ut

1.5.31 Proposition

Let R be a Dubrovin valuation ring of Q and let I be an R-ideal with Ol.I / D
S D Or.I / and I is not finitely generated as a left R-ideal. Suppose J.S/ is
Archimedean, i.e. the prime segment J.S/ � P is Archimedean. Then either
I D aS D Sa or I D Aa for some J.S/-primary A and some a with aS D Sa.

Proof. First suppose I is finitely generated as a left S -ideal, say I D Sa. Then
S D Or.I / D a�1Sa and hence aS D Sa D I . Suppose I is not finitely generated
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as a left S -ideal. By Lemma 1.5.29, I.R W I /r D J.S/. Consider F D fx; x 2
.R W I /rg with J.S/ D P.IxS/, which is non-empty, because J.S/ is
Archimedean. We claim that B D IxS is J.S/-primary for any x 2 F . It suffices
to prove that Ol.B/ D S D Or.B/ by Lemma 1.5.25 and its right version. It is clear
that Ol.B/ � S and assume that Ol .B/ ¥ S . Then Ol .B/ � RP , because there are
no Goldie primes between J.S/ and P and then B D RP B D RP , a contradiction.
Hence Ol.B/ D S and similarly Or.B/ D S . Since .R W I /r D .S W I /r

and I.R W I /r D J.S/, we have .R W I /r D SfSxS; x 2 .R W I /rg �SfSxS; x 2 Fg. If .R W I /r ¥
SfSxS; x 2 Fg, then there is a y 2 .R W I /r

such that y … SxS for any x 2 F , i.e. SyS § SxS . However y … F implies
P � IyS � IxS for any x 2 F and P � P.IxS/ D J.S/, a contradiction.
Hence

SfSxS; x 2 Fg D .R W I /r holds. We shall prove that S D Ol.SxS/

for some x 2 F . Suppose Ol.SxS/ ¥ S for all x 2 F . Then Ol .SxS/ � RP

and hence RP .R W I /r D .R W I /r follows. Since I �1 D .R W I /r , we have
RP I �1 D I �1 and RP � Ol .I

�1/ D Or.I / D S , a contradiction. Thus there is
some x 2 F such that Ol.SxS/ D S . Put A D ISxS , a J.S/-primary. It is clear
that Or.SxS/ D S since Or.A/ D S . By Lemma 1.5.30, SxS D cS D Sc for
some c 2 SxS . Hence we have I D Ac�1 with c�1S D Sc�1. ut
Note If Q is a finite dimension over its center K , then Or.I / D Ol .I / for any
R-ideal I of Q and J.S/ is Archimedean (cf. Corollary 1.6.6). However these
properties do not necessarily hold (cf. [6, 33]).

We end this section with the following which will be used in Sect. 1.7.

1.5.32 Proposition

Let S be a proper overring of a Dubrovin valuation ring R.

1. .R W S/l D J.S/ D .R W S/r .
2. .R W J.S//l D S D .R W J.S//r .

Proof. 1. It is clear that .R W S/l � J.S/. If .R W S/l ¥ J.S/, then
.R W S/l D .R W S/lS D S , because .R W S/l is an ideal of R and S D RJ.S/ by
Theorem 1.4.9, which is a contradiction. Hence .R W S/l D J.S/ and similarly
.R W S/r D J.S/.

2. It is clear that .R W J.S//l � S . To prove the converse inclusion, first assume
that J.S/ D sS D Ss for some s 2 J.S/. Then we have .R W J.S//l D
.R W S/ls

�1 D S by (1). Next, assume that J.S/ is not finitely generated as a
one-sided S -ideal. Then, by Lemma 1.5.4, J.S/ D J.S/2 and so .R W J.S//l �
.S W J.S//l D Ol .J.S// D S by Lemma 1.5.4. Hence .R W J.S//l D S and
similarly .R W J.S//r D S .
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1.6 Dubrovin Valuation Rings of Q with Finite Dimension
Over Its Center

Throughout this section, Q will be a simple Artinian ring with finite dimension over
its centre K and R will be a Dubrovin valuation ring of Q with V D Z.R/.

1.6.1 Lemma

Let M and N be V -submodules of an K-module X with N � M and J.V /M � N .
Then ŒM W N � � ŒX W K�, where M D M=N and V D V=J.V /.

Proof. It suffices to prove that m1; 
 
 
 ; mn 2 M is linearly independent over K if
m1; 
 
 
 ; mn is linearly independent over V . Assume that k1m1 C 
 
 
 C knmn D 0

with some ki ¤ 0, where ki 2 K . We may assume that k1 ¤ 0 and k1V � ki V for
all i , 1 � i � n. Then ki D k1vi for some vi 2 V and m1 Cv2m2 C
 
 
Cvnmn D 0,
a contradiction. ut

1.6.2 Lemma

Let q 2 Q such that either qR � Rq or qR � Rq. Then

1. Rqn D Rk for some n 2 N and k 2 K .
2. Rq D qR and Sq D qS for any overring S of R.

Proof. 1. Suppose n D ŒQ W K�. There is a non-trivial linear dependence
knqn C 
 
 
 C k1q C k0 D 0, where ki 2 K . Let Rq � qR. Then
Rknqn; 
 
 
 ; Rk1q; Rk0 are all R-ideals so that there is a maximum one, say,
Rki q

i . Rki q
i D P

j ¤i Rkj qj � Rklq
l for some l ¤ i , i.e. Rkiq

i D Rkl q
l .

Hence Rqe D Rk for some k 2 K and some e � n.
2. Suppose Rq § qR. It follows that q�nRqn ¥ R for any n 2 N. But q�eRqe D

k�l Rk D R, a contradiction. Hence Rq D qR. Since qSq�1 and S are both
R-ideals, we have either qSq�1 � S or qSq�1 � S . Hence Sq D qS as before.

ut

1.6.3 Proposition

Let R be a Dubrovin valuation ring of Q with V D Z.R/. The following hold:

1. V is a valuation ring of K and J.V / D J.R/ \ V .
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2. Any prime ideal P of R is Goldie prime such that RP D Rp and P D J.Rp/,
where p D P \ V is a prime ideal of V .

3. The map: P �! p is a bijection between the set of prime ideals of R and the set
of prime ideals of V , where P is a prime ideal of R.

4. The map: S �! J.S/ is a bijection and anti-inclusion preserving between the
set of overrings of R and the set of prime ideals of R, where S is any overring
of R.

5. For any prime ideal P of R, there is an l 2 N such that P l D pR, where
p D P \ V .

6. Let S be an overring of R with V D Z.S/. Then S D R.

Proof. 1. For any x 2 K , we have Rx \ V D Vx. This shows the set of principal
ideals is linearly ordered by inclusion. Hence V is a valuation ring of K . Since
J.V /R is a proper ideal of R, we have J.V /R � J.R/. Hence J.V / � J.R/ \
V � J.V /R \ V � J.V / and J.V / D J.R/ \ V follows.

2. It is clear that p D P \ V is a prime ideal of V and Pp \ R D P . Thus Pp �
J.Pp/ ¤ R by Theorem 1.4.9 and Pp D P follows. Since ŒRp=P W Vp=p� �
ŒQ W K�, Rp=P is an Artinian ring and there is an n 2 N such that J.Rp/n � P ,
which entails J.Rp/ D P . Hence P is Goldie prime and Rp D RP .

3. For any prime ideal p of V , P D J.Rp/ is a prime ideal of R with P \ V D p.
Hence the statement follows form (2).

4. This follows from Corollary 1.4.16 and (2).
5. By (2) P D J.Rp/ and pR D pVpR D pRp , an ideal of Rp . Thus P l � pRp

for some l 2 N by Lemma 1.6.1. If P D P 2, then P l D P D pRp . Otherwise
P D aRp D Rpa for some a 2 P by Lemma 1.5.4. Let l be the smallest
natural number such that P l � pR, i.e. alRp � pRp ¤ al�1Rp . Then aRp �
a�lC1pRp ¤ Rp and P l D pRp follows.

6. Suppose that S ¥ R. Then p D J.S/ \ V is a prime ideal of V with p ¤ J.V /.
Hence S D Rp and Z.S/ D Vp ¥ V , a contradiction. Hence S D R. ut

1.6.4 Lemma

Let R be a Dubrovin valuation ring of Q and I be a finitely generated R-ideal of
Q, i.e. I D Rx1R C 
 
 
 C RxnR for some xi 2 I . Then I D aS D Sa for some
a 2 I and Ol.I / D Or.I /, where S D Ol .I /.

Proof. Since R is Bezout, we may assume that I D RxR for some regular x 2 I .

(i) In the case I D J.R/. It follows from Lemma 1.5.4 that Ol.I / D R D Or.I /.
As in Lemma 1.5.20, let B be an ideal maximal with x … B and assume that
J.R/ D J.R/2. Then B is a prime ideal, the prime segment J.R/ � B is
simple and R D R=B is a Dubrovin valuation ring of Q.R=B/ with rank
one such that the prime segment J.R/ ¥ .0/ is simple. However R is a prime
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P.I.-ring (cf. [47, (13.6.5)]), i.e. R is bounded, which contradicts Lemma 1.5.23.
Thus J.R/ ¥ J.R/2 and hence J.R/ D aR D Ra for some a 2 J.R/.

(ii) In the case I ¤ J.R/, to prove that I D Sa, assume that I D J.S/I . We can
write q D Pn

iD1 xi qri , where xi 2 J.S/ and xi 2 R. Let xS D Pn
iD1 xi S ,

where x 2 J.S/ and SxSI D I . Suppose J.S/ D SxS . Then J.S/ D yS

for some regular y 2 J.S/ and yI D I , i.e. y�1 2 Ol.I / D S , a
contradiction. Hence SxS ¤ J.S/ and SxS � sJ.S/ for some regular
s 2 J.S/ by Lemma 1.5.2. This implies I D SxSI � sJ.S/I � sI and
s�1 2 Ol.I / D S , a contradiction. Hence I D Sa for some regular a 2 I

and Or.I / D a�1Sa. Since S and Or.I / are overrings of R, we have either
S � a�1Sa or S � a�1Sa. Hence Sa D aS by Lemma 1.6.2 and S D Or.I /.

ut

1.6.5 Proposition

Let R be a Dubrovin valuation ring of Q with finite dimension over its center K .
Then the set of R-ideals forms a commutative semi-group.

Proof. It suffices to prove that RyRzR D RzRyR for any non-zero elements y; z 2
Q. By Lemma 1.6.4, RyR D sS D Ss and RzR D tT D Tt for some regular
s; t 2 Q, where S D Ol.RyR/ and T D Ol .RzR/. We may suppose that T � S .
Then tS D St by Lemma 1.6.2. Hence RyRzR D sSTt D sSt D stS and similarly
RzRyR D Sts. There is an n 2 N and u 2 K such that snS D uS and .t�1stS/n D
t�1sntS D t�1snSt D t�1uSt D snS D .sS/n. Since S -ideals are linearly ordered,
t�1stS D sS , i.e. stS D tsS . Hence RyRzR D RzRyR. ut

For any R-ideal I of Q, we have I D IOr.I / D Or.I /I and I D Ol .I /I D
IOl.I /. Thus we have

1.6.6 Corollary

For any R-ideal I of Q, Ol.I / D Or.I /.

1.6.7 Lemma

1. Let R be a subring of Q with Z.R/ D V . If R is an Azumaya algebra, then it is
a Dubrovin valuation ring of Q.

2. Suppose that V has no minimal prime ideals.
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(i) For any K-basis a1; 
 
 
 ; an of Q, there is an Azumaya algebra S in Q.S ¤
Q/ such that S D a1W ˚ 
 
 
 ˚ anW and W D Z.S/.

(ii) If R is a Dubrovin valuation ring of Q, then there is an Azumaya algebra S1

of Q such that S1 D a1W1 ˚ 
 
 
 ˚ anW1 such that S1 � R and W1 � V .

Proof. 1. It follows from the properties of Azumaya algebras that J.R/ D
J.V /R and R=J.R/ is a simple Artinian ring with finite dimension over the
center V=J.V /.

Thus for any q 2 Q � R, there is a v 2 V such that qv 2 R � J.R/. Hence
R is a Dubrovin valuation ring.

2.(i) Write ai aj D P
at ˛ijt , where ˛ijt 2 K . It follows that N D .ai aj / 2

Mn.Q/ has its inverse N �1, say, N �1 D .cij /, where cij 2 Q (cf. [41,
Proposition A.10]). Write cij D P

at ˇijt and 1 D P
ai 	i , where ˇijt ; 	i 2

K . Since V has no minimal prime ideals, there is an overring W.¤ K/ of
V with ˛ijt ; ˇijt ; 	i 2 W for all i; j; t . Then S D a1W ˚ 
 
 
 ˚ anW is
a subring of Q and M D a1J.W / ˚ 
 
 
 ˚ anJ.W / is an ideal of S . It is
clear that Z.S/ � W . To prove the converse inclusion, let ˛ 2 Z.S/ and
f 2 HomK.Q; Q/ with f .a1/ D 1 and f .ai / D 0 for i D 2; 
 
 
 ; n. Write
a1˛ D a1w1 C 
 
 
 C anwn, where ai 2 W . We have ˛ D f .a1˛/ D w1

and Z.S/ D W follows. Hence S is an Azumaya algebra over W because
N �1 2 Mn.S/ (cf. [41, Proposition A.10]).

(ii) Let b1; 
 
 
 ; bn be a K-basis of Q being contained in R and write bi D P
aj ıj ,

where ıj 2 K . As in (i), put bi bj D P
bt 	ijt , .dij / 2 Mn.Q/ is the inverse of

.bi bj /, dij D P
bt�ijt and 1 D P

bi"i . Then there is an overring W1.¤ K/

of V such that W1 contains all ıj ; 	ijt ; �ijt ; "i ; ˛ijt ; ˇijt ; 	j . Put S1 D a1W1 ˚

 
 
 ˚ anW1 and S2 D b1W1 ˚ 
 
 
 ˚ bnW1 which are both Azumaya algebras
over W1 such that S1 � S2 and S1 D S2 by Proposition 1.6.3. Furthermore
RW1 � S2 and Z.RW1/ D W1. Hence S2 D RW1 and S2 � R. ut

The set of all elements in Q which are integral over V is not necessarily a subring
of Q. In case Q is a skewfield there is a close connection between this property and
total valuation rings.

1.6.8 Theorem

Let D be a skewfield with finite dimension over its center K , V be a valuation ring
of K and T be the set of all elements in Q that are integral over V . Then T is a ring
if and only if there is a total valuation ring R of D with Z.R/ D V . In this case
T D \fR; R is a total valuation ring of D with Z.R/ D V g.

Proof. Suppose there is a total valuation ring of D whose center is V . It suffices to
prove that T D \fR; R is a total valuation ring of D with Z.R/ D V g. Let t 2 T

and tm C vm�1t
m�1 C 
 
 
 C v1t C v0 D 0 for some vi 2 V and m 2 N. Assume that

there is a total valuation ring R of D with Z.R/ D V and t … R. Then t�1 2 J.R/
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and 1 D �.vm�1t
�1 C 
 
 
 C v0t

�m/ 2 J.R/, a contradiction. Hence T � S DTfR; R is a total valuation ring of D with Z.R/ D V g. To show the converse
inclusion, let s 2 S and f .X/ be the monic irreducible polynomial of s in KŒX�.
By Wedderburn’s Theorem (cf. [41, Theorem A.20]), f .X/ D .X �a1/ 
 
 
 .X �an/

for ai D di sd �1
i , 0 ¤ di 2 D. However S is invariant under inner automorphism

of D so that every ai 2 S . Thus the coefficients of f .X/ are in S \ K D V and
hence s is integral over V .

Conversely suppose that T is a ring. It is clear that T is invariant under inner
automorphisms of D. Since J.V /T is a proper ideal of T , there is a maximal ideal
M of T containing J.V /T and M \ V D J.V /. The set T � M is a regular Ore
set since T is invariant. We show that TM \ K D V . Otherwise there is an element
u 2 K � V such that u D ts�1, where t 2 T , s 2 T � M and s D u�1t 2 J.V /T , a
contradiction. It remains to prove that TM is a total valuation ring. Let x 2 D � TM

and K.x/ is the commutative subfield of D. Then A D T \ K.x/ is the integral
closure of V in K.x/ and hence it is a PrRufer domain (cf. [22, Theorem 13.4]). Since
B D TM \ K.x/ is a local overring of A, it is a valuation ring (cf. [22, Corollary
11.6]). Hence x�1 2 B � TM and TM is a total valuation ring. ut

In Proposition 1.3.2.16 we considered valuation extensions. In case the base ring
is a commutative valuatin ring, we have a more concrete result. We denote by Nr.q/

the reduced norm of q 2 Q (cf. [57] for reduced norm).

1.6.9 Proposition

Let D be a skewfield with finite dimension over its center K and let v be a valuation
on K with the value group �V . Then v is extended to a valuation on D if and only
if v has a unique extension to each field F with K � F � D. In particular, under
these conditions, if R is a valuation ring of D with Z.R/ D V , then R is integral
over V , where V is the valuation ring of K with valuation v.

Proof. Suppose that v uniquely extends to any field F with K � F � D. Define a
function ! W U.D/ �! 4 D �V ˝Z Q, !.d/ D 1

n
v.Nr.d//, where d 2 U.D/ and

n D p
ŒD W K� 2 Z. Clearly the restriction ! jK of ! to K coincides with v. We will

show that ! is a valuation on D. We will prove first that for every maximal subfield
F of D, ! jF is the valuation on F extending v. Let N be the normal closure of
F over K and let � W U.N / �! 4 be any valuation on N extending v on K . For
any a 2 U.F /; Nr.a/ D NF jK.a/ D a1 
 
 
 an, where NF jK is the norm from F to
K and each ai 2 N is a conjugate of a over K . Thus there is a K-automorphism
�i of N with �i .a/ D ai . Since � jF and .��i jF / are valuations on F extending
v, by hypothesis, they must coincide and �.ai / D ��i .a/ D �.a/. Hence !.a/ D
1
n

v.Nr.a// D 1
n
�.a1 
 
 
 an/ D 1

n
.�.a1/ C 
 
 
 C �.an// D �.a/. Therefore !jF D

�jF , which is the valuation on F extending v. To prove that ! is a valuation on D,
let a; b 2 U.D/. Because Nr is multiplicative, we have !.ab/ D !.a/ C !.b/.
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Assume that b ¤ �a and let F be any maximal subfield of D containing ab�1.
Since !jF is a valuation, !.1 C a�1b/ � minf!.1/; !.a�1b/g. Thus !.a C b/ D
!.a/ C !.1 C a�1b/ � !.a/ C minf!.1/; !.a�1b/g D minf!.a/; !.b/g. Hence !

is a valuation on D.
Conversely, suppose that v extends to a valuation ! on D. Let R D fa; a 2

U.D/; !.a/ � 0g [ f0g, the valuation ring of !. Note that �R is abelian by
Proposition 1.6.5. Thus !.aba�1/ D !.b/ for all a; b 2 U.D/. For any a 2 R,
let f .X/ D Xk C ck�1X

k�1 C 
 
 
 C c0 2 KŒX� be the minimal polynomial of
a over K . Then f .X/ D .X � a1/ 
 
 
 .X � ak/ as before, where ai D biab�1

i

for some bi 2 U.D/. Thus !.ai / D !.a/ � 0 and hence the coefficients of f

lie in R \ K D V , i.e. every a 2 R is integral over V . Let F be any field with
K � F � D. Then R0 D R \ F is a valuation ring of F and integral over V .
Hence it is the integral closure of V in F and so the valuation of R0, i.e. !jF is the
unique extension of � to F (cf. [22, Corollary 13.5]). ut

From the properties of Henselian valuation rings (cf. [22, (16.4) and (16.6)]) and
Proposition 1.6.9, we have the following.

1.6.10 Corollary

Let D, K and v be as in Proposition 1.6.9. If V is a Henselian valuation ring of K ,
then there is a valuation ring R of D such that Z.R/ D V and R D fa 2 D, a is
integral over V g. ut

1.6.11 Lemma

For a total valuation ring R of D with Z.R/ D V , the following are equivalent:

1. R is a valuation ring.
2. R is integral over V .
3. R is the only Dubrovin valuation ring of D with its center V .

Proof. 1. ) 2. If R is a valuation ring, then �V � �R naturally and so the
valuation on K is extended to a valuation on D. Thus R is integral over V by
Proposition 1.6.9.

2. ) 3. Note that R is a valuation ring by Theorem 1.6.8. Let S be a Dubrovin
valuation ring of D with Z.S/ D V . We will first claim that J.S/ � J.R/. Let
0 ¤ s 2 J.S/ and f .X/ D XnCan�1Xn�1C
 
 
Ca0 be the minimal polynomial
of s over K . Then g.X/ D Xn C a�1

0 a1X
n�1 C 
 
 
 C a�1

0 an�1X C a�1
0 is the

minimal polynomial of s�1 over K . Assume that s�1 2 R. Then a�1
0 ai 2 V for

all i , 0 5 i 5 n with an D 1. It follows that �1 D a�1
0 sn C a�1

0 an�1s
n�1 C


 
 
 C a�1
0 a1s 2 J.S/, a contradiction. Hence s�1 … R, i.e. s 2 J.R/ and
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J.S/ � J.R/. Next assume that S ¤ R. Then S ª R by Proposition 1.6.3 and
let s 2 S � R. There are k 2 K and m 2 N such that smR D kR. Since s … R,
we have sm … R, k 62 R and k�1sm … J.R/ and k�1 2 J.R/ \ K D J.V /. But
k�1sm 2 J.V /S � J.R/, a contradiction and hence S D R.

3. ) 1. This follows from Theorem 1.6.8. ut

1.6.12 Lemma

Suppose that there is a total valuation ring of D with its center V . There is a
valuation ring S of D such that S ¤ D and S � R for all total valuation rings
R with Z.R/ D V .

Proof. First suppose that V has a minimal prime ideal p. Then W D Vp is a
valuation ring with rank one. Let bK be the completion of K with respect to the
valuation defined by W , i.e. with respect to the topology defined by ideals of W

and we denote by bW the corresponding completion of W . Then bD D D ˝K
bK is

a skewfield with Z.bD/ D bK. There is a valuation ring bS of bD with Z.bS/ D bW by
Corollary 1.6.10, because any complete rank one valuation ring is Henselian (cf. [22,
(17.18)]). It follows that S D bS \D is a valuation ring of D with Z.S/ D W . Now
let R be any total valuation ring of D with Z.R/ D V . Then Rp is a total valuation
ring of D with Z.Rp/ D W and Rp D S by Lemma 1.6.11. Hence S � R for
any total valuation ring R of D with Z.R/ D V . Next suppose that V has no
minimal prime ideals. For a total valuation ring R0 with Z.R0/ D V , there is a
Dubrovin valuation ring S which is a finitely generated over its center W � V such
that S � R0 by Lemma 1.6.7. Thus S is a valuation ring of D by Lemma 1.6.11,
because any overring of a total valuation ring is again total. Hence, as in the first
case, S � R for all total valuation ring R of D with Z.R/ D V .

1.6.13 Lemma

Suppose that there are, at least two, total valuation rings of D with center V . Let
S be the minimal valuation ring of D with property: S � R for all total valuation
rings R of D with Z.R/ D V (the existence S is guaranteed by Lemma 1.6.12).
Then Z.S/ ¥ W , where W D Z.S/ and S D S=J.S/.

Proof. Assume that Z.S/ D W . Then feR D R=J.S/; R runs over all total
valuation rings R of D with Z.R/ D V g is the set of all total valuation rings
of S with Z.eR/ D V=J.W / D eV by Theorem 1.4.9 and Proposition 1.4.17.
By Lemma 1.6.12 there is a valuation ring eS1 ¤ S of S containing all eR. Thus
S1 D fs 2 S; s C J.S/ 2 eS1g is a valuation ring of D with S ¥ S1 � R for all R,
contradicting the minimality of S . ut
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1.6.14 Proposition

Let R be a valuation ring of D with Z.R/ D V . Then Z.R/ is a normal extension
of V and any V -automorphism of Z.R/ is induced by an inner automorphism id of
D, where d 2 D, i.e. id .a/ D dad�1 for any a 2 D.

Proof. Let r 2 Z.R/, where r 2 R and f .X/ be the monic minimal polynomial
of r in KŒX�. Since r is integral over V , f .X/ 2 V ŒX�. Write f .X/ D .X �
a1/ 
 
 
 .X � at / 2 DŒX� with r D a1 and ai D dird �1

i D idi .r/ for some di 2 D,
i D 2; 
 
 
 ; t . It follows that ai 2 R for all i since R is invariant. Note that,
for any d 2 U.D/, id naturally induces an automorphism id of R, because
id .J.R// D J.R/. Thus all elements ai are in Z.R/ and hence Z.R/ is a normal
extension of V , because f .X/ D .X � a1/ 
 
 
 .X � at / 2 V ŒX�. Let C be the
maximal separable extension of V in Z.R/. We can choose r 2 R above such that
C D V .r/, because C is a finite separable extension. Let g.X/ be the irreducible
separable polynomial of r over V . Then g.X/ D .X � ak1 / 
 
 
 .X � akm / for
certain ak1 ; 
 
 
 ; akm in fa1; 
 
 
 ; at g above. We reorder the ai if necessary and write
g.x/ D .x � a1/ 
 
 
 .x � am/. Each of the ai , i D 1; 
 
 
 ; m is in C and this shows
that C is a Galois extension of V with Galois group G D fidj ; j D 1; 
 
 
 ; mg.

Since Gal.Z.R/=V / D Gal.C=V /(cf. [82, Corollary 4, p. 75]), any element in
Gal.Z.R/=V / is induced by an inner automorphism of D. ut

1.6.15 Proposition

Suppose that there is a total valuation ring of a skewfield D with center V . Then
any Dubrovin valuation ring of D with center V is total and any two total valuation
rings are conjugate in D.

Proof. We will prove the proposition by induction on n D ŒD W K�. In the case
n D 1, there is nothing to do and if R is the unique total valuation ring of D,
then it is a valuation ring of D by Theorem 1.6.8 and is the unique Dubrovin
valuation ring of D by Lemma 1.6.11. Thus we may assume that there are at least
two total valuation rings of R, R1 of D with Z.R/ D V D Z.R1/. Let R0 be any
Dubrovin valuation ring of D with Z.R0/ D V , S be the minimal valuation ring
of D with the property in Lemma 1.6.13 and W D Z.S/. Then Z.S/ ¥ W by
Lemma 1.6.13 and Rp

0 is a Dubrovin valuation ring of D with Z.R0
p/ D W D Vp ,

where p D J.W /. Hence S D R0
p � R0 follows by Lemma 1.6.11. Put

eR D R=J.S/ and eR1 D R1=J.S/. Since Z.S/ is a normal extension of W , there
are �; 
 2 Gal.Z.S/=W / with �.Z.fR1// D Z.eR/ and 
.Z.eR0// D Z.eR/ (cf. [22,
(14.1)]). By Proposition 1.6.14, � and 
 are induced by inner automorphisms id , ie
of D such that id .S/ D S D ie.S/, where d; e 2 U.D/. Thus we may assume that
Z.fR1/ D Z.eR/ D Z.eR0/ and since ŒD W K� � ŒS W Z.S/�, by induction hypothesis,
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eR0 is a total valuation ring and so is R0, which proves the first statement. Again, by
induction, eR and fR1 are conjugate in S . Hence R and R1 are conjugate. ut

1.6.16 Lemma

If rank V D 1, then there is a Dubrovin valuation ring R of Q such that R\K D V

and it is integral over V .

Proof. Put Q D Mn.D/, where D is a skewfield. As in Lemma 1.6.12, let bK be the
completion of K with respect to the valuation defined by V , and bV be the valuation
ring of bK with bV \K=V, corresponding completion of V . Furthermore bD D D ˝K

bK is a skewfield with Z.bD/ D bK and ŒD W K� D ŒbD W bK�, and bQ D Q ˝K
bK D

Mn.bD/. By Corollary 1.6.10, there is a valuation ring bS of bD with bS \ bK D bV .
Note that every complete valuation ring is Henselian. It follows that bR D Mn.bS/

is a Dubrovin valuation ring of bQ with Z.bR/ D bV . We denote bR \ Q by R and
J.bR/ \ Q by M , and we will prove that R is a Dubrovin valuation ring of Q with
Z.R/ D V . To claim bR D R C J.bR/ first, letbr 2 bR andbr D q1k1 C 
 
 
 C qlkl for
some qi 2 Q and ki 2 bK (we identify Q ˝ bK D Q 
 bK). There is 0 ¤ a 2 bV with
qi a 2 J.bR/ since bK 
bR D bQ and J.bV /bR � J.bR/. Since K is dense in bK, there is an
xi 2 K withbv.ki �xi / �bv.a/ for each i , wherebv is the valuation corresponding bV .
We obtainbr D P

qi xi CP
qi .ki � xi /, where

P
qi .ki � xi / 2 J.bR/,

P
qi xi 2 Q

and so in R, which proves the claim. It follows that

R

M
D Q \ bR

Q \ J.bR/
Š .Q \ bR/ C J.bR/

J.bR/
D

bR

J.bR/
;

which is simple Artinian. Let q 2 Q � R and so q 2 bQ �bR. Thus there is anbr 2 bR
with qbr 2 bR � J.bR/. As before,br D P

qi ki , where qi 2 Q and ki 2 bK. Then
there is 0 ¤ a 2 bV with qqi a; qi a 2 J.bR/ for all i . Againbv.ki � xi / �bv.a/ for
some xi 2 K andbr D P

qi xi CP
qi .ki � xi /, where the second sum is in J.bR/

and the first sum is in Q \ bR D R. Hence q.
P

qi xi / D qbr � P
qqi .ki � xi / 2

.Q \ bR/ � .Q \ J.bR//, since the last sum is in J.bR/. Hence R is a Dubrovin
valuation ring of Q with R \ K D V . bR D Mn.bS/ is integral over bV since so is bS
by Corollary 1.6.10 and hence R is integral over V . ut

1.6.17 Lemma

There is a Dubrovin valuation ring of Q whose center contains V .
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Proof. If V has a minimal prime ideal p, then W D Vp is a valuation ring of K

with rank one. Hence there is a Dubrovin valuation ring R of Q with Z.R/ D W .
If V has no minimal prime ideals, then the lemma follows from Lemma 1.6.7. ut

1.6.18 Lemma

Let Ri be total valuation rings of D with Z.Ri / D V and R1 ¤ R2, i D 1; 2. Then
ŒR1 W V � C ŒR2 W V � � ŒD W K�.

Proof. Since R1 ª R2, there is an x1 2 R1 � R2. We may assume that x1 … J.R1/,
otherwise replace x1 by 1Cx1. The element y1 D x�1

1 2 .R1 �J.R1//\J.R2/. Let
a1; 
 
 
 ; ar be a V -basis of R1, where ai 2 R1 and we may assume that a1R2 � ai R2

for all i , i D 2; 
 
 
 ; r . After replacing ai by y1a�1
1 ai , we may assume that the ai

are all in J.R2/. Similarly we can find a V -basis bj of R2 with bj 2 R2 \ J.R1/,
j D 1; 
 
 
 ; s. If the set fa1; 
 
 
 ; ar ; b1; 
 
 
 ; bsg is linearly dependent over K , there
is an equation

P
ai vi C P

bj vj
0 D 0 for some vi ; vj

0 2 V , not all in J.V /. This
leads to a contradiction. ut

Total valuation rings of D whose center is V do not necessarily exist (cf. [68]).
However if we extend the category of non-commutative valuation rings to Dubrovin
valuation rings, then we have the following existence theorem.

1.6.19 Theorem (the Existence Theorem)

Let Q be a simple Artinian ring with finite dimension over its center K and V be
a valuation ring of K . Then there is a Dubrovin valuation ring of Q such that the
center is V .

Proof. We will prove the theorem by induction on n D ŒQ W K�. We may assume
that n > 1 and let R be the set of Dubrovin valuation rings R of Q with R ¤ Q

and R \ K � V , which is non-empty by Lemma 1.6.17. We first assume that there
is an S 2 R with S Š Mm.D0/, D0 is a skewfield and m ‰ 1. It follows from
Lemma 1.6.1 that ŒD0 W Z.D0/� � ŒD0 W W � � ŒS W W � � n, where W D
S \ K and that eV D V=J.W / is a valuation ring of W . Let eV0 be an extension
of eV to Z.D0/. By induction, there is a Dubrovin valuation ring fR0 of D0 with
fR0 \ Z.D0/ D eV0 and so fR0 \ W D eV . Thus Mm.fR0/ is a Dubrovin valuation
ring of S with Mm.fR0/ \ W D eV . It follows from Proposition 1.4.17 that R D
fr 2 S; r C J.S/ 2 Mm.fR0/g is a Dubrovin valuation ring of Q with R \ K D V .
Next we must be the case where J.S/ is completely prime of S for every S 2
R, i.e. S is a skewfield. It follows from Theorem 1.4.7 that S is a 1-chain ring
of Q and so is Q. Thus Q D D is a skewfield and S is a total valuation ring.
If there is an S 2 R with ŒS W W � � n, where W D Z.S/, then we can use
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the induction to obtain a Dubrovin valuation ring eR of S with eR \ W D eV and
there is a Dubrovin valuation ring R of Q with R \ K D V as before. We are
left the case that all R in R are total valuation rings and ŒR W W � D n, where
W D Z.R/. In this case, we will prove below that either R1 � R2 or R2 � R1

for any R1; R2 2 R. Assuming this fact, let R0 be the intersection of all Ri 2 R.
Then R0 is the minimal element in R. If V0 D Z.R0/ ¥ V , then R0 � V0 ¥ eV and
there is a Dubrovin valuation ring eR of R0 with Z.eR/ � eV by Lemma 1.6.17. Then
R D fr 2 R0; r C J.R0/ 2 eRg is a Dubrovin valuation ring of Q with R0 ¥ R

and R \ K � V , a contradiction. Hence Z.R0/ D V . To prove the above claim, let
R1; R2 2 R and we may assume that V1 D Z.R1/ � V2 D Z.R2/, because these
rings are overrings of V . Let S1 D R1V2 be an element in R with Z.S1/ D V2.
If S1 ¤ R2, then, by Lemma 1.6.18 and the assumption, we have the following
contradiction: n > ŒS1 W V2� C ŒR2 W V2� D 2n. Hence R2 D S1 � R1. ut

1.6.20 Lemma

Let R and R1 be any Dubrovin valuation rings of Q with Z.R/ D V D Z.R1/. If
either rank V D 1 or R D a1V ˚ 
 
 
 ˚ anV for some ai 2 R, then R and R1 are
conjugate in Q. Furthermore, in the case rank V D 1, Z.R/ is a normal extension
of V and any element in Gal.Z.R/=V / is induced by an inner automorphism of Q.

Proof. Suppose that rank V D 1. Let Q D Mn.D/, where D is a skewfield with
Z.D/ D K . It follows from the proof of lemma 1.6.12 that there is a valuation ring
B of D with Z.B/ D V . Hence R and R1 are conjugate in Q by Lemmas 1.4.12
and 1.6.11. In order to prove the second statement, we may assume that R D
Mn.B/. Then Z.R/ D Z.B/, Z.B/ is a normal extension of V and any element
of Gal.Z.R/=V / is induced by an inner automorphism of D by Proposition 1.6.14.
Suppose that R D a1V ˚ 
 
 
 ˚ anV for some ai 2 R. There is a q 2 Q with
a1R1C
 
 
CanR1 D qR1. Since R � a1R1C
 
 
CanR1, it is clear that q 2 U.Q/. It
remains to prove that R D qR1q�1. Let b1; 
 
 
 ; bn 2 R1 with q D a1b1C
 
 
Canbn,
i.e. 1 D a1b1q

�1 C 
 
 
 C anbnq�1. Since ai aj 2 R � a1R1 C : : : C anR1 we have
ai aj bj q�1 2 .a1R1 C 
 
 
 C anR1/q�1 D qR1q�1. Thus ai D ai a1b1q

�1 C 
 
 
 C
ai anbnq�1 2 qR1q

�1 and R � qR1q�1. Z.R/ D V D Z.R1/ D Z.qR1q�1/

implies that R D qR1q
�1 by Proposition 1.6.3. ut

1.6.21 Lemma

Let R and R1 be Dubrovin valuation rings of a skewfield D with Z.D/ D K and
Z.R/ D V D Z.R1/. If P and P1 are the maximal completely prime ideals of R

and R1 respectively, then P \ K D P1 \ K and P1 D qP q�1 for some q 2 U.D/.
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Proof. Without restriction, we may assume that p1 D P1 \ K � p D P \ K . The
completely primeness of P implies that Rp is a total valuation ring, because Rp=Pp

is a skewfield. Thus R1p is also a total valuation ring by Proposition 1.6.15. Hence
J.R1p/ D P1p is completely prime. Since R1p1 � R1p , P1 D J.R1p1

/ � J.R1p/

and, by the choice of P1, P1 D J.R1p/ follows. Thus P1\K D J.R1p/\K D p D
J.Rp/ \ K D P \ K . By Proposition 1.6.15, R1p D qRpq�1 for some q 2 U.D/

and P1 D qP q�1 follows. ut

1.6.22 Theorem (the Conjugate theorem)

Let R and R1 be Dubrovin valuation rings of a simple Artinian ring Q with finite
dimension over its center K and Z.R/ D V D Z.R1/. Then there is a q 2 U.Q/

such that R D qR1q�1.

Proof. We will prove the theorem by induction on n D ŒQ W K� and n > 1.

Case 1. Q D Ml.D/ for a skewfield D with Z.D/ D K and l > 1. There are
Dubrovin valuation rings B ,B1 of D with Z.B/ D V D Z.B1/, r; s 2 U.D/

such that rRr�1 D Ml.B/ and sRs�1 D Ml.B1/ by Lemma 1.4.13. By
induction hypothesis, B and B1 are conjugate in D and so are R and R1.
Case 2. Q is a skewfield and .0/ is the only completely prime ideal of R. By
Lemma 1.6.21, .0/ is the only completely prime ideal of R1.

(i) If V has a minimal prime ideal p, then Rp and R1p are Dubrovin valuation
rings of Q with Z.Rp/ D Vp D Z.R1p/, rank one. By Lemma 1.6.20, Rp

and R1p are conjugate. Thus we may assume that Rp D R1p , and eR D
R=J.Rp/ and fR1 D R1=J.Rp/ are Dubrovin valuation rings of Rp with
eR \ Vp D R1 \ Vp. By Lemma 1.6.20, we may even assume that eR \
Z.Rp/ D fR1 \ Z.R1p/. Since J.Rp/ is not completely prime, Rp is not a
skewfield. Thus eR and fR1 are conjugate by case 1. So it follows that R and
R1 are conjugate.

(ii) If V has no minimal prime ideals, then there is a valuation ring W of K ,
W ¤ K containing V and K-basis fa1; 
 
 
 ; ang of Q such that S D a1W ˚

 
 
 ˚ anW is a Dubrovin valuation ring of Q with Z.S/ D W and S � R

by Lemma 1.6.7. It follows from Lemma 1.6.20 that S and S1 D R1W are
conjugate. Since S is not a skewfield and Z.S/ D W , we have R and R1

are conjugate in Q which is proved in a similar way in (i).

Case 3. Q is a skewfield, and the maximal completely prime ideal P (resp. P1)
of R (resp. R1) is non-zero. By Lemma 1.6.21 and its proof, we may assume that
P D P1 and RP is a total valuation ring of Q containing R and R1. Let S be
a minimal valuation ring of Q containing RP and W D Z.S/. Then W \ eR D
eV D W \ fR1 and, by Proposition 1.6.14, we may assume that eR \ Z.S/ D
fR1 \ Z.S/. If RP is not a valuation ring, then ŒQ W K� � ŒS W W � � ŒS W Z.S/�
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by Lemma 1.6.13. Hence eR and fR1 are conjugate by induction. If S D RP , then,
by case 2, eR and fR1 are conjugate since .e0/ is the only completely prime ideal of
eR. Hence, in both cases, R is conjugate to R1. ut

1.7 Gauss Extensions

Throughout this section, V is a total valuation ring of a skewfield K , � is a group
with a pure cone P , i.e. P is a subsemi-group of � such that P [ P �1 D � and
P \ P �1 D feg, where P �1 D f	�1; 	 2 P g and e is the identity element. We
define a left order �l on � as follows; for any 	; ı 2 � , 	 �l ı if and only if
	�1ı 2 P and similarly we define a right order. Note that � is a left and right
totally ordered group (the simplest example is: � D Z and P D N0 in which the
operation is additive).

Let K � � be a crossed product of � over K , i.e. it is a ring with a left K-basis
f	; 	 2 �g, a copy of � . Thus each element of K � � is uniquely a finite sum
†	2�a	 	 with a	 2 K . The multiplication is determined by the following; for any
	; ı 2 � , 	ı D c.	; ı/	ı, where c W � � � �! U.K/ and 	a D a�.	/	 for any
a 2 K , where � W � �! Aut.K/, a mapping. The mappings � and c have to satisfy
the following two conditions:

c.	; ı/c.	ı; �/ D c.ı; �/�.	/c.	; ı�/

for any 	; ı; � 2 � , since .	ı/� D 	.ı�/, and

c.	; ı/a�.	ı/ D .a�.ı//�.	/c.	; ı/

for any 	; ı 2 � and a 2 K , since .	ı/a D 	.ıa/.
The associativity of the multiplication in K � � follows from the conditions

above, and we refer the reader to the books [56] for some elementary properties of
crossed products. It is easy to see that K � � is a domain, because � is a left and
right ordered group and that K � � is a graded division ring, i.e. every non-zero
homogeneous element is invertible (see [52, p. 38]).

We assume in this section that D D Q.K � �/, a skewfield of left quotients of
K � � exists, or equivalently that K � � ia a left Ore domain.

If � is an infinite cyclic group, then D D Q.K � �/ exists and see [8] for such
examples. Furthermore, in order to study graded subrings of K � � lying over V ,
we consider the following condition:

c.	; ı/ 2 U.V �.	ı// for any 	; ı 2 �:

If K � � satisfies the condition, then it is called a V -crossed product of � over K .
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In this section, we always assume that K � � is a V -crossed product and that c

is normarized, i.e. c.	; e/ D 1 D c.e; 	/ for any 	 2 � so that e is the identity of
K � �; (see [57, Exercise 1, p. 255] or [56, Exercise 2, p. 9]) for normalizing factor
sets, and note that K � � is still a V -crossed product after normalizing if K � � is a
V -crossed product).

A graded subring A D ˚	2�A		 of K � � is called a graded total valuation
ring of K � G if for any non-zero homogeneous element a	 , either a	 2 A or
.a	/�1 2 A. A graded total valuation ring A D ˚	2�A		 is said to be a graded
extension of V in K � � if Ae D V .

A Gauss extension R of V in D is a total valuation ring of D with R \ K D V

and the property that for any ˛ D a1	1 C 
 
 
 C an	n 2 K � � ,

R˛ D Rai 	i

for some i with Rai 	i � Raj 	j for any j , 1 � j � n.
This concept is motivated by commutative valuation rings of function fields. Let

v be a valuation on a field F with value group �0 and �1 be a totally ordered abelian
group containing �0. For a fixed 	 2 �1 and any f .X/ D anXn C
 
 
Ca0 2 F ŒX�,
the mapping v0 W F ŒX� �! �1 defined by v0.f .X// D inffv.ai / C i	g determines
a valuation of the function field F.X/ which is an extension of v (cf. [25, (18.4)]).
Ov0 , the valuation ring of F.X/ associated to v0 is called a Gauss extension of Ov in
F.X/. Note that Ov0f .X/ D Ov0ai X

i for some i with Ov0ai X
i � Ov0aj Xj for all

j , 0 � j � n.
We will use graded extensions of V in K � � to determine all Gauss extensions

of V in Q.K � �/ and study the ideal theory of Gauss extensions and residue
skewfields. Furthermore we will provide some standard Gauss extensions.

The following lemma is easy and is frequently used in this section without
reference.

1.7.1 Lemma

Let A D ˚	2�A		 be a graded subring of K � � with Ae D V . Then A	 is a left
V and right V �.	/-submodule of K .

For any non-zero homogeneous elements a	 and bı, where 	; ı 2 � and
a; b 2 K , it follows that

.a	/�1 D 	�1a�1 D c.	�1; 	/�1	�1a�1 D c.	�1; 	/�1.a�1/�.	�1/	�1

and
.a	/.bı/ D ab�.	/c.	; ı/	ı

Thus, the set of non-zero homogeneous elements of K � � is a group P under
multiplication. We write P.A/ D P\ A, the set of non-zero homogeneous elements
of A D ˚	2�A		 .
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1.7.2 Lemma

Let A D ˚	2�A		 be a graded subring of K � � with Ae D V . Then the following
are equivalent:

1. A is a graded extension of V in K � � .
2. The set of graded left ideals of A is linearly ordered by inclusion and K � �

is the gr-quotient ring of A, i.e. K � � D fˇ�1˛; ˛ 2 A and ˇ 2 P.A/g D
f˛ˇ�1; ˛ 2 A and ˇ 2 P.A/g.

3. For any 	 2 � , K D A	 [ .A�1
	�1 /

�.	�1/
�1

, where A�1
	�1 D fa�1; 0 ¤ a 2 A	�1g.

Proof 1: ) 2: For any ˛; ˇ 2 P, we have either ˛ˇ�1 2 A or ˇ˛�1 D .˛ˇ�1/�1 2
A and so fA˛; ˛ 2 Pg is linearly ordered by inclusion. Let I and J be graded left
ideals of A. Suppose I « J and let ˛ D ˛1 C 
 
 
 C ˛n, ˛i 2 J \ P, be an element
in J but not in I . We may assume that A˛1 � A˛i for all i , 1 6 i 6 n and hence
A˛ � A˛1. For any element ˇ D ˇ1 C 
 
 
 C ˇl in I with ˇi 2 I \ P, we may
assume that Aˇ � Aˇ1 as before. Since A˛1 ¥ Aˇ1, we have ˇ 2 A˛1 � J .
Hence I � J . Let ˛ D ˛1 C 
 
 
 C ˛m 2 K � � with ˛i 2 P. By the right
version of the before, we may assume that ˛1A � ˛i A for all i , 1 6 i 6 m, i.e.
A 3 ˛�1

1 ˛i D ˇi . If ˛1 2 A, then ˛ 2 A. If ˛1 … A, then ˛�1
1 2 A and hence

˛ D .˛�1
1 /�1.ˇ1 C 
 
 
 C ˇm/ with ˛�1

1 2 P.A/ and ˇ1 C 
 
 
 C ˇm 2 A. Similarly
we have K � � D f˛ˇ�1; ˛ 2 A and ˇ 2 P.A/g. Hence K � � is the gr-quotient
ring of A.
2: ) 3: Let 	 2 � and a 2 K . If a	 2 A, then a 2 A	 . If a	 … A, then A 3
.a	/�1 D 	�1a�1 D c.	�1; 	/�1	�1a�1 D c.	�1; 	/�1.a�1/�.	�1/	�1 and so
c.	�1; 	/�1.a�1/�.	�1/ 2 A	�1 . Since c.	�1; 	/ 2 U.V /, we have .a�1/�.	�1/ D b

for some b 2 A	�1 . Hence a D .b�1/�.	�1/�1 2 .A�1
	�1 /

�.	�1/�1
.

3: ) 1: Let a	 2 P. If a 2 A	 , then a	 2 A. If a … A	 , then a D
.b�1/�.	�1/�1

for some b 2 A	�1 and so .a�1/�.	�1/ D b follows. Thus, .a	/�1 D
c.	�1; 	/�1.a�1/�.	�1/	�1 2 A	�1	�1 � A. Hence A is a graded extension of V

in K � � . ut

1.7.3 Lemma

1. For any a 2 K and 	; ı 2 � , .a�.ı//�.	/ D c.	; ı/a�.	ı/c.	; ı/�1.
2. Let W be a left V and right V -module in K . Then .W �.ı//�.	/ D W �.	ı/ for any

	; ı 2 � . In particular, if W �.	/ � W , then W � W �.	�1/.

Proof. 1. From the associativity, we have c.	; ı/a�.	ı/ D .a�.ı//�.	/c.	; ı/.
2. It follows from (1) that .W �.ı//�.	/ D c.	; ı/W �.	ı/c.	; ı/�1 D W �.	ı/, because

c.	; ı/ 2 U.V �.	ı// and W �.	ı/ is a V �.	ı/-bimodule in K . If W �.	/ � W , then
W �.	�1/ � .W �.	//�.	�1/ D W . ut
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1.7.4 Lemma

Let A D ˚	2�A	 	 be a graded extension of V in K � � . Then:

1. Either A	 � V or A	�1 � V for any 	 2 � .
2. If A	 � V , then A	�1 � V for any 	 2 � . In particular, if A	 ¥ V , then

A	�1 � J.V /.
3. If A	 D V D A	�1 , then V �.	/ D V .
4. A	 D K if and only if A	�1 D .0/.

Proof. 1. Since A	 is a left V -submodule of K , we have either A	 � V or A	 ¦ V

for any 	 2 � . Suppose A	 ¦ V and A	�1 ¦ V for some 	 2 � . Then A	 �
J.V / and A	�1 � J.V /. We may assume that A	 � A	�1 and let a 2 V � A	 .

Then a�1 … A	 and there are b; c in A	�1 such that a D .b�1/�.	�1/�1
and

a�1 D .c�1/�.	�1/�1
by Lemma 1.7.2. Thus 1 D a�1a D ..cb/�1/�.	�1/�1

and
cb D 1, a contradiction. Hence either A	 � V or A	�1 � V for any 	 2 � .

2. It follows that A		A	�1 	�1 D A	.A	�1 /�.	/c.	; 	�1/ � V and

A	�1 	�1A		 D A	�1 .A	 /�.	�1/c.	�1; 	/ � V . Thus we have

A	.A	�1 /�.	/ � V and A	�1A�.	�1/
	 � V: .�/

If A	 � V , then A	�1 � V by (�) since 1 2 A
�.	�1/
	 . Suppose that A	 ¥ V and

A	�1 ª J.V /. Then A	�1 D V and A	 � V , a contradiction. Hence A	�1 �
J.V /.

3. It follows from .�/ that V �.	/ � V and V �.	�1/ � V . Thus V D .V �.	�1//�.	/ �
V �.	/ � V by Lemma 1.7.3 and hence V D V �.	/.

4. This follows from .�/ and Lemma 1.7.2. ut
We will write Jg.A/ for the graded Jacobson radical of A, the intersection of all
graded maximal left ideals of A. It turns out that Jg.A/ is the intersection of all
graded maximal right ideals of A (cf. [52, (1.7.4)]). If A is a graded extension of V

in K � � , then we have the following about the graded Jacobson radical Jg.A/:

1.7.5 Lemma

Let A D ˚	2�A	 	 be a graded extension of V in K � � . Then

1. Jg.A/ D f˛ D †a		; a	 	 … U.A/ for all 	 2 Supp.˛/g, where Supp.˛/ D
f	 2 �; a	 ¤ 0g.

2. Jg.A/ is a completely prime ideal of A with Jg.A/ \ K D J.V /.

Proof. 1. Let M D f˛ D †a	 	 2 A; a	 	 … U.A/ for all 	 2 Supp.˛/g. Let
a	 	 , aıı 2 P.A/ \ M and we may assume that Aa	 	 3 aıı. Then a		 C aıı 2
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Aa	 	 ¤ A, which shows M is an additive subgroup of A. Let a	 	 2 M and
aıı 2 P.A/. Then a		aıı and aııa		 are both not units in A, because a		 …
U.A/. Hence M is an ideal. Furthermore, it is easy to show from the definition
of M that M is a unique graded maximal right ideal and hence M D Jg.A/

follows.
2. Let ˛ D a1	1 C 
 
 
 C an	n and ˇ D b1ı1 C 
 
 
 C bmım 2 A � Jg.A/. Suppose

	1 <l 	2 <l 
 
 
 <l 	n and ı1 <r ı2 <r 
 
 
 <r ım. Since Jg.A/ is a graded
ideal, there are a minimal index i with ai 	 i 2 U.A/ and a minimal index j with
bj ıj 2 U.A/. We claim that 	iıj -term in the product ˛ˇ is a unit in A and hence
˛ˇ … Jg.A/. The product ai 	 i bj ıj is a unit in A. Since 	i 0ıj 0 ¤ 	iıj for i 0 � i ,
j 0 � j and .i; j / ¤ .i 0; j 0/, there are no contributions to the 	i ıj -term of ˛ˇ

from the products ai 0	i 0bj 0ıj 0 with i 0 � i , j 0 � j and .i; j / ¤ .i 0; j 0/.
Since the remaining product ai 00	i 00bj 00ıj 00 with either i 00 < i or j 00 < j are
all contained in Jg.A/, the 	i ıj -term of the product ˛ˇ has the form c	i ıj D
ai 	 i bj ıj C� with c 2 K and � 2 Jg.A/. Since Jg.A/ is an ideal and ai 	 i bj ıj …
Jg.A/, it follows that c	i ıj … Jg.A/, which proves our claim. Therefore Jg.A/

is a completely prime ideal. ut

1.7.6 Theorem

Let A D ˚	2�A		 be a graded extension of V in K � G. Then A � Jg.A/ is a left
Ore set and R D AJg.A/ is a Gauss extension of V in D.

Proof. Let ˛ and � be in A with � … Jg.A/. Then ˛��1 D ��1ˇ for some ˇ; � 2
K � G, i.e. �˛ D ˇ�. Write ˇ D ˇ1 C 
 
 
 C ˇn and � D �1 C 
 
 
 C �m, where
ˇi ; �j 2 P. We may assume that ˇ1A � ˇi A for any i , 1 � i � n, and �1A � �j A

for any j , 1 � j � m by Lemma 1.7.2. If ˇ1A � �1A, then ˇ�1
1 �˛ D ˇ�1

1 ˇ�

and ˇ�1
1 �; ˇ�1

1 ˇ 2 A but ˇ�1
1 ˇ … Jg.A/. Thus ˇ�1

1 � … Jg.A/ since Jg.A/ is
completely prime. If ˇ1A � �1A, then .��1

1 �/˛ D .��1
1 ˇ/� and ��1

1 �; ��1
1 ˇ 2 A

but ��1
1 � … Jg.A/. Hence A�Jg.A/ is a left Ore set. Let ˛ D ˛1C
 
 
C˛n 2 K�G,

where ˛i 2 P. Suppose A˛1 � A˛i for all i , 1 � i � n. Then ˛˛�1
1 2 A � Jg.A/

and AJg.A/ D R D R˛˛�1
1 , i.e. R˛1 D R˛. Similarly we have ˛R D ˛i R for some

i with ˛i A � ˛j A for all j , 1 � j � n. With these properties, we will prove that R

is a total valuation ring of D. Let ˛; ˇ 2 K � � . Then ˇ�1˛R D ˇ�1˛1R for some
˛1 2 P and R˛�1

1 ˇ D R�1 for some �1 2 P, because ˛�1
1 ˇ 2 K � � . Since A is a

graded extension of V in K � G, it follows that either �1 2 A or ��1
1 2 A. Suppose

��1
1 2 A. Then ˇ�1˛R D ˇ�1˛1R D .R W R˛�1

1 ˇ/r D .R W R�1/r D ��1
1 R � R.

Thus ˇ�1˛ 2 R follows. Suppose �1 2 A. Then R˛�1ˇ D .R W ˇ�1˛R/l D
.R W ˇ�1˛1R/l D R˛�1

1 ˇ D R�1 � R and R 3 ˛�1ˇ D .ˇ�1˛/�1. Hence
R is a total valuation ring of D. it is clear that R \ K � � � A. To prove the
converse inclusion, let ˇ D ��1˛ 2 K � � , where ˛; � 2 A and � … Jg.A/. Write
ˇ D ˇ1 C 
 
 
 C ˇn, where ˇi 2 P with Aˇ1 � Aˇi for all i , 1 � i � n. Then we
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have R � R˛ D R�ˇ D Rˇ1 and ˇ1 2 R \ K � � . Again write ˇ1 D ��1� for
some �; � 2 A and � … Jg.A/ with � D �1 C 
 
 
 C �l and � D �1 C 
 
 
 C �m,
where �i ; �j 2 P.A/ and �i 2 U.A/ for some i . Then �i ˇ1 D �j for some j

and ˇ1 D ��1
i �j 2 A. Since Aˇ1 � Aˇi for all i , we have ˇ 2 A and hence

R \ K � � D A. In particular, R \ K D R \ K � � \ K D A \ K D V . Therefore
R is an extension of V in D, and it follows from an earlier observation that R is a
Gauss extension of V in D. ut

Conversely we will prove that every Gauss extension of V in D is obtained by
left localization of a graded extension of V in K � � at its graded Jacobson radical.

1.7.7 Theorem

Let R be a Gauss extension of V in D. Then A D R \ K � � is a graded extension
of V in K � � with Jg.A/ D J.R/ \ K � � and R D AJg.A/.

Proof. For any 	 2 � , put A		 D R \ K	 . It is clear that A � ˚	2�A		 . To
prove the converse inclusion, let ˛ D ˛1 C 
 
 
 C ˛n be any element in A, where
˛i 2 K	i for some 	i 2 � . Suppose that ˛1R � ˛i R for any i , 1 � i � n. Then
R � ˛R D ˛1R and ˛i 2 R for all i . Thus ˛i 2 K	i \ R D A	i 	i which proves
A � ˚	2GA		 . Hence A D ˚	2�A		 , a graded subring of K � � . Similarly,
J.R/ \ K � � is a graded ideal of A, i.e. J.R/ \ K � � D ˚	2�J	 	 , where
J		 D J.R/ \ K	 . To prove that Jg.A/ D J.R/ \ K � � , it suffices to prove
that I D A for any graded left ideal I of A with I ª J.R/ \ K � � . Let ˇ D
ˇ1 C 
 
 
 C ˇm 2 I � .J.R/ \ K � �/, where ˇi 2 P and suppose Rˇ1 � Rˇi

for any i , 1 � i � m. Then R D Rˇ D Rˇ1 and ˇ�1
1 2 R \ K � � D A, i.e.

ˇ1 2 U.A/. Since ˇ1 2 I , we have I D A as desired.
To prove that A is a graded extension of V in K � � , let a	 2 P. Then either

a	 2 R or .a	/�1 2 R implies either a	 2 A or .a	/�1 2 A. Furthermore
V D R \ A D A \ K shows that Ae D V . Hence A is a graded extension of V in
K � � .

Since Jg.A/ D J.R/ \ K � � , we have A � Jg.A/ � R � J.R/ D U.R/ and so
AJg.A/ � R. To prove the converse inclusion, let ˛ D ��1ˇ 2 R. We may assume
that ˇ; � 2 A, because Q.K � �/ is the quotient ring of AJg.A/ by Theorem 1.7.6.
Write � D �1 C 
 
 
 C �n, where �i 2 P.A/ with �1A � �i A for any i , 1 � i � n.
Then ��1

1 � 2 A and ��1
1 � … Jg.A/. So ��1

1 � 2 U.AJg.A//. Hence since ˛ D ��1ˇ D
.��1�1/.��1

1 ˇ/, we have R � AJg.A/˛ D AJg.A/.�
�1�1/.�

�1
1 ˇ/ D AJg.A/�

�1
1 ˇ 3

��1
1 ˇ, i.e. ��1

1 ˇ 2 R \ K � G D A. Thus ˛ 2 AJg.A/˛ D AJg.A/�
�1
1 ˇ � AJg.A/.

Therefore R D AJg.A/ follows. ut
Let R be a Gauss extension of V in D and let A D R \ K � � . Then A is called

a graded extension of V in K � � corresponding to R. From Theorems 1.7.6
and 1.7.7, we have the following.
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1.7.8 Corollary

There is a one-to-one correspondence between the set of all Gauss extensions of
V in D and the set of all graded extensions of V in K � � , which is given by
A �! ˆ.A/ D AJg.A/ and R �! ‰.R/ D R \ K � � , where A is a graded
extension of V in K � � and R is a Gauss extension of V in D.

Proof. It follows from Theorem 1.7.7 that ˆ.‰.R// D R for any Gauss extension
R of V . Let A be a graded extension of V . Then ˆ.A/ D AJg.A/ is a Gauss extension
of V by Theorem 1.7.6 and ‰.ˆ.A// D eA is a graded extension of V containing A.
Let ˛ 2 eA. To prove ˛ 2 A, we may assume that ˛ is a homogeneous element since
eA is a graded extension of V and that ˛ D ��1ˇ for ˇ 2 A and � 2 A � Jg.A/.
Then �˛ D ˇ 2 A implies ˛ 2 A, since the least component of � is a unit in A.
Hence ‰.ˆ.A// D A. ut

1.7.9 Theorem

Let R be a Gauss extension of V in D and A D ˚	2�A		 be the graded extension
of V in K � � corresponding to R. Then:

1. There is a one-to-one correspondence between the set of all left ideals of R and
the set of all graded left ideals of A, which is given by I �! Ig D I \ K � � ,
where I is a left ideal of R and Ig �! RIg for a graded left ideal Ig of A.

2. I is an ideal of R if and only if Ig is a graded ideal of A.
3. I is a completely prime ideal of R if and only if Ig is a graded completely prime

ideal of A, i.e. a graded and completely prime ideal of A.
4. I is a prime ideal of R if and only if Ig is a graded prime ideal of A, i.e. a graded

and prime ideal of A.

Proof. 1. Let I be a left ideal of R and Ig D I \ K � � . It is clear that Ig is a
left ideal of A. To prove that Ig is graded, let ˛ D ˛1 C 
 
 
 C ˛n 2 Ig , where
˛i 2 P.A/ with A˛1 � A˛i for all i , 1 � i � n. Then, since R is a Gauss
extension, it follows that R˛1 D R˛ � I so that ˛1 2 I \ K � � D Ig ,
and hence ˛i 2 Ig for all i . Hence Ig is graded. To prove that RIg D I , let
˛ D ��1ˇ 2 I , where ˇ; � 2 A and � … Jg.A/. Then I � R˛ D R��1ˇ D Rˇ

and so ˇ 2 Ig . Hence ˛ 2 RIg and I D RIg follows.
Conversely, let Ig be a graded left ideal of A. Then we will prove that RIg \ K �
� D Ig. Let ˛ D ��1ˇ 2 RIg \ K � � , where ˇ 2 Ig and � 2 A � Jg.A/.
Then �˛ D ˇ 2 Ig. Write ˇ D ˇ1 C 
 
 
 C ˇn, where ˇi 2 P.A/ and Aˇ1 �
Aˇi for all i , 1 � i � n. It follows that R˛ D R�˛ D Rˇ D Rˇ1 and so
˛ˇ�1

1 2 R \ K � � D A. Hence ˛ 2 Aˇ1 � Ig , because Ig is graded, proving
that RIg \ K � � D Ig .
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2. If I is an ideal of R, then Ig is an ideal of A. Conversely suppose Ig is a graded
ideal of A. In order to prove that RIg is an ideal of R, it suffices to prove that
˛��1 2 RIg for any ˛ 2 Ig and � 2 A � Jg.A/. There exist ˇ; � 2 A with
� … Jg.A/ such that ˛��1 D ��1ˇ, i.e. �˛ D ˇ�. Write ˇ D ˇ1 C 
 
 
 C ˇm and
� D �1 C 
 
 
 C �n, where ˇi ; �j 2 P.A/ with Aˇ1 � Aˇi for all i , 1 � i � m

and A�1 � A�j for all j , 1 � j � n. Then RIg � R�˛ D Rˇ� D Rˇ1� and
so Ig D RIg \ K � � 3 ˇ1� by (1). Since Ig is graded, it follows that ˇ1�j 2 Ig

and in particular, ˇ1�1 2 Ig so that ˇ1 2 Ig because �1 2 U.A/ by Lemma 1.7.5.
Hence ˇ 2 Ig follows and thus ˛��1 D ��1ˇ 2 RIg, as desired.

3. Suppose I is a completely prime ideal of R. Then Ig is completely prime,
because A=Ig � R=I , a domain. Conversely, suppose that Ig is a graded
completely prime ideal of A with A ¥ Ig and that ��1˛ … I , ��1ˇ … I ,
where ˛; ˇ; �; � 2 A and �; � not in Jg.A/. Note that ˛ … Ig and ˇ … Ig

by (1). There are �; 
 2 A with � … Jg.A/ such that ˇ��1 D ��1
, i.e.
�ˇ D 
� … Ig , because Jg.A/ � Ig and so 
 … Ig follows. Thus we have
R��1ˇ��1˛ D Rˇ��1˛ D R��1
˛ D R
˛ which is not contained in I ,
because 
˛ … Ig . Hence I is a completely prime ideal of R.

4. Suppose Ig is prime. It is easy to see that I is prime by (1). Conversely, suppose
that I is prime and that ˛Aˇ � Ig with ˛ … Ig , where ˛; ˇ 2 A. Then R˛1Aˇ D
R˛Aˇ � RIg D I for some ˛1 2 P.A/ with R˛ D R˛1. Since A˛1A is a
graded ideal of A, we have RA˛1A is an ideal of R by (2). Thus ˇ 2 I , because
˛1 … I , ˇ 2 I \ A D Ig and hence Ig is prime. ut
Let R be a Gauss extension of V in D. R D R=J.R/ is called the residue skew

field of R by J.R/. We will show that R is isomorphic to Q.V � E/ for some
subgroup E of � , where Q.V � E/ is the quotient ring of a crossed product algebra
V � E of E over V D V=J.V /.

1.7.10 Lemma

Let A D ˚	2�A		 be a graded extension of V in K � � and Jg.A/ D ˚	2�J	 	

be the graded Jacobson radical of A. Then:

1. E D f	 2 � j A	 ¥ J	 g is a subgroup of � .
2. For any 	 2 E and any c	 2 A	 � J	 , A	 D Vc	 and J	 D J.V /c	 .
3. If a	 and b	 are both units in A, where 	 2 E and a; b 2 A	 , then Va D V b.

Proof. 1. Let 	 and ı be in E . Then there are c	 2 A	 � J	 and cı 2 Aı � Jı .

Since Jg.A/ is completely prime, we have c		cıı D c	 c
�.	/

ı c.	; ı/	ı … Jg.A/,

i.e. c	c
�.	/
	 c.	; ı/ 2 A	ı � J	ı and 	ı 2 E follows. Furthermore, since c		 2

U.A/ by Lemma 1.7.5, .c		/�1 D c.	�1; 	/�1.c�1
	 /�.	�1

/	�1 2 A	�1	�1, but

not in J	�1	�1 and so 	�1 2 E . Hence E is a subgroup of � .
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2. Since J	 is a left V -module in K and c	 … J	 , it follows that Vc	 ¥ J	 . Let
a 2 A	 � J	 . Then a	 2 U.A/, i.e. Aa	 D A D Ac	 	 and so Va D Vc	

follows. Thus A	 D Vc	 . To prove that J	 D J.V /c	 , let b 2 J.V / and suppose
that bc	 … J	 . Then b 2 U.V /, because c	 	 2 U.A/, a contradiction. Hence
bc	 2 J	 . Conversely, let a 2 J	 . Then a D dc	 for some d 2 V . If d … J.V /,
then dc		 2 U.A/, a contradiction. So a D dc	 2 J.V /c	 and hence J	 D
J.V /c	 .

3. Aa	 D A D Ab	 implies Aa D Ab and so Va D V b follows. ut

1.7.11 Proposition

Let R be a Gauss extension of V in D and A D ˚	2�A		 be the graded extension
of V in K � � corresponding to R with Jg.A/ D ˚	2�J	 	 . Then A D A=Jg.A/

is isomorphic to V � E , a crossed product algebra of E over V D V=J.V /, where
E D f	 2 � j A	 ¥ J	 g and R D R=J.R/ Š Q.V � E/.

Proof. By Lemma 1.7.10, E is a subgroup of � . For 	 2 E , we can write A	 D Vc	

for a fixed c	 2 A	 � J	 . Since A	 is a right V �.	/-module, it follows from the right
version of Lemma 1.7.10 that A	 D c	 V �.	/ and J	 D c	J.V /�.	/. Thus we have
V D c	V �.	/c�1

	 and J.V / D c	 J.V /�.	/c�1
	 . Hence, for any v 2 V , the mapping

�.	/ defined by
v�.	/ D c	 v�.	/c�1

	

is an automorphism of V and �.	/ naturally induces an automorphism �.	/ of V by
u�.	/ D u�.	/ C J.V /. Furthermore, for any 	; ı 2 E , c		cıı D c	 c

�.	/

ı c.	; ı/	ı 2
U.A/. So Vc	ı D Vc	 c

�.	/

ı c.	; ı/ by Lemma 1.7.10, i.e. c	 c
�.	/

ı c.	; ı/c�1
	ı 2 U.V /.

Pute	 D c		 andeı D cıı. Then

e	eı D c		cıı D c	 c
�.	/

ı c.	; ı/c�1
	ı
e	ı D f .	; ı/e	ı

where f .	; ı/ D c	c
�.	/

ı c.	; ı/c�1
	ı 2 U.V /. For any u 2 U.V / and 	; ı 2 E ,

we have

e	u D c		u D c	 u�.	/c�1
	 c	 	 D c	 u�.	/c�1

	 e	 D u�.	/e	;

.e	eı/u D f .	; ı/e	ıu D f .	; ı/u�.	ı/e	ı;

e	.eıu/ De	.u�.ı/eı/ D .u�.ı//�.	/f .	; ı/e	ı:

Thus u�.	ı/ D f .	; ı/�1.u�.ı//�.	/f .	; ı/ 2 U.V /. Similarly e	.eıe�/ D .e	eı/e�
implies f .	; ı/f .	ı; �/ D f .ı; �/�.	/f .	; ı�/ 2 U.V /. Hence, for � W E �!
Aut.V / and f W E � E �! V � f0g with f .	; ı/ D f .	; ı/ C J.V / 2 V ,
	; ı 2 E , we have a crossed product algebra V � E with basis fe	; 	 2 Eg over
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V ,e	u D u�.	/e	 ande	eı D f .	; ı/e	ı for u 2 V , 	; ı 2 E . Then A D A=Jg.A/ D
˚	2EVc		=J.V /c		 Š ˚	2EV 	 D V � E , and R D R=J.R/ D Q.V � E/, the
skewfield of left quotients of V � E . ut

In the remainder of this section, we will give some standard Gauss extensions of
V in D.

A subset H of � is called a cone of � if H 
 H � H and � D H [ H �1. The
cone H is proper if H ¤ � . We write U.H/ D H \ H �1 for the group of units
of H . We can define (one-sided) ideals, (completely) prime ideals and the Jacobson
radical of a cone in the same way as in rings. Cones and valuation rings have similar
properties, see for example [5]. We collect some of these properties in the following
two lemmas:

1.7.12 Lemma

Let H be a proper cone of � . Then:

1. J.H/ D H � U.H/ is the maximal left and the maximal right ideal of H ; it is
the Jacobson radical of H and a completely prime ideal of H .

2. Let 	 2 � . Then 	 2 J.H/ if and only if 	�1 2 � � H .
3. � � H is a semigroup.

Proof. 1. Let 	 2 J.H/ and ı 2 H . If ı	 … J.H/, i.e. ı	 2 U.H/, then 	�1 D
.ı	/�1ı 2 H and 	 2 U.H/ follows. Hence ı	 2 J.H/ and so it is a left ideal.
It is clear that J.H/ is the maximal left ideal which is the Jacobson radical of H .
Similarly J.H/ is the maximal right ideal of H .

2. If 	 2 J.H/, then 	�1 … H , i.e. 	�1 2 ��H . If 	�1 2 ��H , then 	�1 2 H �1,
i.e. 	 2 H . If 	 … J.H/, then it is in U.H/, a contradiction. Hence 	 2 J.H/.

3. Let 	 and ı 2 � � H . Then .	ı/�1 D ı�1	�1 2 J.H/ by (1) and (2) and so
	ı 2 � � H by (2) again.

1.7.13 Lemma

1. Let H be a proper cone of � . Then there is a one-to-one correspondence between
the set of all proper cones H0 of � with H0 � H and the set of all completely
prime ideals P0 of H , which is obtained by: H0 �! J.H0/ and H0 D H [
.H � P0/

�1.
2. Let P0 be a completely prime ideal of H and let H0 D H[.H�P0/�1. Then H�

P0 is a cone of U.H0/ with J.H � P0/ D J.H/ � P0 and U.H � P0/ D U.H/.

Proof. 1. Let H0 be a proper cone of � containing H and 	 2 J.H0/. Then 	�1 2
� � H0 � � � H and so 	 2 J.H/ by Lemma 1.7.12. Hence J.H/ � J.H0/
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and H0 D H [ .H � J.H0//�1. Since J.H0/ is a completely prime ideal of H0,
it is a completely prime ideal of H .
Conversely, let P0 be a completely prime ideal of H and let H0 D H [ .H �
P0/�1. It is clear that � D H0 [ H �1

0 . To prove that H0 is a semi-group, let
	; ı 2 H0. It is clear that 	ı 2 H0 if either 	; ı 2 H or 	1 D 	�1, ı1 D ı�1 2
H � P0. We may assume that 	 2 H and ı 2 .H � P0/

�1, i.e. ı D ı�1
1 for

some ı1 2 H � P0. Suppose that 	ı�1
1 … H . Then 	ı�1

1 D ��1 for some � 2 H ,
�	 D ı1 and so � … P0, i.e. ��1 2 H0. Hence 	ı�1

1 2 H0. Therefore H0 is a cone
of � . To prove J.H0/ D P0, let ı 2 H � P0. Then Hı ¥ P0 and H ¥ P0ı

�1.
Thus P0 D P0ı

�1ı implies P0ı
�1 � P0 and P0 is a right ideal of H0. Similarly

it is a left ideal of H0. It is now clear that J.H0/ D P0.
2. This is obvious, because U.H0/ D H0 � P0. ut

1.7.14 Proposition

Let H be a proper cone of � with H � P . Then:

1. A D ˚	2U.H/V 	 ˚ .˚	2J.H/K	/ is a graded extension of V in K � � if and
only if V �.	/ D V for all 	 2 U.H/. The Gauss extension R D AJg.A/, with
Jg.A/ D ˚	2U.H/J.V /	 ˚ .˚	2J.H/K	/, satisfies

(a) R D R	 for any 	 2 U.H/.
(b) R	 ¤ Rk for any 	 2 J.H/, 0 ¤ k 2 K .

2. Let S be a Gauss extension of V in D satisfies .a/ and .b/. Then S \K �G D A,
where A D ˚	2U.H/V 	 ˚ .˚	2J.H/K	/.

Proof. 1. If A D ˚	2U.H/V 	 ˚ .˚	2J.H/K	/ is a graded extension and 	 2
U.H/, v 2 V , then 	v D v�.	/	 and V �.	/ � V . Since, V �.	�1/ � V ,
it follows from Lemma 1.7.3 that V �.	/ D V . Conversely, if V �.	/ D V

for all 	 2 U.H/, then A is multiplicatively closed and hence it is a graded
subring of K � � . Therefore, by Lemma 1.7.2, A is a graded extension of V

with Jg.A/ D ˚	2U.H/J.V /	 ˚ .˚	2J.H/K	/. Furthermore R D R	 , since
	 2 U.A/ for any 	 2 U.H/. Also, for any 	 2 J.H/ and any 0 ¤ k 2 K , we
have 	k�1 D .k�1/�.	/	 2 Jg.A/ � J.R/ ¤ R and so R	 ¤ Rk follows.

2. Let B D S \ K � � D ˚	2�B		 , a graded extension of V in K � � by
Theorem 1.7.7. By .a/ 	 2 B for any 	 2 U.H/ and so B	 � V . Furthermore,

B	 	B	�1 	�1 D B	B
�.	/

	�1 c.	; 	�1/ � V implies B	 � V , because 1 2 B
�.	/

	�1 .

Hence B	 D V and V �.	/ D V for any 	 2 U.H/ by Lemma 1.7.4. For any

	 2 J.H/ and 0 ¤ k 2 K , it follows from .b/ that k	�1 D kc.	�1; 	/	�1 … S:

Hence k … B	�1 and so B	�1 D .0/ for any 	 2 J.H/. It follows from
Lemma 1.7.4 that B	 D K and hence B D A follows. ut
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The mapping � W � �! Aut.K/ is called compatible with V if V D V �.	/ for all
	 2 � . If � is compatible with V , then the V -crossed product algebra of � over K

naturally induces a crossed product algebra V � � over V .

1.7.15 Proposition

1. If � is compatible with V , then A D V � � is a graded extension of V in K � �

with Jg.A/ D J.V / � � and 	 2 U.A/ for all 	 2 � . Conversely,
2. If B D ˚	2�B	 	 is a graded extension of V in K � � with 	 2 U.B/ for all

	 2 � , then � is compatible with V and B D V � � .

Proof. 1. This is clear from Lemmas 1.7.2, 1.7.5 and the definition of crossed
product algebras.

2. Since 	a D a�.	/	 for any a 2 V and 	 2 � , we have a�.	/ D 	a	�1 2
B \ K D V , which implies V �.	/ � V for any 	 2 � . Thus it follows from
Lemma 1.7.3 that V D V �.	/, which shows � is compatible with V . Furthermore,
B � V 	 and B � V 	�1 imply B	 � V and B	�1 � V . So B	 D V for any
	 2 � by Lemma 1.7.4. Hence B D V � � follows. ut

In case A D V � � , we have a precise information about the relation between the
(one-sided) ideals of R D AJg.A/ and the (one-sided) ideals of V . An ideal a of V

is called � -invariant if a�.	/ D a for any 	 2 � . A �-invariant ideal p of V is called
� -prime if ab � p, where a and b are �-invariant ideals of V , implies either a � p
or b � p.

1.7.16 Proposition

Suppose that � is compatible with V . Let A D V �� be the crossed product algebra
of � over V and let R D AJg.A/. Then

1. There is a one-to-one correspondence between the set of all left ideals of R and
the set of all left ideals of V , which is given by I �! Ie D I \ K and Ie �!
RIe , where I is a left ideal of R and Ie is a left ideal of V .

2. I is an ideal of R if and only if Ie is a �-invariant ideal of V .
3. I is a completely prime ideal of R if and only if Ie is a �-invariant completely

prime ideal of V , i.e. a �-invariant and completely prime ideal of V .
4. I is a prime ideal of R if and only if Ie is a �-invariant prime ideal of V .

Proof. We recall that there is a one-to-one correspondence between the set of left
ideals of R and the set of the graded left ideals of A by Proposition 1.7.9.
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1. We will show that Ig �! Ie D I \ K and Ie �! AIe establishes a one-to-one
correspondence between the set of graded left ideals Ig of A and the set of left
ideals Ie of V .
For a left ideal Ie of V , clearly AIe is a graded left ideal of A and AIe \
K D VIe D Ie . It remains to show that AIe D Ig for a graded left ideal
Ig of A with Ie D Ig \ K . By construction, AIe � Ig . Conversely, let
˛ D ˛1 C 
 
 
 C ˛n be an element in Ig with ˛i D ai 	i 2 Ig , for 	i 2 � ,
ai 2 V , since Ig is a graded left ideal. To prove that ˛i 2 AIe , it is sufficient

to find an element bi 2 Ie such that ai 	i D 	ibi , i.e. ai D b
�.	i /
i . By

Lemma 1.7.3, we have bi D b
�.	�1

i 	i /

i D c.	�1
i ; 	i /

�1.b
�.	i /
i /�.	�1

i /c.	�1
i ; 	i /.

Thus, bi D c.	�1
i ; 	i /

�1.ai /
�.	�1

i /c.	�1
i ; 	i /. Since 	�1

i 2 A, ˛i D ai 	i 2 Ig ,

c.	�1
i ; 	i / 2 U.V /, it follows that 	�1

i ˛i D 	�1
i ai 	i D a

�.	�1
i /

i c.	�1
i ; 	i / is in

Ig \ K D Ie and hence bi 2 Ie . Therefore, ˛i D ai 	i 2 AIe for all i and
Ig D AIe.

2. Suppose that I is an ideal of R. Let a 2 Ie and 	 2 � . Then 	a.	/�1 D
a�.	/ 2 Ie , because 	 2 U.A/ and so Ie is a �-invariant ideal of V by
Lemma1.7.3. Conversely, let Ie be a �-invariant ideal of V . Then for any 	 2 �

and a 2 Ie, we have a	 D 	b, where b D a�.	�1/ 2 Ie and so a	 2 AIe . Now,
we apply Theorem 1.7.9 to conclude that I D RIe is an ideal of R since AIe is
a graded ideal of A.

3. Suppose that I is a completely prime ideal of R. Then Ie is completely prime,
because R=I � V=Ie. Conversely, suppose that Ie is �-invariant and completely
prime. Then I D RIe is an ideal of R by (2). It suffices to prove that Ig D
I \ K � � is completely prime by Theorem 1.7.9. Assume that ˛ˇ 2 Ig and
˛ … Ig, where ˛; ˇ 2 A. Then R˛ D R˛1 for some ˛1 2 P.A/ and ˛1ˇ 2
R˛ˇ \ K � � � I \ K � G D Ig with ˛1 … Ig. Let ˛1 D a	 for some a 2 V

and 	 2 � . Then 	�1˛1 D 	�1a	 … Ig \ K D Ie and 	�1˛1ˇ 2 Ig . Thus
we may assume that ˛1 2 V � Ie with ˛1ˇ 2 Ig . Write ˇ D ˇ1 C 
 
 
 C ˇn,
where ˇi D bi 	i for some bi 2 V and 	i 2 � . Since Ig is graded, it follows that
˛1ˇi 2 Ig for any i , 1 � i � n and that ˛1ˇi 	i

�1 D ˛1bi 2 Ie . Thus bi 2 Ie for
any i and so ˇi 2 IeA � Ig. Hence Ig is completely prime.

4. Suppose that Ie is a �-invariant prime ideal of V and let I D RIe , an ideal of R.
Assume that BC � I , where B and C are ideals of R. By (1) and (2), B D RBe

and C D RCe for some �-invariant ideals Be and Ce of V . Thus BeCe � Ie

implies that either Be � Ie or Ce � Ie . Hence we have either B � I or C � I

so that I is a prime ideals of R.
Conversely suppose that I is a prime ideal of R. Then Ie is a �-invariant ideal of
V by (2). Assume that Ie is not a prime ideal of V . Then there exists an ideal a
of V such that a ¥ Ie � a2. Let b D Sfa, a is an ideal of V with a ¥ Ie � a2g.
Since the set of ideals of V is linearly ordered by inclusion, b is an ideal of V

and b ¥ Ie � b2. Hence b�.	/ ¥ I
�.	/
e � .b�.	//2 and b�.	/ � b for all 	 2 � .

It follows from Lemma 1.7.3 that b�.	/ D b for all 	 2 � , i.e. b is a �-invariant
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ideal of V . Thus Rb ¥ RIe D I � Rb2 D RbRb D .Rb/2 by (1) and (2), a
contradiction. This completes the proof of (4). ut
Any graded ideal of A D V � � is of the form a � � D ˚	2�a	 for some

�-invariant ideal a of V . So we have the following result.

1.7.17 Corollary

Suppose that � is compatible with V . Let A D V �� be the crossed product algebra
of � over V and let p be a �-invariant ideal of V . Then

1. p � � D ˚	2�p	 is a graded completely prime ideal of A if and only p is a
completely prime ideal of V .

2. p � � is a graded prime ideal of A but not completely prime if and only if p is a
prime ideal of V but not completely prime.

Finally we provide examples of graded extensions of V in K � � which are related
with overrings of V and cones of � .

1.7.18 Proposition

Let W be an overring of V and H be a proper cone of � with H � P . Set A D
˚	2��H J.W /	 ˚.˚	2U.H/V 	/˚.˚	2J.H/W

�.	/	/. Then A is a graded extension
of V in K � � if and only if

1. V �.	/ D V and W �.	/ D W for any 	 2 U.H/

2. W �.	/ � W for any 	 2 J.H/

Proof. Suppose that A is a graded extension of V in K � � . To prove the first
statement (1), let 	 2 U.H/ and ı 2 J.H/. Then 	V D V �.	/	 and 	�1V D
V �.	�1/	�1 imply V �.	/ � V and V �.	�1/ � V . Thus V �.	/ D V follows as
before. Furthermore

W �.ı/ıV 	 D W �.ı/V �.ı/c.ı; 	/ı	 D W �.ı/c.ı; 	/ı	;

which shows W �.ı/c.ı; 	/ � W �.ı	/ since ı	 2 J.H/ and so W �.ı/ � W �.ı	/ D
.W �.	//�.ı/. Thus W � W �.	/ follows. Similarly, we have W �.	�1/ � W since
	 2 U.H/ and hence W D W �.	/ by Lemma 1.7.3.

To prove the second statement (2), let 	 2 J.H/. Then we have

W �.	/	J.W /	�2 D J.W /�.	/c.	; 	�2/	�1
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and so J.W /�.	/c.	; 	�2/ � A	�1 D J.W /. Since A	�1 is a right V �.	�1/-module

and c.	; 	�2/ 2 U.V �.	�1//, it follows that J.W /�.	/ � J.W / and so W �.	/ � W

follows for any 	 2 J.H/.
Conversely, suppose that (1) and (2) hold. To prove that A is a ring, it suffices to

prove that A is closed under multiplication. This will be done in the following four
cases. Let 	; ı 2 � .

Case 1. 	; ı 2 H . If 	 and ı are both in U.H/, then 	ı 2 U.H/ and V 	V ı D
Vc.	; ı/	ı D V 	ı. If 	 2 U.H/ and ı 2 J.H/, then 	ı 2 J.H/ and so

V 	W �.ı/	 D V.W �.ı//�.	/c.	; ı/	ı D W �.	ı/	ı:

If 	 2 J.H/ and ı 2 U.H/, then 	ı 2 J.H/ and so

W �.	/	V ı D W �.	/V �.	/c.	; ı/	ı D W �.	/c.	; ı/	ı

D .W �.ı//�.	/c.	; ı/	ı D W �.	ı/	ı:

If 	; ı are both in J.H/, then 	ı 2 J.H/ and

W �.	/	W �.ı/ı D W �.	/.W �.ı//�.	/c.	; ı/	ı D W �.ı	/	ı

by (2).

Case 2. 	 2 H and ı 2 � � H . Note that W � W �.ı/ and W �.	/ � W

by Lemmas 1.7.3, 1.7.12 and the assumption, and so J.W / � J.W /�.ı/ and
J.W /�.	/ � J.W /.

If 	 2 U.H/, then 	ı 2 � � H and so

V 	J.W /ı D VJ.W /�.	/c.	; ı/	ı D J.W /c.	; ı/	ı D J.W /	ı;

because W D W �.	/ � .W �.ı//�.	/ D W �.	ı/ and c.	; ı/ 2 U.W /. If 	 2 J.H/,
then W �.	/	J.W /ı D J.W /�.	/c.	; ı/	ı, which is contained in J.W /	ı if 	ı 2
� � H as before. If 	ı 2 U.H/, then J.W /�.	/c.	; ı/	ı � V 	ı, because W �.	/ �
W �.	ı/ and V � J.W /�.	/. If 	ı 2 J.H/, then J.W /�.	/c.	; ı/	ı � W �.	ı/	ı.

Case 3. 	 2 � � H and ı 2 H . If ı 2 U.H/, then 	ı 2 � � H and thus

J.W /	V ı D J.W /Vc.	; ı/	ı D J.W /	ı;

because c.	; ı/ 2 U.V �.	ı// � U.W �.	ı// � U.W /. If ı 2 J.H/, then

J.W /	W �.ı/ı D J.W /W �.	ı/c.	; ı/	ı: .��/
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If 	ı 2 U.H/, then V D A	ı , the 	ı-component of A. If 	ı 2 J.H/, then A	ı D
W �.	ı/ � W and if 	ı 2 � � H , then A	ı D J.W / and W �.	ı/ � W . Hence in
any case, .��/ implies that multiplication is closed.

Case 4. 	; ı 2 � � H , then 	ı 2 � � H by Lemma 1.7.12. So

J.W /	J.W /ı D J.W /J.W /�.	/c.	; ı/	ı D J.W /	ı;

because c.	; ı/ 2 U.V �.	ı// � U.W �.	ı// � U.W /. We have proved that A is a
ring and it is easy to see that A is a graded extension of K � � by Lemma 1.7.2. ut

1.7.19 Proposition

Under the notation as in Proposition 1.7.18, suppose that A D ˚	2��H J.W /	 ˚
.˚	2U.H/V 	/ ˚ .˚	2J.H/W

�.	/	/ is a graded extension of V in K � � . Then

1. Jg.A/ D ˚	2��H J.W /	 ˚ .˚	2U.H/J.V /	/ ˚ .˚	2J.H/W
�.	/	/.

2. R D AJg.A/ satisfies the following conditions:

(a) RJ.W / ¤ R	 � RW �.	/	/ ¤ R for any 	 2 J.H/.
(b) 	 2 U.R/ for any 	 2 U.H/.

Proof. 1. Set Jg.A/ D ˚	2�J	 	 as before. For any 	 2 J.H/ and 0 ¤ a 2 W �.	/,

we have .a	/�1 D .c.	�1; 	//�1.a�1/�.	�1/	�1. Assume that a	 2 U.A/,
then .c.	�1; 	//�1.a�1/�.	�1/ 2 J.W / and so .a�1/�.	�1/ 2 J.W / and
..a�1/�.	�1//�.	/ 2 J.W /�.	/. It follows from Lemma 1.7.3 that

a�1 D .c.	; 	�1//�1..a�1/�.	�1//�.	/c.	; 	�1/

2 c.	; 	�1/J.W /�.	/c.	; 	�1/;

which is equal to J.W /�.	/, because c.	; 	�1/ 2 U.W / � U.W �.	//. Thus 1 D
a�1a 2 J.W /�.	/W �.	/ D J.W /�.	/; a contradiction and hence J	 D W �.	/:

Similarly J	 D J.W / for any 	 2 � � H . For any 	 2 U.H/ and a 2 V ,
a	 2 U.A/ if and only if .c.	�1; 	//�1.a�1/�.	�1/ 2 V , which is equivalent to
a�1 2 V , i.e. a 2 U.V /. Hence J	 D J.V / for any 	 2 U.H/.

2. For any 	 2 J.H/, we have

J.W /	�1 D J.W /.c.	�1; 	//�1	�1 D J.W /	�1 � Jg.A/ � J.R/ ¤ R;
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which implies RJ.W / ¦ R	 . Furthermore, W �.	/	 � Jg.A/ entails R	 �
RW �.	/	 � RJg.A/ � J.R/ ¦ R. It is clear that 	 2 U.R/ for any 	 2 U.H/

since 	 2 U.A/.

The converse of Proposition 1.7.19 is true as it will be shown in the following:

1.7.20 Proposition

Let H be a proper cone of � with H � P , W be an overring of V and let S be a
Gauss extension of V in D. Suppose that S satisfies

(a) SJ.W / ¤ S	 � SW �.	/	 ¤ S for any 	 2 J.H/.
(b) 	 2 U.S/ for any 	 2 U.H/.

Then:

A D S \ .K � �/ D ˚	2��H J.W /	 ˚ .˚	2U.H/V 	/ ˚ .˚	2J.H/W
�.	/	/

is a graded extension of V in K � � .

Proof. Let A D S \ .K � �/ D ˚	2�A	 	 , a graded extension of V in K � �

by Theorem 1.7.7. First, we prove A	 D J.W / for any 	 2 � � H . Let 	 2
� � H , equivalently, 	 D ı�1 for some ı 2 J.H/. By (a), S � J.W /.ı/�1 D
J.W /.c.ı�1; ı//�1ı�1 D J.W /ı�1 and so J.W / � Aı�1 D A	 . Since V �
Aı�1 ı�1W �.ı/ı D Aı�1W c.ı�1; ı/, we have A	 D Aı�1 � .V W W /l . If W ¥ V ,
then .V W W /l D J.W / by Proposition 1.5.32. Thus A	 D J.W / follows. If
W D V , then .V W W /l D V and so we have either A	 D J.V / or A	 D V .
Suppose that A	 D V , then 	 2 S and c.	; 	�1/ D 		�1 2 S , which is a unit in V .

Thus 	�1 2 U.S/, contradicting the fact 	�1 2 J.S/ by (a). Hence A	 D J.V /

follows and thus A	 D J.W / for any 	 2 � � H .
Secondly we prove that A	 D V for any 	 2 U.H/. Since 	 2 U.S/, we have

A			�1 D A	 c.	; 	�1/ � V and A	 � V . On the other hand, V 	 � S implies
V � A	 . Hence A	 D V for any 	 2 U.H/.

Finally we prove that A	 D W �.	/ for any 	 2 J.H/. It is clear from (a) that
W �.	/ � A	 . To prove the converse inclusion, we claim first that W �.	/ � W . To
prove this we consider:

W �.	/	J.W /	�2 D J.W /�.	/c.	; 	�2/	�1 � A	�1	�1 D J.W /	�1:

Thus J.W /�.	/c.	; 	�2/ � J.W / and so J.W /�.	/ � J.W / since A	�1 D J.W /

is a right V �.	�1/-module. Hence we have W �.	/ � W , as desired.
To prove that W �.	/ � A	 , consider:
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J.W /	�1A	 	 D J.W /A�.	�1/
	 c.	�1; 	/ � V and A�.	�1/

	 � .V W J.W //r :

If W ¥ V , then .V W J.W //r D W by Proposition 1.5.32 Thus:

A	 D c.	; 	�1/�1.A�.	�1/
	 /�.	/c.	; 	�1/ � c.	; 	�1/�1W �.	/c.	; 	�1/ D W �.	/;

since c.	; 	�1/ 2 U.V / � U.W �.	//.
If W D V and J.V /2 D J.V /, then .V W J.W //r D V and so A	 � V �.	/

follows similarly. If W D V and J.V / is principal, say, J.V / D bV D V b for
some b 2 J.V /, then .V W J.W //r D .V W J.V //r . On the other hand, V �.	/ � A	

implies V � A
�.	�1/
	 and so V � A

�.	�1/
	 � b�1V D V b�1. Thus we have either

V D A
�.	�1/
	 or A

�.	�1/
	 D V b�1.

In the former case, we have V �.	/ D .A
�.	�1/
	 /�.	/ D c.	; 	�1/A	c.	; 	�1/�1,

which shows V �.	/ D A	 , because U.V / � U.V �.	//.
In the latter case, it follows that:

.V b�1/�.	/ D .A�.	�1/
	 /�.	/ D c.	; 	�1/A	 c.	; 	�1/�1

which implies A	 D V �.	/.b�1/�.	/, because U.V / � U.V �.	//, and so .b�1/�.	/ 2
A	 . Furthermore, since A		 � S	 ¤ S by (a), we have .b�1/�.	/	 2 A		 �
J.S/ \ A D Jg.A/ and so c.	; 	�1/ D 	b�1b	�1 D .b�1/�.	/	b	�1 2
A		J.V /	�1 � A. Thus .b�1/�.	/	 2 U.A/, because c.	; 	�1/ 2 U.V /. This
is a contradiction since S	 ¤ J.S/. Thus A	 D V �.	/ follows. Hence in any cases,
W �.	/ � A	 and so W �.	/ D A	 .

Therefore: S \ K � � D ˚	2��H J.W /	 ˚ .˚	2U.H/V 	/ ˚ .˚	2J.H/W
�.	/	/.

1.7.21 Remark

1. See [8] for complete descriptions of prime ideals in standard Gauss extensions
of V in D and for some concrete examples of graded extensions of V in K � � .

2. If � D hXi is an infinite cyclic group, then the crossed product K � � is a
skew Laurent polynomial ring ([47, (1.5.11)]), i.e. K � � D KŒX; X�1; �� for
some automorphism � of K . A complete classification of graded extensions A D
˚i2ZAi X

i of V in KŒX; X�1; �� in terms of A1, A�1 and Ol .A1/ is given in
[43, 44].

3. Let Ov be a commutative valuation ring of a field F and let K be a finite Galois
extension of F with Galois group � . Then Dubrovin valuation rings in Q.K ��/

lying over Ov were studied in [28, 32].
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1.8 Filtrations by Totally Ordered Groups

In Definition 1.3.2.23 a �-filtration of a ring A, where � is a totally ordered
group, has been defined. Separated filtrations were defined in Definition 1.3.2.25.
A �-filtration on a ring A is said to be a strong filtration if for all �; 
 2 � we
have: F� AF
A D F�C
A. It is clear that FA is a strong filtration if and only if for
every � 2 � , F� AF�� A D F0A. Strong filtrations on simple Artinian rings may be
thought of as being generalizations of Dubrovin valuations, this is motivated by the
following results concerning value functions of Dubrovin valuation rings.

Consider a simple Artinian ring Q and let � be a totally ordered group with
additively written operation, even if � is not assumed to be abelian.

1.8.1 Definition

A surjective map v W Q ! � [ f1g is a value function of Q if the following
condition hold:

V.1. v.q/ D 1 if and only if q D 0. We have v.�1/ D 0.
V.2. v.q C q0/ � minfv.q/; v.q0/g, for q; q0 2 Q.
V.3. v.qq0/ � v.q/ C v.q0/, for q; q0 2 Q.
V.4. Define st.v/ D fq 2 U.Q/; v.q�1/ D �v.q/g, then we have � D v.st.v//.

1.8.2 Properties

For a value function v on Q the following properties hold:

1. If q 2 st.v/ and q0 2 Q then v.qq0/ D v.q/ C v.q0/, v.q0q/ D v.q0/ C v.q/.
2. The set st.v/ is a subgroup of U.Q/ and v W st.v/ ! � is an epimorphism.
3. If v.q/ ¤ v.q0/ then v.q C q0/ D minfv.q/; v.q0/g.
4. Rv D fq 2 Q; v.q/ � 0g is a ring and Mv D fq 2 Q; v.q/ > 0g is an ideal

of Rv.

Proof. 1. For q 2 st.v/; q0 2 Q we calculate: v.q0/ D v.q�1qq0/ � v.q�1/ C
v.qq0/ D �v.q/ C v.qq0/ � �v.q/ C v.q/ C v.q0/ D v.q0/, yielding v.q0/ D
�v.q/ C v.qq0/, hence the statement (1) follows.

2. Look at q; q0 2 st.v/. Then v..q�1/�1/ D v.q/ D �v.q�1/ yields q�1 2 st.v/.
Using (1) we arrive at:

v..qq0/�1/ D v.q0�1q�1/ D v.q0�1/ C v.q�1/ D
D �v.q0/ � v.q/ D �.v.q/ C v.q0// D �v.qq0/
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hence qq0 2 st.v/. From v..�1/�1/ D v.�1/ D 0 D �v.�1/ it follows that
�1 2 st.v/, hence v.1/ D v..�1/.�1// D v.�1/ C v.�1/ D 0 D �v.1/, i.e.
1 2 st.v/. That v W st.v/ ! � is an epimorphism is clear from (1).

3. For all q 2 Q we have v.�q/ D v.�1/ C v.q/ D v.q/. If v.q/ > v.q0/, then
v.q0/ D v..�q/ C .q C q0// � minfv.q/; v.q C q0/g. From v.q/ > v.q0/ it
follows: v.q0/ � v.q C q0/ � minfv.q/; v.q0/g D v.q0/, establishing v.q C q0/ D
minfv.q/; v.q0/.

4. In view of V.2, V.3, Rv is closed under addition and multiplication; from v.q/ D
v.�q/ and 1 2 Rv it follows that Rv is a ring. It is easy to see that Mv is a
twosided ideal of Rv, as claimed. ut

To a value function v on Q we define a chain consisting of F	 Q; 	 2 � , in Q

defined by putting F	Q D fq 2 Q; v.q/ � �	g.

1.8.3 Lemma

If v W Q ! � [ f1g is a value function on Q then FQ is a strong filtration of Q.

Proof. If q; q0 2 F	 Q then V.2 yields q C q0 2 F	Q; moreover �q 2 F	 Q follows
from V.3 and V.1. From v.�q/ � v.q/ and v.q/ D v.�.�q// � v.�q/, v.q/ D
v.�q/ follows. It is clear that FQ D fF	Q; 	 2 �g forms an ascending chain of
additive subgroups of Q with 1 2 F0Q D R.

From V.3 it follows that F	QFıQ � FıC	Q for 	; ı in � (using also V.2 as
every element of F	QFıQ is a sum of products of elements in F	Q and FıQ/.
Since v is surjective FQ is exhaustive, i.e. [	F	Q D Q. To see that FQ is strong,
consider F	 Q then there is a q	 2 st.v/ such that v.q	 / D �	 , thus q	 2 F	 Q.
Since v.q�1

	 / D �v.q	 /, q�1
	 2 F�	Q, hence we have 1 2 F	 QF�	Q, and since

the latter is an ideal of F0R, F	 QF�	Q D F0Q for all 	 2 � . ut
Consider a Dubrovin valuation ring R of Q and define the stabilizer of R in Q as

st.R/ D fq 2 Q W qR D Rqg. Observe that a q ¤ 0 in st.R/ is regular, e.g. aq D 0

yields aRq D 0 but R is a prime ring, hence st.R/ D fq 2 Q; qRq�1 D Rg. Put
�R D st.R/=U.R/. We define an ordering on �R by putting ˛ � ˇ, for ˛; ˇ 2
st.R/, if ˛R � ˇR. Since R-ideals of Q are linearly ordered it is obvious that �R is
totally ordered. Observe that �R is a group because U.R/ is a normal subgroup of
st.R/, so �R is a totally ordered group.

1.8.4 Theorem

1. Let R be a Dubrovin valuation ring of Q and suppose that for all q ¤ 0 in Q

there is an x 2 st.R/ such that RqR D xR. Then there exists a value function vR

on Q with R D fq 2 Q; vR.q/ � 0g; M D fq 2 Q; vR.q/ > 0g. For any such
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v, st.v/ D st.R/; U.R/ D fq 2 st.R/; v.q/ D 0g and v induces an isomorphism
�R Š Imv.

2. Suppose v is a value function on Q with Rv D fq 2 Q; v.q/ � 0g; Mv D fq 2
Q; v.q/ > 0g. Suppose that Rv=Mv is simple Artinian, then Rv is a Dubrovin
valuation ring of Q with J.Rv/ D Mv, moreover for q ¤ 0 in Q there exists
x 2 st.Rv/ such that RvqRv D xRv.

Proof. 1. Define vR W Q ! �R [ f1g by vR.0/ D 1 and for q ¤ 0 in Q,
vR.q/ D ˛ mod U.R/ where ˛ 2 st.R/ is such that RqR D ˛R. Since ˛R D ˇR

if and only if ˛U.R/ D ˇU.R/ in �R, the map vR is well-defined. It is clear that
RqR � Rq0R if and only if vR.q/ � vR.q0/. Condition V.1 is clear.
In order to check V.2, let vR.q/ � vR.q0/, thus RqR � Rq0R and qCq0 2 Rq0R.
Hence R.qCq0/R � Rq0R, yielding vR.qCq0/ � vR.q0/ D minfvR.q/; vR.q0/g.
To check V.3 look at qq0 2 .RqR/Rq0R/; Rqq0R � .RqR/.Rq0R/, and thus
vR.qq0/ � vR.q/ C vR.q0/ follows from the definition.
For V.4 it is clear that ImvR D vR.st.R//. If ˛ 2 st.R/ then vR.˛�1/ D �vR.˛/

since vR.˛�1/ C vR.˛/ corresponds to ˛�1R˛R D ˛�1˛R D R, thus st.R/ �
st.vR/ and ImvR � vR.st.vR//. Since the converse inclusion is obvious, ImvR D
vR.st.vR// follows. Now RqR � R, resp. RqR D R, if and only if vR.q/ �
vR.1/ D 0, resp. vR.q/ D 0. Since RqR D R if and only if q 2 R � J.R/ it
follows that R D fq 2 Q; vR.q/ � 0g; J.R/ D fq 2 Q; vR.q/ > 0g. Finally
consider any value function v on Q with R D Rv and M D J.Rv/. Take b 2
U.R/, then b�1 2 R; v.b�1/ � 0. From 0 D v.1/ D v.bb�1/ � v.b/ ¤ v.b�1/ it
follows that 0 � �v.b�1/ � v.b/ � 0, thus v.b/ D 0, b 2 fq 2 st.v/; v.q/ D 0g.
Conversely, if q 2 st.v/ has v.q/ D 0, then v.q�1/ D 0 and thus q; q�1 2
R, or q 2 U.R/. Consequently U.R/ D fq 2 st.v/; v.q/ D 0g. To establish
st.v/ D st.R/ look at q 2 st.v/ then: v.qq0q�1/ D v.q0/. Thus for any q0 2 Q

we have v.qq0q�1/ � 0 if and only if v.q0/ � 0. Therefore qRq�1 D R and
thus q 2 st.R/. Conversely, if q 2 st.R/, then there is a q0 2 st.v/ such that
v.q/ D v.q0/ in view of V.4. Then v.qq�1

0 / D 0 (foregoing properties) and
qq�1

0 2 .R � J.R// \ st.R/ D U.R/ � st.v/. Thus q 2 st.v/ and st.v/ D
st.R/ follows. Clearly v W st.R/ ! Imv is a homomorphism and �R D st.R/=

U.R/ D Imv.
2. We already know that Rv=Mv is simple Artinian. Pick q 2 Q � Rv, hence

v.q/< 0. Condition V.4 yields that there is a q0 2 st.v/ with v.q/ D v.q0/.
Hence, v.q�1

0 / D �v.q0/ > 0, or q�1
0 2 Rv. Thus v.qq�1

0 / D v.q/ � v.q0/ D 0.
Similarly, v.q�1

0 q/ D 0. Thus qq�1
0 ; q�1

0 q 2 Rv � Mv. Hence Rv is a Dubrovin
valuation ring. Consider q ¤ 0 in Q, as before there exists q0 2 st.v/ such that
v.qq�1

0 / D 0, hence qq�1
0 2 Rv � Mv. Thus Rvqq�1

0 Rv D Rv. The argument
used in 1 yields st.v/ � st.Rv/ and thus RvqRv D q0Rv. ut
We have defined a �-filtration on any ring A in Sect. 1.3.2 and a separated �-

filtration in Definition 1.3.1.25. We obtain from the principal symbol � a map ord
� W A ! � [ f1g; �.a/ D 	 if 	 2 � is such that a 2 F	A; a 62 P

ı<	 FıA D
F 0

	 A (corresponding to the principal symbol map � W A ! G.A/, where GF .A/
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is the associated graded ring of FA, see hereafter). Put vF D �ord� . Then vF

satisfies, for a separated filtration FQ on a simple Artinian Q, the properties V.1,
V.2, V.3 of Definition 1.8.1, but not necessarily V.4. Conversely to any given map
w: A ! � [ f1g satisfying V.1, V.2, V.3, there corresponds a separated filtration
of A defined by F	 .A/ D fa 2 A; w.a/ � �	g.

The fact that we consider ascending filtrations forced us to write �	 in the
definition of F	.A/ above and if we insist on F� .A/F
 .A/ � F�
 .A/ we have to
consider the filtration by the opposite group �0 for a value function to � . Usually we
deal with abelian � (value functions extending a central valuation, or value functions
on Weyl fields etc. . . ) so this then does not matter. For noncommutative � when the
total order is respected both by left and right multiplication (as we always assumed
here) the switch from � to �0 is harmless. To any prime of A there corresponds
a filtration in view of Lemma 1.3.2.22 albeit that we then consider only partially
ordered value groups � . For an arbitrary Dubrovin valuation R in Q there is a value
function with partial ordered value group as well as a filtration with respect to the
totally ordered (sub)group �R D st.R/=U.R/; the latter follows from the proof of
Theorem 1.8.4.1. where V.1,. . . ,V.3 are checked without using the extra condition
on the Dubrovin valuation ring assumed in the theorem.

To a filtration FA of type � we associate a �-graded ring GF .A/ D
˚	2�GF .A/	 where GF .A/	 D F	 A=F 0

	 A and multiplication is defined by the

following, for a 2 GF .A/	 , b 2 GF .A/ı , for 	 and ı 2 � , we define a:b by taking
ab D .ab/modF 0

	CıA where a 2 F	A; b 2 FıA are any representatives of a, resp.

b. We can also follow the �-graded Rees ring (or blow up ring)eA D ˚	2�F	A that
may be identified to the subring of the groupring A� given as eA D P

	2� F	 A:	 .

Since 1 2 FıA for ı � 0 it follows that � � eA and as � commutes with A in A� ,
eA�C is a graded ideal of eA, where �C D �>0 D f	 2 �; 	 > 0g. We write �C for
0 [ �C in �; �C D f	 2 �; 	 � 0g. Note that the unit of the groupring is written as
1, 1 D 1A:0 for 0 2 �; 1A the unit element of A.

1.8.5 Proposition

Let us write � multiplicatively. The multiplicative set �C is a left and right Ore set
in eA such that .�C/�1eA D A� .

Proof. Look at ı 2 �C and a		 2 eA	 , then we see that .	ı	�1/a		 D 	a	ı yields
the left Ore condition (the right Ore condition follows in the symmetric way). Now
look at

P
	 a	 	 and we reason by induction on the length of this sum, the case where

only one a	 ¤ 0 has been dealt with above. Suppose the claim has been established
for elements of length strictly less than n. Consider

Pn
iD1 a	i 	i 2 eA and 
 2 �C,

assuming without loss of generality that 	1 > 	i for i D 2; : : : ; n. Then we have:
.	1
	�1

1 /.
Pn

iD1 a	i 	i / D a	1 	1
 CPn
iD2 a	i 	1
	�1

1 	i .
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The induction hypothesis yields the existence of ı 2 �C such that:

ı.

nX

iD2

a	i 	1
	�1
1 	i / D a0
 with a0 2 eA

Look at ı	n
	�1
1 2 �C, then we obtain:

ı.	1
	�1
1 /.

nX

iD1

a	1 ı	1
/ D a	1 ı	1
 C a0
 D .ıa	1 	1 C a0/


with ıa	1 	1 C a0 in eA since ı 2 eA. For the final statement observe that �C consists
of regular elements in eA because they are invertible in A� . Hence ��1C eA � A� . If
	 2 � then either 	 2 �C or 	�1 2 �C hence ��1C eA D A� , we always assume FA

to be exhaustive. ut

1.8.6 Lemma

Let FA be a �-filtration on A, then:

1. eA=eA�C Š GF .A/ as graded rings.
2. Let I be the ideal ofeA generated by the elements f	�1; 	 2 �Cg, theneA=I D A

and FA is obtained from the gradation filtration of eA.

Proof. 1. For ı 2 �; .eA�C/ı D P
	<ı.F	A:	/.�	�1ı/ D F o

ı A 
 ı hence we

obtain: eA=eA�C Š ˚ı2�FıA=F 0
ı A Š GF .A/ that the latter is indeed a ring

isomorphism (graded) is easily verified.
2. Note that the left ideal I of eA generated by the f1 � 	; 	 2 �Cg is actually

a two-sided ideal even if � is not abelian; this follows from a

.	 � 1/ D
.
	
�1 � 1/
a
 , for 	 2 �C; a
 2 F
A, where 
	
�1 2 �C too.

3. If � W eA ! eA=I is the canonical morphism then it extends naturally to �e W
��1C eA ! eA=I , i.e. A� ! eA=I and �e.A�/ D A; the image of eA	 D F	A:	

is identified with F	A, hence the filtration of A is determined by the gradation
of eA. ut

1.8.7 Lemma

If FA is a strong filtration then the ring GF A is strongly graded i.e.

GF .A/	 GF .A/ı D GF .A/	Cı for all 	; ı 2 �
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Proof. It is clear that eA is strongly graded if FA is a strong filtration. Then any
graded quotient ring of eA, in particular GF .A/, is strongly graded too. ut

The converse of Lemma 1.8.7 is true in case � D Z but we do not have a proof for
general totally ordered groups. In case FRQ corresponds to a Dubrovin valuation
ring R of Q it follows that FRQ is a strong filtration hence the associated graded
ring GR.Q/ is strongly graded with GR.Q/0 D R=M a simple Artinian ring, hence
GR.Q/ is a so-called gr-simple Artinian ring. Since for 	 2 �R there is q	 2 st.vR/

with vR.q	 / D 	 and vR.q�1
	 / D �	 it is easily checked that FR;	 Q D Rq�1

	 from
.FR;	 Q/q	 � FR;0Q D R while Rq�1

	 � FR;	 Q is clear. Moreover F 0
R;	 Q D

M q�1
	 follows for all 	 2 �R, and GR.Q/	 D .R=M /q�1

	 Š R=M .

1.8.8 Proposition

Let R be a Dubrovin valuation ring of Q then GFR .Q/ D R=M � �R, a crossed
product of the simple Artinian ring R=M by the value group �R.

Proof. Write z	 for the image of q�1
	 in GR.Q/	 , z	�1 for the image of q	 in

GR.Q/	 . Clearly z	 z	�1 D 1 D z	�1 :z	 hence z�1
	 D z	�1 . Since q	Rq�1

	 D R,
q	M q�1

	 D M it follows that q	 induces an automorphism of R=M in fact
induced by conjugation with z	 . Since q	qı is q	ı up to some c.	; ı/ 2 U.R/,
say q	qı D c.	; ı/q	ı . Associativity of Q yields that c.	; ı/ defines a two-cocycle
�R � �R ! U.R/. It follows that GFR .Q/ is a crossed product over GFR.Q/0 D
R=M with basis z	 ; 	 2 �R. ut

1.8.9 Lemma

Let A be a �-strongly graded ring.

1. A is a domain if and only if A0 is a domain.
2. If A0 is a prime ring then A is a prime ring.

Proof. 1. We only have to establish that A is a domain if A0 is. Let ab D 0 for
some nonzero a; b 2 A and let a D a	1 C : : : C a	d

, b D bı1 C : : : C bıc with
	1 < : : : < 	d ; ı1 < : : : < ıe in � . Then ab D 0 yields a	d

bıe D 0, yielding
A	�1

d
a	d

bıe Aı�1
e

D 0 with A	�1
d

a	d
¤ 0 (otherwise A	d

A	�1
d

a	d
D 0 yields

a	d
D 0) and also bıe Aı�1

e
¤ 0. This thus contradicts the assumption that A0 is a

domain.
2. If I; J are homogeneous ideals of A such that IJ D 0 then I D AI0; J D AJ0

because A is strongly graded, hence I0AJ0 D 0 and I0J0 D 0. Since A0 is
prime, then either I0 or J0 D 0 hence I or J D 0 too. Now look at aAb D 0

with a D a	1 C : : : C a	d
; b D bı1 C : : : C bıe with 	1 < : : : < 	d ; ı1 < : : : < ıe
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in � . Then for every homogenous x 2 A; a	d
xbıe D 0, hence for every y 2 A,

a	d
ybıe D 0 or a	d

Abıe D 0. Now the first part of (2) yields a	a D 0 or bıe D 0,
a contradiction. ut

1.8.10 Proposition

Let FA be a �-separated filtration on A with principal symbol map � W A !
GF .A/.

1. For a ¤ 0 in A, �.a/ is (right) regular in GF .A/ if and only if vF .ab/ D
vF .a/:vF .b/ for all b 2 A.

2. If GF .A/ is a domain then vF satisfies vF .ab/ D vF .a/ C vF .b/ and A is a
domain.

3. If moreover A is Artinian in (2) then it is a skewfield and F0A is a valuation ring
of A. If �s D f	 2 �; GF .A/	 ¤ 0g then �s is a normal subgroup of � and
GF .A/ is strongly �s-graded.

Proof. 1. If b D 0 then vF .ab/ D vF .a/:vF .b/ holds, because 1 D vF .a/:1. If
b ¤ 0 then there is a unique 
 2 � such that b 2 F
A�P	<
 F	A; similarly a 2
FıA�P	<ı F	A. If �.a/ is right regular then �.a/�.b/ ¤ 0 yields �.a/�.b/ D
.ab/mod.

P
	<ıC
 F	 A/ D �.ab/. Conversely, assume vF .ab/ D vF .a/:vF .b/

for all b 2 A, then deg �.ab/ D deg�.a/ ¤ deg�.b/ i.e. deg�.ab/ D ı:
 but
this entails �.a/�.b/ ¤ 0 as ab 62 P	<ıC
 F	A.

2. That vF satisfies vF .ab/ D vF .a/:vF .b/ follows from (1). If a ¤ 0; b ¤ 0, then
vF .a/ ¤ 1; vF .b/ ¤ 1 hence ab ¤ 0 and thus A is a domain.

3. If A is moreover Artinian then since it is a domain it is a skewfield. If a	 2
F	 A �P

ı<	 FıA then we have a�1
	 2 F
 A �P

ı<
 FıA for some 
 2 � . From
1 D a	 a�1

	 and �.1/ D �.a	 / C �.a�1
	 /, 
 D 	�1 follows. So for every z 2 A

either z or z�1 is in F0A and since vF .uxu�1/ � 0 if vF .x/ � 0, F0A is invariant
under inner automorphisms of A, hence a valuation ring of A. It is also clear that
GF .A/ is a gr-skewfield i.e. every homogeneous element of GF .A/ is invertible.
The statements about �s are easily checked. ut

Recall (cf. [55]) that a graded ring R of type G is said to have property .E/ (the
gradation is nondegenerate) if every nonzero graded left ideal of R intersects Re

nontrivially (e is the neutral element of G), equivalently for every r� ¤ 0 in R�

we have R��1 r� ¤ 0. In case Re is semisimple, then property .E/ is left–right
symmetric. In case R is strongly graded then it satisfies condition .E/ (both left and
right versions).
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1.8.11 Theorem

Let A be a simple Artinian ring with separated filtration FR. Assume that GF .A/

satisfies condition .E/ and GF .A/0 is a prime (left) Goldie ring, then:

1. GF .A/0 is a simple Artinian ring.
2. F 0

0 A D J.F0A/ and F0A is local in the sense of Goldie.
3. The ring F0A is a Dubrovin valuation of A.

Proof. 1. From condition .E/ it follows that a left regular s in GF .A/0 is still left
regular in GF .A/; indeed if zs D 0 for some z 2 GF .A/ then z	d

s D 0, where
z D z	1 C : : : C z	d

with 	1 < : : : < 	d is the homogeneous decomposition of z,
with z	d

¤ 0 hence there is a y	�1
d

2 GF .A/ such that y	�1
d

z	d
¤ 0 in GF .A/0,

but y	�1
d

z	d
s D 0 contradicts left regularity of s.

Pick s 2 F0A such that �.s/ D s is left regular, then s is left regular in A because
as D 0 would yield �.as/ D 0, but �.as/ D �.a/�.s/ follows from Proposition
1.8.10.1, hence �.a/�.s/ D 0 a contradiction. Hence there is an inverse s�1 for s

in the simple Artinian ring A and again �.s�1s/ D �.s�1/�.s/ hence �.s�1/ D
�.s/�1 in GF .A/, and in view of the gradation of GF .A/; �.s/�1 2 GF .A/0.
Since GF .A/0 is a prime Goldie ring its classical ring of fractions is a simple
Artinian ring but since left regular elements of GF .A/0 are invertible in GF .A/0

it follows that GF .A/0 is itself simple Artinian.
2. Take x 2 F 0

0 A D P
	<0 F	A and look at 1 C ax for a 2 F0A. Clearly, ax 2

F	 A for some 	 < 0 hence �.1 C ax/ D 1. As in the proof of (1), 1 C ax is
regular in A, hence it has an inverse y. Then from y.1 C ax/ D 1 it follows
that �.y/�.1 C ax/ D 1, or �.y/ D 1 and y 2 F0A. This establishes F0A

0 �
J.F0A/. Since F0A=F 0

0 A is simple (see (1)), F 0
0 A is a maximal ideal of F0A

and thus F0A0 D J.F0A/ follows.
3. We already know that GF .A/0 is simple Artinian so F0A will be a Dubrovin

valuation ring of A if for all a 2 A � F0A there exist x; y 2 F0A such that
xa; ay 2 F0A � F 0

0 A. Fix a 2 A � F0A, let �.a/ 2 GF .A/	 . By condition
.E/ there is a b 2 GF .A/	�1 such that b�.a/ ¤ 0; since a 62 F0A; 	 > 0 and

	�1 < 0. Pick b 2 F �1
	 A such that �.b/ D b; since b�.a/ ¤ 0, ba modF 0

0 A ¤
0, hence ba 2 F0A � F 0

0 A, take x D b. Similarly, we find y such that ay 2
F0A � F 0

0 A. Hence F0A is a Dubrovin valuation ring of A. ut

1.8.12 Corollary

Let FA be a separated �-filtration on a simple Artinian ring A such that GF .A/0 is
a prime (left) Goldie ring. Then FA is a strong filtration, GF .A/ is strongly graded
and in fact a crossed product GF .A/0 � � .
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Proof. Follows from the fact that F0A is a Dubrovin valuation ring of A (cf.
Proposition 1.8.8). ut

1.9 Reductions of Algebras and Filtrations

In this section we consider a field K; � an abelian totally ordered group written
additively and v W K ! �[f1g a valuation of K , which is assumed to be surjective.
We write Ov for the valuation ring of K associated to v; mv for its unique maximal
ideal and kv D Ov=mv for the residual field. To a valuation v on K we associate a
�-filtration on K , say f vK , defined by f v

	 K D fx 2 K; v.x/ � �	g. Obviously
f v

o K D Ov; f v
<0K D mv.

Consider a finite dimensional K-vector space V and M an Ov-submodule of V .
Recall that M is said to be an Ov-lattice in V if it contains a K-basis of V and it
is an Ov-submodule of a finitely generated Ov-submodule of V . We denote the kv-
vector space M=mvM by V . For an Ov-lattice M in V we have dimkvV � dimKV ;
when equality holds in the latter we say that M defines an unramified reduction
of V .

1.9.1 Lemma

Let M be an Ov-lattice of V .

1. If M is a finitely generated Ov-module, then M is a free Ov-module of rank
less than or equal to dim
V (this happens e.g. when � D Z because then Ov is
Noetherian).

2. If M defines an unramified reduction of V then M is a free Ov-module of rank
equal to dimKV .

Proof. 1. Since the Ov-module M is contained in a K-vector space it is a torsion
free Ov-module and finitely generated torsion free Ov-modules over a valuation
ring are known to be free Ov-modules; the rank condition is obvious.

2. Let fx1; : : : ; xng be a kv-basis of V , n D dimKV . The fx1; : : : ; xng � M is
linearly independent over Ov hence over K . For m 2 M , there exist �1; : : : ; �n 2
K such that m D Pn

iD1 �i xi . For some j0 2 f1; : : : ; ng we have ��1
j0

�i 2 Ov for
all i 2 1; : : : ; n.

If not all �i 2 Ov (which we may assume since otherwise m 2 Ovx1 C
: : : C Ovxn/ then ��1

j0
2 mv and we obtain ��1

j0
m D Pn

iD1.�
�1
j0

�i /xi , reducing
modulo mvM to a nontrivial (because ��1

j0
�j0 D 1/ relation for the x1; : : : ; xn, a

contradiction to the choice of the xi ; i D 1; : : : ; n. ut
Given any Ov-lattice M in V we may define a filtration on V by putting: F v

	 V D
.f v

	 K/M for 	 2 � . It is clear that F vV makes V into an exhaustively filtered K-
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vector space, in fact for 	 � 0; F v
	 V � M and exhaustivity follows from KM D V .

In general it is not clear whether F vV is a separated filtration.

1.9.2 Lemma

If the Ov-lattice M in V is a free Ov-module then the filtration F vV defined by M

on V is �-separated.

Proof. Let fx1; : : : ; xr ; : : :g be an Ov-basis of M , so they are also K-independent
in V . Pick v 2 V . From KM D V it follows that there is an a 2 Ov � f0g such
that av 2 M . Write av D Pr

iD1 �ixi with �i 2 Ov, for some finite r . Putting
��

i D a�1�i 2 K , we have x D Pr
iD1 ��

i xi . For the ��
i ¤ 0 we put v.��

i / D
�	i 2 � . Up to a reordering we may assume 	1 < : : : < 	r D 	 . We claim
that x 2 F v

	 V but x 62 P
ı<	 F v

ı V . It is obvious that x 2 F v
	 V . Suppose x 2P

ı<	 F v
ı V , then x 2 .f v

ı0
K/M for some ı0 < 	 , and we may write x D †0�j xj

with �j 2 f v
ı0

K and ı0 < 	 . Since fx1; : : : ; xr ; : : :g is K-independent in V , we
derive x D Pr

iD1 ��
i xi D P

�j xj and thus ��
r D �r , but v.��

r / D �	 and
v.�r/ � �ı0 with ı0 < 	 , a contradiction. Hence for any x 2 V there exists a
	 2 � such that x 2 F v

	 V and x 62 Pı<	 F v
ı V . ut

Consider a field K and a K-algebra A with a separated Z-filtration FA such that
K � F0A. We assume moreover that FA is finite in the sense that dimKFnA < 1
for all n 2 Z; then there is an n0 2 Z such that FnA D 0 for all n � n0. Without
loss of generality we may assume that FA is a positive filtration. For a subring ƒ of
A we define the induced filtration Fƒ by putting for n 2 Z; Fnƒ D FnA \ ƒ.

1.9.3 Definition

The subring ƒ is called an F -reductor if ƒ \ K D Ov is a valuation ring of K

and Fnƒ is an Ov-lattice in FnA for all n 2 Z. The ring A D ƒ=mvƒ, where
mv is the maximal ideal of Ov, is the reduction of A with respect to ƒ. We say
that ƒ is an unramified F -reductor in case Fnƒ is an unramified reductor of FnA

for all n 2 Z. The valuation filtration F vA on A (defined from ƒ) is given by:
F v

	 A D .f v
	 K/ƒ; 	 2 � , where f vK is the valuation filtration of K .

For a general reductor it is not clear whether the associated valuation filtration
on A is separated, for the unramified case we have the following result.
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1.9.4 Proposition

Let A be a filtered K-algebra with finite Z-filtration FA and ƒ � A an unramified
F -reductor, then the valuation filtration F vA is �-separated.

Proof. Since Fnƒ defines an unramified reduction of FnA, we may apply Lemma
1.9.1.2 and conclude that Fnƒ is a free Ov-module, for every n 2 Z. The filtration
F v.FnA/ given by F v

	 .FnA/ D .f v
	 K/Fnƒ is �-separated in view of Lemma 1.6.2,

for every n 2 Z. Now we claim that for 	 2 �; n 2 Z we have:

.f v
	 K/ƒ \ FnA D .f v

	 K/.ƒ \ FnA/ D .f v
	 K/.Fnƒ/ .�/

First the inclusion .f v
	 K/.ƒ\FnA/ � .f v

	 K/ƒ\FnA is obvious. For the converse
pick x 2 .f v

	 K/ƒ \ FnA. Then .f v�	K/x � ƒ \ FnA follows and thus x 2
.f v

	 K/.ƒ \ FnA/ because .f v
	 K/.f v�	K/ D f v

0 K 3 1.
Now (�) means exactly that the filtration F vA induces the valuation filtration on
FnA defined with respect to Fnƒ. Take x 2 A, say x ¤ 0, then x 2 FnA for some
n. Since the valuation filtration on FnA is �-separated there exists a 	 2 � such that
x 2 F v

	 .FnA/ � F v
<	.FnA/ thus x 2 F v

	 A � F v
<	A, because if x 2 F v

ı A with ı < 	

then x 2 FnA \ F v
ı A D FnA \ .f v

ı K/Fnƒ which by (�) equals .f
�

	 K/Fnƒ and
this leads to x 2 F v

ı<	 .FnA/, a contradiction. Therefore F vA is �-separated. ut
Note that for � D Z an F -reductor necessarily defines a separated valuation

filtration, that is because in this case Fnƒ is a finitely generated Ov-module in
FnA hence it is free, making all F v.FnA/ separated and then the same proof as
in Proposition 1.9.4 allows to conclude that F vA is separated!

On A we induce a Z-filtration F A by putting F nA D Fnƒ=mvFnƒ with respect
to an F -reductor ƒ of A. This filtration is exhaustive and is finite if FA is finite (see
remarks before Lemma 1.9.1). It is easily seen that GF .A/ D GF .ƒ/=mvGF .ƒ/

which may be seen as a graded reduction of GF .A/.
For any Z-graded K-algebra R D P

n2Z Rn, with K � R0, a graded subring S

is a graded reductor for R if S \ K D Ov and S \ Rn is an Ov-lattice in Rn for
all n 2 Z. The GF .ƒ/ appearing above is a graded reductor for GF .A/.

In the sequel we assume that R is finite graded, that is dimKRn < 1 for almost
all n and K � R0. The valuation filtration F vR is defined by F vR D .f v

	 K/ƒ. A
graded filtration FR is such that F	R D ˚n2N.F	R \ Rn/ for all 	 2 � .

1.9.5 Proposition

Let ƒ � A be an F -reductor, then:

1. The valuation filtration F vA is exhaustive.
2. F vA is separated if and only if F v.FnA/ is �-separated for all n 2 N.
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3. The induced filtration of F vA on FnA is the valuation filtration on FnA and
provided that it is �-separated we get Gv.FnA/ D FnA � � , where FnA D
Fnƒ=mvFnƒ.

4. FnA defines a finite filtration on A D ƒ=mvƒ, denoted by F A, and GF .A/ D
G.A/ D G.ƒ/=mvG.ƒ/.

Proof. 1. Since Fnƒ D FnA\ƒ is an Ov-lattice in FnA, we have K.Fnƒ/ D FnA

for all n 2 N. As FA is exhaustive, we obtain Kƒ D A. The valuation filtration
f vK is exhaustive hence Kƒ D A entails that F vA is an exhaustive filtration.

2. From (�) in the proof Proposition 1.9.4 we retain:

.f v
	 K/ƒ \ FnA D .f v

	 K/.ƒ \ FnA/

Fix an x ¤ 0 in A. There exits an n 2 N such that x 2 FnA. If we assume
that the induced valuation filtrations on all FnA are separated, then there exists
a 	 2 � such that x 2 F v

	 .FnA/ � F v
<	 .FnA/, hence x 2 F v

	 A � F v
<	A since

F v.FnA/ is induced in FnA by F vA. Conversely if F vA is separated then each
F v.FnA/ is separated, hence the valuation filtration of each FnA is separated.

3. We have seen in (2) that the induced filtration of F vA on FnA is the valuation
filtration of FnA; F v

	 .FnA/ D .f v
	 K/.ƒ \ FnA/. This is obviously a strong

filtration and Gv.FnA/ � Gv.A/ as Gf .R/-modules because the filtrations are
supposed to be separated. Then Gv.FnA/ is Gv;0.FnA/˝k .kv��/ where kv�� D
Gv.K/, i.e. FnA � � where Gv;0.FnA/ D FnA D .FnA \ ƒ/=mv.FnA \ ƒ/.

4. Since ƒ \ FnA is an Ov-lattice in FnA we obtain that dimkvFnA � dimKFnA,
hence F A is a finite filtration. It is easily verified that GF .A/ D GF .A/. ut
In the foregoing we may verify that GF .ƒ/ � GF .A/ is a graded reductor for

GF .A/ since we have that ƒ \ FnA=ƒ \ Fn�1A is an Ov-lattice in GF .A/n for
every n 2 N. We have a graded version of the foregoing property.

1.9.6 Proposition

Let R be a positively graded K-algebra and ƒ � R a graded reductor, then:

1. The valuation filtration F vR is an exhaustive graded filtration.
2. F vR is separated if and only if F vRn is separated for all n 2 N.
3. The induced filtration of F vR on Rn is the valuation filtration on Rn and provided

it is separated we obtain: Gv.Rn/ D Rn � � where Rn D ƒn=mvƒv.
4. R D ˚nRn and Gv.R/ D R � � .

Proof. An easy modification of the proof of the foregoing proposition. ut
We may now consider the lifting properties from (associated) graded rings to

filtered rings.
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1.9.7 Proposition

Let A be a K-algebra with finite positive filtration FA and consider an Ov-subring
ƒ of A.

1. If ƒ is an F -reductor then GF .ƒ/ � GF .A/ and the Rees ringeƒ � eA are graded
reductors.

2. If GF .ƒ/ � GF .A/ or eƒ � eA is a graded reductor then ƒ � A is an F -reductor.

Proof. 1. That GF .ƒ/ � GF .A/ is a graded reductor has been observed before, for
eƒ � eA it suffices to recall that eƒn Š Fnƒ i.e. eƒ \eAn is an Ov-lattice for every
n.

2. Ifeƒ � eA is a graded reductor theneƒ\eA0 D eƒ\K D Ov andeƒ\eAn Š ƒ\FnA

is an Ov-lattice.
3. If eƒ is a graded reductor then from eƒ \ eAn Š ƒ \ FnA it follows that ƒ is

an F -reductor. Assume GF .ƒ/ � GF .A/ is a graded reductor. Thus GF .ƒ/1

is an Ov-lattice in GF .A/1, since GF .ƒ/1 D F1ƒ=Ov it follows that F1ƒ is
an Ov-lattice. The proof can now be completed by induction i.e. GF .ƒ/n is an
Ov-lattice hence Fnƒ=Fn�1ƒ is an Ov-lattice, the induction hypothesis yields
that Fn�1; ƒ is an Ov-lattice and then it follows that Fnƒ is an Ov-lattice. ut

1.9.8 Example

Let g be a finite dimensional Lie algebra over K and UK.g/ the enveloping algebra
of g over K . Fix a K-basis for g, say fx1; : : : ; xng. There are structure constants
�ij 2 K given by:

Œxi ; xj � D
nX

kD1

�k
ij xk

without loss of generality (up to multiplying by one .�k
ij /�1) we may assume that

all �k
ij 2 Ov but not all in mv. Put gOv D Ovx1 C : : : C Ovxn, it is a Lie Ov-algebra

with the induced bracket and it is an Ov-lattice in g. On g D gOv=mvgOv we define
a Lie algebra structure over kv by putting:

Œxi ; xj � D
nX

kD1

�k
ij xk

where xi D xi -mod mvgOv . By assumption g is not the trivial Lie algebra (some
�ij ¤ 0). Obviously g depends on the choice of the K-basis fx1; : : : ; xng for
g. Put ƒ D UOv.gOv /. Consider on A D UK.g/ the standard filtration (coming
from the gradation filtration of the tensor algebra T .g/) and on ƒ the induced
filtration. Clearly FA is a finite filtration. We have that GF .ƒ/ D OvŒX1; : : : ; Xn� �
KŒX1; : : : ; Xn� D GF .A/ and ƒ is an F -reductor, G.ƒ/ is a graded reduction for
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GF .A/ (use Proposition 1.9.7 for example). We also have that F vA is �-separated
and Gv.R/ is a domain isomorphic to Ukv.g/. The latter means that we can extend v
to a noncommutative valuation on the skewfield D.g/, the total ring of fractions of
U.g/ (see Proposition 1.8.10 (3).).

Again look at a K-algebra A as in Proposition 1.9.7. On Gv.A/ we define a
filtration f Gv.A/ by: fn.Gv.A// D Gv.FnA/, for n 2 N. When GF .ƒ/ � GF .A/

is a graded reductor then we also have a valuation filtration f vGF .A/ given by:

f v
	 .GF .A// D .f v

	 K/GF .ƒ/; for 	 2 �

If F vA is �-separated then the valuation filtration f vGF .A/ is also �-separated
(similar to the proof of Proposition 1.9.5).

1.9.9 Proposition

Let A be as before and ƒ � A an F -reductor such that F vA is �-separated. Then
we have that: Gv.GF .A// Š G.A/ � � and Gf .Gv.A/ D Gv.GF .A//.

Proof. We have Gv.GF .A// D ˚	2�.f v
	 K/GF .ƒ/=.f v

<	K/GF .ƒ/ and since
GF .ƒ/ is Ov-flat (because torsionfree) we obtain that Gv.GF .A// D ˚	2�.f v

	 K/=

.f v
<	K/˝Ov GF .ƒ/. The latter means Gv.K/˝Ov GF .ƒ/ D .kv ��/˝Ov GF .ƒ/ D

G.A/ � � . The fact that Gf .Gv.A// D Gv.GF .A// may be verified directly, it
follows by a general compatibility result of M. Hussein and F. Van Oystaeyen [49]
(see Proposition 2.4. loc. cit).

1.9.10 Corollary

Let ƒ � A be an F -reductor such tat F vA is �-separated. If G.A/ is a domain then
so are GF .A/; Gv.A/ and A.

Proof. By Proposition 1.8.4 we get that Gv.GF .A// is a domain; then GF .A/ is
a domain and A is a domain. From Gf .Gv.A// D Gv.GF .A// it follows that
Gf .Gv.A// is a domain and so is Gv.A/. ut

1.10 Appendix: Global Dimension and Regularity
of Reductions

This section is less self-contained so we add it as an appendix. Basic references
are:

– For Krull dimension, R. Gordon, J. C. Robson [27]
– For Noetherian rings, J. McConnell, J. C. Robson [47]
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– For dimensions of rings, C. Nǎstǎsescu, F. Van Oystaeyen [53]
– For Homological algebra, J. T. Rotman [59]

We study Z-graded D algebras having the commutative domain D for the part
of degree zero, where D is usually a regular (local) domain. The properties we
focus on are related to homological dimension and Auslander–Gorenstein regularity.
A problem is that the maximal ideal w of the local domain D is not necessarily
contained in the Jacobson radical of the D-algebra under consideration. In particular
when D is a discrete valuation ring, there is a link to noncommutative valuation
theory, hence the inclusion of these results in this work.

Let ƒ be an algebra over a commutative domain D. Usually ƒ is given by
generators and finitely many relations 0 ! Q ! D < X >! ƒ ! 0, where
D < X > is the free algebra over X D fX1; : : : ; Xng and Q is generated as a two-
sided ideal by finitely many p1; : : : ; pt 2 D < X >. If K is the field of fractions
of D then A D K ˝D ƒ may be given by generators and the same relations viewed
in K < X >. Note however that for a given set of relations q1; : : : ; qs 2 K < X >

defining A, even if the qi have coefficients in Ov, need not yield a set of relations
defining ƒ! We come back to this problem when studying extensions of valuations
of K to valuations of Q.A/ in Chap. 3. Now starting from p1; : : : ; pt we obtain the
residue algebra ƒ D ƒ=wƒ with respect to a maximal ideal w of D, by the reduced
relations p1; : : : ; pt over kw D D=w (not by q1; : : : ; qs in general!).

A ring � is called a quotient ring if every regular element of � is invertible.
A subring ƒ of � is a right (left) order in � if each q 2 � is of the form as�1

(resp. s�1a) for some a; s 2 ƒ; by an order in � we mean a left and right order.
Two orders ƒ1 and ƒ2 are equivalent, denoted by ƒ1 	 ƒ2, if there exist units
a1; a2; b1; b2 in � such that: a1ƒ1b1 � ƒ2; a1ƒ2b2 � ƒ1. An order ƒ is a maximal
order in � if ƒ is maximal in its equivalence class. It is well known that a prime
Goldie ring is an order in a simple Artinian ring. We will study maximal orders in
Chap. 2. A commutative domain is a maximal order if it is completely integrally
closed, in case it is a Noetherian domain this reduces to integrally closedness.

For a prime ideal p of D, let Dp be the localization of D at p. We obtain the
exact sequence: 0 ! Dp ˝D Q ! Dp < X >! ƒp ! 0. Let SpecD be the
prime spectrum of D and �.D/ the space of maximal ideals; both ˚p2SpecDƒp and
˚w2�.D/ƒw are left and right faithfully flat ƒ-modules.

1.10.1 Proposition

Consider a domain ƒ having a quotient ring �. If ƒp is a maximal order for every
p 2 SpecD, then ƒ is a maximal order in �.

Proof. Since ƒ D \fƒp; p 2 SpecDg the statement follows easily from the
faithful flatness of ˚p2SpecDƒp (or by a rather direct verification). ut
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We write Kdim for the Krull dimension in the sense of Gabriel, Rentschler [24]
and gldim for the global (projective) dimension [47, 53].

1.10.2 Proposition

1. Kdimƒ D supfKdimƒp; p 2 SpecDg.
2. If ƒ is left and right Noetherian then: inj:dimƒ D supfinj:dimƒp; p 2 SpecDg.
3. If ƒ is left and right Noetherian and gldimƒ is finite, then gldim ƒ D

sup fgldimƒp; p 2 SpecDg.

Proof. See [40].
Recall that a left and right Noetherian ring R is said to be an Auslander–Gorenstein
(resp. Auslander) regular ring if R has finite injective (resp. global) dimension, say
�, and satisfies the Auslander condition, that is, for any finitely generated R-module
M , any 0 � k � � and any submodule N of ExtkR.M; R/ we have ExtnR.N; R/ D 0

for n < k.

1.10.3 Proposition

Let ƒ as before be left and right Noetherian

1. ƒ is Auslander–Gorenstein regular if and only if ƒp is Auslander–Gorenstein
regular for every p 2 SpecD.

2. If ƒ has finite global dimension then ƒ is Auslander regular if and only if ƒp is
Auslander regular for every p 2 SpecD.

Proof. In view of Proposition 1.10.2 we only have to establish that ƒ satisfies the
Auslander condition if and only if ƒp satisfies the Auslander condition for every
p 2 SpecD. First assume that ƒ satisfies the Auslander condition. Let N be any
ƒp-submodule of ƒp ˝ƒ Extkƒ.M; ƒ/ D Extkƒp

.S�1
p M; ƒp/ where M is a finitely

generated ƒ-module, Sp D D � p, then there is a ƒ-submodule N 0 of Extkƒ.M; ƒ/

such that N D S�1
p N 0. Hence for n < k, we have 0 D ƒp ˝ƒ Extnƒ.N 0; ƒ/ D

Extnƒp
.S�1

p N 0; ƒp/ D Extnƒp
.N; ƒp/.

Conversely, suppose that ƒp satisfies the Auslander condition for every
p 2 SpecD. Let N be any ƒ-submodule of ExtAƒ.M; ƒ/ where M is a
finitely generated ƒ-module. Since S�1

p N is a ƒp-submodule of ƒp ˝ƒ

Extkƒ.M; ƒ/ D Extkƒp
.S�1

p M; ƒp/. For n < k we obtain: ƒp ˝ƒ Extnƒ.N; ƒ/ D
Extnƒp

.S�1
p N; ƒp/ D 0. Then from the faithful flatness of ˚p2SpecDƒp it follows

that Extnƒ.N; ƒ/ D 0.
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In the sequel D is a commutative domain, w an ideal of D contained in
the Jacobson radical J.D/ of D; we write k D D=w and consider a Z-graded
D-algebra ƒ with ƒ0 D D. We write ƒ-gr for the category of graded left ƒ-modules
and graded ƒ-morphisms of degree zero.

1.10.4 Lemma

With notation as above:

1. wƒ is contained in the graded Jacobson radical J g.ƒ/ which is the largest proper
graded ideal of ƒ such that its intersection with ƒ0 is contained in the Jacobson
radical of ƒ0.

2. If ƒ is a free D-module of finite rank than wƒ is contained in the Jacobson J.ƒ/

of ƒ.

Proof. 1. Since ƒ0 D D it follows that wƒ \ ƒ D w � J.ƒ0/. Hence wƒ �
J g.ƒ/ (cf. [52] for detail on the graded Jacobson radical).

2. If ƒ is a free D-module of finite rank then it follows from a result of G. Bergman
(cf. [52] p. 56) that w � J.D/ D D \ J.ƒ/ � J.ƒ/, or wƒ � J.ƒ/. ut
From hereon we assume that ƒ is flat over D; we write ƒ D ƒ=wƒ and for

any ƒ-module M , M D M=wM .

1.10.5 Proposition

Suppose M is finitely generated in ƒ-gr, M is flat over D and ƒ is left Noetherian.
If M is projective in ƒ-gr then M is projective in ƒ-gr.

Proof. The proof may be reduced to the case where M is free in ƒ-gr; then let
fm1; : : : ; mng be a ƒ-basis of M consisting of homogeneous elements and let
mi 2 M be homogeneous preimages for the mi , i D 1; : : : ; n. Since wƒ �
J g.ƒ/; M D Pn

iD1 ƒmi follows from the graded version of Nakayama’s lemma
(cf. [52]). Consider the gr-free ƒ-module L D ˚n

iD1ƒei and the exact sequence
in ƒ-gr: 0 ! K ! L �!

�
M ! 0, � given by �.ei / D mi , i D 1; : : : ; n, and

K D Ker � . Since M is flat over D we obtain exactness of 0 ! K ! L �!
�

M !
0, where L D D=w ˝D L; K D D=w ˝D K . Since the �.ei / are free generators
for M , � is an isomorphism, i.e. K D 0. Since K is finitely generated as ƒ is
left Noetherian, and a graded ƒ-module the graded version of Nakayama’s Lemma
applies again, leading to K D 0 and M Š L or M is free. ut
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1.10.6 Proposition

Suppose ƒ is left Noetherian.

1. grgldim ƒ � grgldim ƒCpdimƒƒ, where grgldim denotes the left graded global
dimension.

2. If ƒ is positively graded then gldimƒ � gldimƒ C pdimƒƒ.

Proof. Statement (2) follows from (1) since for a positively graded ring the global
dimension coincides with the graded global dimension.

1. We have that pdimƒƒ equals the graded projective dimension so we can restrict
to resolutions of graded modules. By the change of rings theorem (cf. [40, 59])
pdimƒƒ is introduced in the comparison of grgldim for ƒ and ƒ. Applying
the lifting of projectivity established in the foregoing proposition then yields the
result. ut
In a similar way we may establish the following.

1.10.7 Proposition

Suppose ƒ is left Noetherian and suppose w D aD for some a 2 D regular on ƒ

(i.e. ƒ is without a-torsion), then we have:

1. If ƒ is positively graded then: injdim ƒ D 1 C injdim ƒ.
2. grgldim ƒ � grgldim ƒ C 1 with equality holding in case grgldimƒ < 1.

1.10.8 Corollary

In the situation of foregoing proposition: but assuming now that w D .x1; : : : ; xd /

where fx1; : : : ; xd g is a regular sequence for the domain D which is regular on ƒ.
Then we have:

1. If ƒ is positively graded then injdimƒ D d C injdimƒ.
2. grgldim ƒ � grgldim ƒ C d with equality in case grgldim ƒ < 1.

1.10.9 Proposition

Suppose ƒ is Noetherian and w D .x1; : : : ; xd / as in Corollary 1.10.8. If ƒ is
Auslander (-Gorenstein) regular then ƒ is Auslander (-Gorenstein) regular.

Proof. Cf. [40]. ut
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1.10.10 Proposition

Let K be the field of fractions of D and A a K-algebra such that ƒ is a subring over
D of A such that Kƒ D A. Suppose ƒ is left Noetherian and w D .x1; : : : ; xd / as
before. If ƒ is a domain then ƒ is a domain.

Proof. It suffices (via an easy iteration argument) to prove the claims in case w D
Da; a D x1. Since wƒ D aƒ is an invertible ideal and graded, the w-adic filtration
on the ring S D [fa�1ƒ; n 2 Zg � A defined via FnS D a�nƒ, n 2 Z, is a strong
filtration, i.e. FnSFmS D FnCmS for all n; m 2 Z. Hence the associated graded ring
Gw.S/ is a strongly Z-graded ring with Gw.S/0 D ƒ=wƒ D ƒ a domain, therefore
Gw.S/ is a domain. The negative part Gw.S/� D ˚n�0Gw.S/n is also a domain
but it is also the associated graded ring, G (ƒ) say, of ƒ with respect to the w-adic
filtration on ƒ. So if we can prove that Fƒ is separated then it follows that ƒ is a
domain too. Now wƒ D aƒ is invertible and ƒ is left Noetherian, thus a ƒ has the
Artin–Rees property. Then, since aƒ � J g.ƒ/ it follows that \n�1a

nƒ D 0. ut

1.10.11 Corollary

Let A be as in the proposition. Suppose ƒ is left Noetherian and w D aD. If ƒ is a
domain, then the wƒ-adic filtration on ƒ defines a valuation function v on ƒ and v
naturally extends to a discrete valuation of the total quotient ring Qcl.ƒ/ of ƒ.

Proof. From the proposition it follows that ƒ is a left Noetherian domain hence
an order in a skewfield. Moreover the wƒ-adic filtration is separated (proof of
foregoing proposition), hence we may apply Proposition 1.8.10 (3). ut

If we suppose that the graded ring ƒ has a graded ring of fractions, �g say, then
ƒ is a gr-maximal order in �g if for any graded subring T of �g such that T � ƒ

and aT b � ƒ for some homogeneous units a; b 2 �g , we have T D ƒ. It is known
that ƒ is a gr-maximal order in �g if and only if the graded ring ƒ is a maximal
order in �, the total quotient ring of �g (cf. [38], Graded Orders).

1.10.12 Proposition

Suppose ƒ is a positively graded left Noetherian ring and w D aD where a is
regular on ƒ. If ƒ is a gr-maximal order in a gr-simple Artinian ring, then ƒ is a
gr-max order in a gr-simple Artinian ring.

Proof. The element a is a central regular homogeneous element of ƒ with aƒ �
J g.ƒ/ and the aƒ-adic filtration of ƒ is separated (see proof of Proposition 1.8.10).
It follows that ƒ is a prime ring. An argument similar to the one used in [65] for
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“lifting maximal orders” finishes the proof. Note that in loc. cit. the condition that X

is of positive degree is only used to guarantee the existence of a gr-simple Artinian
ring of fractions of the Z-graded ring, but in our present case this is not a problem
since we assumed ƒ to be positively graded (cf. [52], p. 126 Corollary 1.1.7).



Chapter 2
Maximal Orders and Primes

2.1 Maximal Orders

Throughout this section R is always an order in a simple Artinian ringQ. We study
divisorial R-ideals in case R is a maximal order which was defined in Sect. 1.10.
If R satisfies the ascending chain condition on divisorial ideals, then we show that
D.R/, the set of divisorial R-ideals, is an Abelian group generated by maximal
divisorial ideals. We define Dedekind and Asano orders which are both important
subclasses of maximal orders. A Dedekind order is an Asano order and the converse
does not necessarily hold. However in case an order is bounded, the converse is also
true. We start with the ideal theoretical characterization of maximal orders.

2.1.1 Proposition

Let R be an order in Q. Then the following conditions are equivalent:

1. R is a maximal order in Q.
2. Ol.I / D R for all left R-ideals I and Or.J / D R for all right R-ideals J .
3. Ol.A/ D R D Or.A/ for all R-ideals A.
4. Ol.A/ D R D Or.A/ for all non-zero ideals A of R.

Proof. 1. ) 2. If I is a left R-ideal, then there exists a regular element c in R with
Ic � R. It is easy to see that Ol.I / � R and Ol.I /Ic � Ic � R, which imply
Ol.I / � R. Hence Ol.I / D R.

2. ) 3: and 3: ) 4: These are special cases.
4. ) 1: Suppose S � R and S � R. Then there are regular elements c and d

with cSd � R. Put T D R C cS C RcS , an overring of R and Td � R.
The set A D fr 2 R; T r � Rg is an integral R-ideal and Ol.A/ � T . Hence
T D R � S follows. Since cS � T , B D fr; rS � T D Rg is an ideal of R
with Or.B/ � S and hence R D Or.B/ D S . ut

Marubayashi and Van Oystaeyen, Prime Divisors and Noncommutative Valuation Theory,
Lecture Notes in Mathematics 2059, DOI 10.1007/978-3-642-31152-9 2,
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In Chap. 1 we defined divisorial ideals in Dubrovin valuation rings. In this
section, we define divisorial one-sided R-ideals as follows:

For any left R-ideal I , �I D .R W .R W I /r /l which is a left R-ideal containing
I . I is said to be left divisorial if I D �I . Similarly we define a right divisorial
R-ideal. Suppose R is a maximal order. Then for any R-ideal A, �A D .A�1/�1 D
A�, because .R W A/r D A�1 D .R W A/l .

2.1.2 Theorem

Suppose R is a maximal order in Q.

1. D.R/ D fA, A is a divisorial R-idealg is a group under the multiplication “ı”:
A ı B D �.AB/ for any A;B 2 D.R/.

2. If R satisfies the ascending chain condition on divisorial ideals of R, then

(i) D.R/ is an abelian group generated by maximal divisorial ideals.
(ii) Any maximal divisorial ideal is a minimal prime ideal.

Proof. 1. If A is a divisorial R-ideal, then it follows that .R W A�1A/r D R and so
R D �.A�1A/. Similarly .A�1A/� D R and henceD.R/ is a group.

2. (i) Let M and N be maximal divisorial ideals of R. Then M ı N � M \
N and M \ N 2 D.R/. So we have either M D .M \ N/ ı N�1 or
.M \ N/ ı N�1 D R. In the later case, we have M \ N D N which is a
contradiction. ThusM D .M \N/ ıN�1 and M ıN D M \N follows.
Hence M ı N D M \ N D N \ M D N ı M . Assume that there is a
divisorial ideal A which is not a finite product of maximal divisorial ideals
in D.R/. Choose A maximal with this property. Since A is not a maximal
divisorial ideal, there is a maximal divisorial ideal M with M ¥ A. Then
R � M�1 ıA ¥ A, henceM�1 ıA is a finite product of maximal divisorial
ideals inD.R/ and therefore so isAwhich is a contradiction. Now letB be a
divisorial R-ideal. Then there exists a regular element c in R with Bc � R.
Put C D .RcR/�. Then B D .B ıC/ ı C�1 and B ı C D �.BRcR/ � R.
Since B ı C and C are both finite products of maximal divisorial ideals,
D.R/ is generated by maximal divisorial ideals and it is abelian, because
maximal divisorial ideals commute under the product “ı”.

(ii) Let M be a maximal divisorial ideal. It is clear that M is prime ideal. If
P is a non-zero prime ideal with M � P , then P�1P 6� P , because if
P�1P � P , then P�1 � Ol.P / D R but P�1 D .R W P/l � .R W M/l D
M�1 ¥ R which is a contradiction. P �P�1P � P implies P � � P , i.e. P
is a divisorial ideal. Since P is a finite product of maximal divisorial ideals,
it must be a maximal divisorial ideal. ut
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In case of commutative domains, maximal orders are nothing but completely
integrally closed domains.

2.1.3 Proposition

A commutative domainD is a maximal order in its quotient field K if and only if it
is completely integrally closed.

Proof. Suppose D is a maximal order in K and aqn 2 D for all n 2 N, where
0 ¤ a 2 D and q 2 K . Then D0 D DŒq� is equivalent to D, because aD0 � D

and so q 2 D. Hence D is completely integrally closed. Conversely suppose D is
completely integrally closed. Let D0 be an overring of D which is equivalent to D,
i.e. aD0 � D for some non-zero a 2 D. Pick any q 2 D0. Then aqn 2 D for all
n 2 N. Thus q 2 D and henceD D D0. ut

2.1.4 Proposition

The center of a maximal order in Q is a completely integrally closed domain.

Proof. Let R be a maximal order with D D Z.R/. It is clear that D is a domain.
Let K be a quotient field of D, which is contained in Q. Let k be an element in K
which is almost integral over D, i.e. dkn 2 D for some 0 ¤ d 2 D and all n � 0.
Then S D R C RŒk� is equivalent to R and so S D R, i.e. k 2 D. Hence D is
completely integrally closed. ut

An R-ideal A is said to be invertible if .R W A/lA D R D A.R W A/r . If A
is invertible, then .R W A/l D A�1 D .R W A/r and Or.A/ D R D Ol.A/. An
order in Q is said to be Asano if each non-zero ideal is invertible, and is said to be
Dedekind if it is Asano and hereditary.

2.1.5 Lemma

Let I be an essential left ideal of an order R, then I is projective if and only if

.R W I /r I D Or.I /

Proof. This is clear from the dual basis theorem for projective modules [59] since
.R W I /r D HomR.I;R/ and Or.I / D HomR.I; I /. ut
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From Lemma 2.1.5, we see that an invertible ideal is projective. The converse
is not necessarily true. But in case of commutative domains, the converse is also
true. ut

2.1.6 Proposition

LetD be a commutative domain with its quotient fieldK . The following conditions
are equivalent:

1. D is a Dedekind domain.
2. D is an Asano order in K .
3. D is a hereditary order in K .

Proof. Suppose an ideal I is projective. Then Or.I / D .D W I /r I D .D W I /l I �
D and so Or.I / D D. Hence I is invertible. ut

In case of noncommutative rings, the Dedekind assumption of course implies
the hereditary and Asano properties. However the converse implications do not
necessarily hold and there are no implications between the properties of being Asano
and hereditary.

2.1.7 Example

1.

�
Z Z

Z Z

�
is a Dedekind order in

�
Q Q

Q Q

�
and for any prime number p,

�
Z pZ

Z Z

�
is

hereditary but neither Dedekind nor Asano.
2. Let An.K/ be the nth Weyl algebra over a field K with char.K/ D 0. Then
An.K/ is a Noetherian simple ring and so it is a trivial Asano order but not
hereditary, because gl.dimAn.K/ D n. Let R D An.K/ŒX� be the polynomial
ring in an indeterminate X over An.K/. Then any ideal of R is principal by
the division algorithm. Thus R is a non-trivial Asano order. Furthermore, let S
be a quasi-simple, i.e. a simple ring but not necessarily Artinian. Then the Ore
extension SŒX I �; ı� is Asano, where � is an automorphism of S and ı is a left
�-derivation of S .

The following is just an application of Theorem 2.1.2 to Asano orders.

2.1.8 Corollary

Let R be an Asano order with the ascending chain conditions on ideals. Then the
set ofR-ideals is the abelian group generated by maximal ideals and every maximal
ideal is a minimal prime ideal.
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An essential one-sided ideal of R is said to be bounded if it contains a non-zero
ideal and R is called bounded if every essential one-sided ideal is bounded.

2.1.9 Lemma

Let R be a bounded Noetherian Asano order inQ. For each non-zero prime ideal P
of R, R=P is simple Artinian.

Proof. Note that P is a maximal ideal by Corollary 2.1.8. By the Goldie theorem,
it is enough to show that regular elements of R=P are units in R=P . Let c 2 R be
the preimage of such a regular element. Assume that xc D 0 for some x 2 R. Then
xc 2 P , therefore x 2 P and P�1x � R. Then 0 D P�1xc � R and P�1x � P ,
hence x 2 P2. By induction we get x 2 T1

nD1 P n. But if 0 ¤ A D T1
nD1 P n, then

AP D A and so P D R which is a contradiction. Thus x D 0 and c is regular in R.
Hence Rc is an essential left ideal and contains a non-zero ideal, say, B . Choose B
maximal with this property. Suppose B � P . Then Pc � B since if b D rc 2 P

then r 2 P by the choice of c. Therefore Rc � P�1B and so P�1B D B , and
P�1 D R which is a contradiction. Hence B 6� P and Rc C P D R. ut

2.1.10 Proposition

Bounded Noetherian Asano orders are Dedekind orders.

Proof. First note that for each non-zero ideal A, R=A is Artinian since A is a finite
product of maximal ideals. In particular R=I has a composition series for every
essential left ideal I . Let I be a maximal left ideal. Then I contains a maximal
ideal M . This is because I contains a finite product M1 � � �Mn of maximal ideals.
If Mn 6� I then Mn C I D R and M1 � � �Mn�1 D M1 � � �Mn�1.Mn C I / � I .
By iteration we have the result. The short exact sequence 0 �! M �! R �!
R=M �! 0 shows that pdR.R=M/ � 1 since M is invertible, where pdR.N /
denotes the projective dimension of the leftR-moduleN . But sinceR=M is simple
artinian R=M Š I=M

L
R=I . Thus pdR.R=I / � 1. So from the short exact

sequence 0 �! I �! R �! R=I �! 0 we deduce that I is projective. To
prove that R is left hereditary, suppose there is an essential left ideal I which is not
projective. Choose I maximal with this property and let J be a left ideal such that
J ¥ I and J=I is a simple left R-module. Since J=I Š R=I0 for some maximal
left ideal I0, we have pdR.J=I / � 1. Hence from the exact sequence 0 �! I �!
J �! J=I �! 0we deduce that I is projective which is a contradiction and so any
essential left ideal is projective. Hence R is left hereditary since any non-essential
left ideal is a direct summand of an essential one. SimilarlyR is right hereditary and
so hereditary. ut
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2.1.11 Proposition

Suppose R is a semi-local order in Q. Then the following are equivalent:

1. R is a Noetherian Asano order.
2. R is a principal ideal ring.

In particular,R is bounded if one of the conditions (1) or (2) is satisfied.

Proof. 2. ) 1: This is clear.
1. ) 2: Let Pi be the maximal ideals of R with J.R/ D P1 \ � � � \ Pn and I be

a maximal left ideal of R. Then there exists a maximal ideal Pi , say i D 1, with
I � P1, I 6� Pi and ICPi D R for any i , 2 6 i 6 n. Pi � I \Pi � PiI imply
R � P�1

i .I \ Pi / � I and so either R D P�1
i .I \ Pi/ or P�1

i .I \ Pi / D I .
Thus I \ Pi D PiI since the first case implies Pi D I \ Pi . It follows that the
length of a composition series of R=Pi is the same as one of I=PiI for any i ,
1 6 i 6 n and thus R=Pi Š I=PiI follows. Hence we have

R=J.R/ Š R=P1 ˚ � � � ˚R=Pn Š I=P1I ˚ � � � ˚ I=PnI Š I=J.R/I;

since J.R/ D P1 � � �Pn and the Pi commute. Therefore I is left principal by
Nakayama’s lemma. SupposeR is not left principal and let I be a left ideal which
is not left principal. Choose I maximal with this property. Then I is essential.
Otherwise there exists a non-zero left ideal J such that I ˚ J is essential, which
is principal, a contradiction. We claim R=I is left Artinian. Let R ¥ I1 ¥ I2 ¥
� � � ¥ I be a strictly descending chain of left ideals. For a fixed regular element
c in I , we have R � I�1

1 � I�1
2 � � � � ¤ c�1R, where I�1

i D .R W Ii /r and so
I�1
n D I�1

nC1 for some n. But since Ii are left principal, we have In D I�1�1
n D

I�1�1
nC1 D InC1, a contradiction. Thus there is a left ideal J ¥ I such that J=I

is a simple module and J D Ra for some a 2 J . Then Ia�1 is a maximal left
ideal and is principal. Hence so is I which is a contradiction. Hence R is a left
principal ideal ring and similarly R is a right principal ideal ring. To prove R is
bounded, let I be an essential left ideal. If I is maximal, then it contains J.R/.
Suppose that I does not contain non-zero ideals. Then we get the contradiction
by the same method as the above. ut

2.1.12 Remark

Let R be a Noetherian semi-local order in Q. Then R is hereditary if and only if
J.R/ is invertible(cf. [29]).
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2.1.13 Proposition

Let R be a Dubrovin valuation ring of Q.

1. R is a maximal order if and only if it is of rank one.
2. R is an Asano order if and only if it is a principal ideal ring.

Proof. 1. If rank R � 2, then there exists a Goldie prime P with J.R/ ¥ P

and Ol.P / D RP ¥ R by Proposition 1.4.11 and Lemma 1.5.4. Hence R is
not a maximal order. Conversely assume that R is not a maximal order. There
exists an ideal A with S D Ol.A/ ¥ R and J.R/ ¥ J.S/, a Goldie prime by
Theorem 1.4.9. Hence rank R � 2

2. If J.R/ D J.R/2, then R is not Asano. If rankR D 1 and J.R/ ¥ J.R/2, i.e.
J.R/ D aR D Ra for some a 2 J.R/, then R is a principal ideal ring, because
R is bounded by Lemma 1.5.23. ut

2.1.14 Remark

Suppose rankR D 1 and J.R/ D J.R/2. IfR is Archimedean, thenD.R/ Š .R;C/
and so R is a maximal order but not satisfying the ascending chain conditions on
divisorial ideals.

2.2 Krull Orders

In this section we define Krull orders in a simple Artinian ring and study the ideal
theory and overrings of Krull orders. In order to define Krull orders we need some
basic knowledge of torsion theories. Let R be a ring and E be an injective left
R-module. Then a family F of left ideals I of R such that HomR.R=I;E/ D 0

satisfies the following:

(1) If I 2 F and r 2 R, then I � r�1 2 F , where I � r�1 D fx 2 R; xr 2 I g.
(2) If I is a left ideal and there exists J 2 F such that I �x�1 2 F for every x 2 J ,

then I 2 F .

Note that the properties of (1) and (2) entail the following:

(i) If I 2 F and J is a left ideal with I � J , then J 2 F and
(ii) If I and J belong to F , then I \ J 2 F .

A family F of left ideals satisfying (1) and (2) is said to be a left Gabriel topology
on R. We also say that F is a left Gabriel topology corresponding to E and we
refer the readers to [63, Chap. VI] for torsion theory and Gabriel topologies. We can
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define a right Gabriel topology on R in an obvious way. Let M be a left R-module.
An element m 2 M is said to be F -torsion if Fm D 0 for some F 2 F . Then
the set tF .M/ of all F -torsion elements in M is an R-submodule of M , which is
called an F -torsion submodule of M . If tF .M/ D M or tF .M/ D 0, then M is
called F -torsion R-module or F -torsion-freeR-module, respectively. We say that
F is trivial if either all modules are F -torsion or F -torsion-free, i.e. F 3 .0/ or
F D fRg. In case of semi-prime Goldie rings, we have the following result:

2.2.1 Proposition

Let R be a semi-prime Goldie ring with its quotient ring Q. Every non-trivial left
Gabriel topology on R consists of essential left ideals.

Proof. Let F be a non-trivial left Gabriel topology on R and assume that there
exists I 2 F such that I is not an essential left ideal of R. Then there is a uniform
left ideal U of R with I \ U D 0. By Zorn’s Lemma, we can choose a left
ideal J that is a maximal element in the fH; H is a left ideal with H � I and
H \ U D 0g. Then J 2 F and J is a complement left ideal in the sense of Goldie
with u dimR=J D u dimR� u dimJ D 1 (cf. [47, (2.2.10)]). Since R=J is torsion-
free as a left R-module, we have a natural embeddingR=J ,! Q˝R=J . Now let
u dimR D n. Then

Pn ˚R=J ,! Q ˝ .
Pn ˚R=J / Š Q as a left R-module and

Q is an essential extension of
Pn ˚R=J . Hence there exists an m 2 Pn ˚R=J

with lR.m/ D 0. This implies .0/ 2 F , because m is a F -torsion element which is
a contradiction. Hence F consists of essential left ideals of R. ut

Let F be a non-trivial left Gabriel topology on a semi-prime Goldie ringR. Then
QFR D fq 2 Q;Fq � R for some F 2 Fg is an overring of R, which is called
the left quotients of R with respect to F . Similarly for any left R-submodule M
of Q, we define QFM and it is a left QFR-module. If I is a left ideal of R, then
QFI is a left ideal of QFR and it is said to be F -closed if QFI \R D I .

In the remainder of this section, R is an order in a simple Artinian ring Q. To
define a non-commutative Krull order, we introduce a specific Gabriel topology as
follows: We denote by FR.F 0

R/ the left(right) Gabriel topology on R corresponding
to E.Q=R/.E 0.Q=R//, the injective hull of left(right)R-moduleQ=R. It turns out
that FR D fF; F is a left ideal such that .R W F � r�1/r D R for any r 2 Rg (cf.
e.g. [63, p. 147, Proposition 5.5]). Similarly F 0

R D fF 0; F 0 is a right ideal such that
.R W r�1 � F 0/l D R for any r 2 Rg, a right Gabriel topology on R. For any left
R-ideal I , we define the left closure of I , cl� .I / D fr 2 R; F r � I for some
F 2 FRg, which is again a left R-ideal. I is said to be �-closed if I D cl� .I /.
Similarly, for any right ideal J , we define the right closure cl� .J / of J and it is �-
closed if J D cl� .J / (we use the same notation cl� ./ for left and right ideals). An
order in Q is said to be �-Noetherian if it satisfies the ascending chain conditions
on one-sided �-closed ideals.
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2.2.2 Definition

An order in a simple Artinian ring is Krull (in the sense of M. Chamarie [13,14]) if
it is a maximal order and �-Noetherian.

Noetherian maximal orders are Krull. However there exists non-Noetherian Krull
orders, e.g. D D KŒX�; � 2 ƒ� is a commutative non-Noetherian Krull domain,
where K is a field and j ƒ jD 1, an Ore extension DŒX I �; ı� over D is a non-
Noetherian Krull orders it will be shown in Theorem 2.3.19.

2.2.3 Lemma

Let R be a Krull order in Q. Then:

1. Let I be a left R-ideal.

(i) cl� .I / � �I . In particular, every divisorial left R-ideal is �-closed.
(ii) There is a finitely generated leftR-ideal J such that J � I and J�1 D I�1.

(iii) II�1 2 FR.

2. Let A be an R-ideal. Then

(i) AA�1 and A�1A belong to FR.
(ii) cl� .A/ D �A.

Proof. 1. (i) Let x 2 cl� .I /. Then there is an F 2 FR with Fx � I and Fx.R W
I /r � I.R W I /r � R. Thus x.R W I /r � R and x 2 �I . Hence cl� .I / �
�I . So if I is divisorial, then it is �-closed.

(ii) Since R satisfies the ascending chain condition on divisorial one-sided
ideals, there are a finite elements ai 2 I such that �I D �.Ra1 C � � � C
Ran/ (note every one-sided R-ideal is generated by regular elements ([47,
(3.3.7)])). Put J D Ra1 C � � � CRan. Then �I D �J implies I�1 D J�1.

(iii) Since II�1 is an ideal of R, it suffices to prove that .R W II�1/r D R.
If II�1q � R, where q 2 Q, then II�1qI � I and I�1q � I�1. Thus
q 2 Or.I�1/ D R.

2. (i) AA�1 2 FR follows from 1.(iii). If A�1Ax � R, where x is a regular
element in Q, then x 2 Rx D �.A�1A/x D �.A�1Ax/ � R. Hence
A�1A 2 FR.

(ii) �A � cl� .A/ follows from AA�1 �A � A and AA�1 2 FR. ut

2.2.4 Proposition

Let R be a Krull order in Q and let R0 be an overring of R such that QFR D R0 D
RQF 0 for some left(right) Gabriel topology F.F 0/ on R.
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1. R0 is a Krull order in Q.
2. For a left R-ideal I , .I�1/QF 0 D .R0I /�1 D .QFI /�1.
3. The map ' W I �! QFI is a bijection between the set of divisorial F -closed

left ideals of R and the set of divisorial left ideals of R0.

Proof. 1. Let A0 be a non-zero ideal of R0 and q 2 Ol.A
0/. i.e. qA0 � A0. There

exists a finitely generated essential right ideal I such that I � A0 \ R and
I� D .A0 \ R/�. So there is an F 2 F such that FqI � R \ A0 and thus
Fq.A0 \ R/� � .R \ A0/�. Hence Fq � R and q 2 R0, showing Ol.A0/ D R0
and similarly Or.A0/ D R0. Hence R0 is a maximal order. To prove that R0 is
�-Noetherian, we claim that for every F 2 F and H 2 FR, R0F and R0H are
both in FR0 , the left Gabriel topology on R0 corresponding to the injective left
R0-module ER0.Q=R0/. Let q be any element in R0. Then F1q � R for some
F1 2 F . For any s 2 .R0H � q�1/�1 and f 2 F1, we have .H � .f q/�1/f s �
.R0H � q�1/s � R0. By Lemma 2.2.3, there is a finitely generated left ideal
H1 such that H1 � H � .f q/�1 and H�1

1 D .H � .f q/�1//�1 D R. Thus
H1f sF

0 � R for some F 0 2 F 0 and so f sF 0 � R. This implies F1s � R0 and
s 2 QFR0 D R0. Hence R0H 2 FR0 . Similarly we have R0F 2 FR0 (the proof
is a little easier).

Let I 0 be a �-closed left ideals ofR0. Then we prove that I 0 D cl� .R
0.I 0\R//

and I 0 \R is �-closed. If x 2 I 0, then there is an F 2 F such that Fx 2 I 0 \R.
Since R0Fx � R0.I 0 \ R/ and R0F 2 FR0 , we have x 2 cl� .R

0.I 0 \ R//

and hence I 0 D cl� .R
0.I 0 \ R//. That I 0 \ R is �-closed follows easily since

R0H 2 FR0 for anyH 2 FR. HenceR0 is left �-Noetherian and similarly is right
�-Noetherian. ThereforeR0 is a Krull order in Q.

2. It is clear that .I�1/QF 0 � .QFI /�1 � .R0I /�1. Conversely, let b 2 .R0I /�1.
Then Ib � R0Ib � R0. Let J be a finitely generated left ideal such that I � J

and I�1 D J�1. There exists an F 0 2 F 0 with JbF 0 � R and so bF 0 � J�1 D
I�1. Hence b 2 .I�1/QF 0 .

3. Let I be an essential left ideal of R. Then it follows from (2) that QF .�I / D
�.QFI /. So if I is divisorialF -closed, thenQFI is divisorial andQFI\R D I .
Conversely, let I 0 be an essential left ideal of R0 and I D I 0 \ R. It is clear
that I 0 � QFI . If I 0 is divisorial, then the converse inclusion is held since
R0F 2 FR0 for each F 2 F . ut

2.2.5 Lemma

Let I be a �-closed left ideal of a �-Noetherian order R and let R D R=I . Then
u dimR is finite.

Proof. Suppose there are left ideals Ii , i 2 N properly containing I such that I1 ˚
I2 ˚ � � � ˚ In ˚ � � � . Since I1 C � � � C In \ InC1 D I for any n 2 N, we have
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cl� .I1 C � � � C In/ \ cl� .InC1/ D cl� .I / D I . There exists a m 2 N such that
cl� .I1 C � � � C Im/ D cl� .I1 C � � � C ImC1/ since R is �-Noetherian. It follows that
cl� .ImC1/ D I , a contradiction. Hence u dimR is finite. ut

For any ideal A, we denoted by C.A/ D fc 2 R; c is regular modulo Ag.

2.2.6 Lemma

Let A and B be divisorial ideals of a Krull order R. C.A ı B/ D C.A/\ C.B/.
Proof. Let c 2 C.A ıB/ and r 2 R. If cr 2 A, then crB � A ıB and rB � A ıB .
Hence r 2 A which implies c 2 C.A/. Similarly c 2 C.B/ and C.A ı B/ �
C.A/ \ C.B/. Conversely, let c 2 C.A/ \ C.B/ and r 2 R. If cr 2 A ı B , then
crB�1 � A and cr 2 B . Thus r 2 B entails rB�1 � R. Hence rB�1 � A and
r 2 A ı B . Therefore c 2 C.A ı B/. ut

Suppose S is a semi-prime Goldie ring with its quotient ring Q.S/, a semi-
simple Artinian ring. For a left S -moduleM , the reduced rank of M is defined to
be �S.M/ D u dimQ(S).Q.S/˝S M/. The definition is extended to non-semiprime
rings as follows: Let S be a ring with a prime radical N D N.S/ such that S=N is
Goldie and N is nilpotent. A Loewy series of left S -module M is a finite chain of
submodules M D M0 � M1 � � � � � Mk D 0 such that NMi � MiC1 for each i .
The reduced rank of M is defined �S.M/ D Pk

iD0 �R=N .Mi=MiC1/. It is known
that the reduced rank of a module is independent of the choice of Loewy series and
that the reduced rank is additive on short exact sequences(cf. e.g. [47, (4.1.1) and
(4.1.2)]).

We now use the reduced rank to prove the following lemma.

2.2.7 Lemma

Let A be a divisorial ideal of a Krull order R. Then R D R=A has an Artinian
quotient ring.

Proof. Write A D .P
n1
1 /

� ı � � � ı .P nk
k /

� for some maximal divisorial ideals Pi ,
1 5 i 5 k and put N D P1 \ � � � \ Pk . Then N is divisorial and N D N=A is
the nilpotent radical of R. Since C.A/ D C.N / by Lemma 2.2.6, we have CR.0/ D
CR.N /. To prove thatR0 D R=N is left Goldie, let I 0 be a left annihilator, say, I 0 D
lR0.X 0/ for a subset X of R and ' W R �! R0 be the canonical homomorphism.
Then I D fr 2 R; rX � N g is a �-closed left ideal with '.I / D I 0. Hence R0
satisfies the a.c.c on left annihilators. By Lemma 2.2.5, u dimR0 is finite and so R0
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is left Goldie. Similarly R0 is right Goldie. Consider the descending chain of ideals
of R:

R � N � .N 2/� � � � � � .Nm�1/� � .0/;

where m D maxfn1; � � � ; nkg. Note that .N i /�=.N iC1/� Š .N i /�=.N iC1/� and
R0 Š NR= NN . Since udimR0.N i /�=.N iC1/� is finite we have � NR. NR/ is finite. Hence
R has an Artinian quotient ring (cf. e.g. [47, (4.1.4)]).

2.2.8 Lemma

If A is a divisorial ideal of a Krull order R, then C.A/\ F ¤ ; for any F 2 FR.

Proof. We use the same notation as in Lemma 2.2.7. Since C.A/ D C.N /, we may
assume that A is semi-prime such that R=A is a Goldie ring. It suffices to prove
that F is an essential left ideal modulo A by Goldie’s Theorem. For a left ideal I ,
assume that F \ I � A. Then for any a 2 I , .F � a�1/a � F \ I � A and so
a 2 cl� .A/ D A, i.e. I � A. Hence F is an essential left ideal modulo A and
C.A/\ F ¤ ; follows. ut

2.2.9 Lemma

Let A be a divisorial ideal of a Krull order R and I be a left ideal of R. Then
Acl� .I / � cl� .AI /.

Proof. Let b 2 cl� .I /. There is an F 2 FR with F b � I . For any a 2 A, we have
..AF / � a�1/ab � AFb � AI and ab 2 cl� .AI / if .AF / � a�1 2 FR. For any
r 2 R and a 2 A, since ..AF / � a�1/ � r�1 D .AF / � .ra/�1, in order to prove
.AF / � a�1 2 FR, it suffices to prove ..AF / � a�1/�1 D R for any a 2 A. Let
s 2 ..AF / � a�1/�1.

Then for any q 2 A�1, qa 2 R and A.F � .qa/�1/qs � A.F � a�1/s � .AF / �
a�1s � R. Thus A.F � .qa/�1/qsA � A entails F � .qa/�1qsA � Or.A/ D R and
qsA � R. Thus A�1sA � R and A�1s � A�1. Hence s 2 R as desired. ut

2.2.10 Lemma

With the same notation as in Lemma 2.2.9, �.An/\ I � cl� .AI / for some n 2 N.

Proof. There exists an n 2 N such that cl� .
P

i2N A�i .I \ �.Ai /// D cl� .
Pn�1

iD1
A�i .I \ �.Ai///. Thus A�n.I \ �.An// � cl� .

Pn�1
iD1 A�i .I \ �.Ai /// and
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AnA�n.I \ �.An// � Ancl� .
Pn�1

iD1 A�i .I \ �.Ai /// � cl� .A
n.

Pn�1
iD1 A�i .I \

�.Ai //// � cl� .AI /. Hence I \ �.An/ � cl� .AI / since AnA�n 2 FR. ut

2.2.11 Lemma

Let A be a divisorial ideal of a Krull order R. Then

1. \n2N �.An/ D .0/.
2. C.A/ � C.0/.
Proof. 1. Suppose B D \ �.An/ ¤ .0/ and let c be a regular element in B . Then
Rc D Rc \ �.An/ � cl� .Ac/ D cl� .A/c D Ac for some n 2 N and so R D A,
a contradiction.

2. This easily follows from (1), since C.A/ D C.�.An// for all n 2 N. ut

2.2.12 Proposition

Let A D �.P e1
1 � � �P en

n / be a divisorial ideal of a Krull order R, where Pi are
maximal divisorial ideals. ThenA is localizable andRA is a bounded principal ideal
ring such that RA D RP1 \ � � � \RPn and J.RA/ D P1RA \ � � � \ PnRA.

Proof. To prove that A is localizable, let r 2 R and c 2 C.A/. Then for any i 2 N

there exists ri 2 R and ci 2 C.A/ such that si D ri c�ci r 2 �.Ai/ by Lemma 2.2.7.
Put I D P

i2NRsi . By Lemma 2.2.10, cl� .AI / � I\ �.An/ for some n 2 N. Since
sn 2 I \ �.An/, there is an F 2 FR, F sn � AI . Thus for any d 2 F \ C.A/ we
have dsn D Pm

jD1 aj sj for some aj 2 A. It follows that .drn � Pm
jD1 aj rj /c D

drnc�Pm
jD1 aj rj c D d.snCcnr/�Pm

jD1 aj .sj Ccj r/ D dcnr�Pm
jD1 aj cj r D

.dcn � Pm
jD1 aj cj /r and dcn � Pm

jD1 aj cj 2 C.A/. Hence C.A/ is left Ore and
by symmetry it is right Ore. To prove that RA is left Noetherian, let I 0 be a left
ideal of RA and let I D I 0 \ R. It is clear that I 0 D RAI and so I is �-closed by
Lemma 2.2.8. Thus RA is left Noetherian and it is right Noetherian by symmetry.
Note that for any idealB ,RAB is an ideal ofRA (cf. e.g. [16]). Put J D P1\� � �\Pn
andR D R=A. Since C.A/ D CR.0/,RA=RAA is the Artinian quotient ring ofR by
Lemma 2.2.7. It is clear that J 0 D RAJ D RAP1 \ � � �\RAPn andRAPi are prime
ideals of RA. To prove that RA is semi-local with J.RA/ D RAP1 \ � � � \RAPn, let
I 0 be a maximal left ideal ofRA and suppose that I 0 6� J 0. Then we have 1 D a0Cb0
for some a0 2 I 0 and b0 2 J 0. There exists a c 2 C.A/ with ca0; cb0 2 R and so
ca0 D c.1 � b0/. This entails ca0 2 C.A/, since C.A/ D C.J / and C.J / � CRA.J 0/
and so RA D RAca

0 D RAa
0 � I 0, a contradiction. Thus I 0 � J 0, and hence

J.RA/ D RAP1 \ � � � \ RAPn and RA is semi-local. To prove that RA is an Asano
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order, let B 0 be any non-zero ideal of RA and B D B 0 \ R. Then we have RA D
RABB

�1 D B 0B�1 by Lemmas 2.2.3 and 2.2.8. Hence B 0 is invertible and soRA is
an Asano order. It follows from Proposition 2.1.11 that RA is a principal ideal ring.
It is clear that RA D RP1 \ � � � \RPn since C.A/ D C.P1/\ � � � \ C.Pn/. ut

Let A be a family of non-zero ideals closed under the multiplication and let
R.A/ D [fA�1;2 Ag/. It is easy to see thatR.A/ is an overring ofR. In particular,
S.R/ D [fA�1; A is non-zero ideal g is an overring, which is called an Asano
overring.

2.2.13 Lemma

Let A be a set of non-zero ideals of a Krull order R which is closed under the
multiplication and R.A/ D [fA�1; A 2 Ag. Then

1. R.A/ D QFR D RQF 0 , where F.F 0/ is a left(right) Gabriel topology on
R corresponding to E.Q=R.A//.E 0.Q=R.A///, the injective hull of left(right)
R-moduleQ=R.A/.

2. The map: B �! QFB , where B is a divisorial F -closed ideal, is a bijection
between the set of divisorial F -closed ideals and the set of divisorial ideals of
R.A/. In particular,QFB D [fA�1 ı B;A 2 Ag.

Proof. 1. We will show that an essential left ideal I of R is an element in F if
and only if, for any r 2 R, �.I � r�1/ � A for some A 2 A. Suppose I 2 F ,
i.e. Hom.R=I;E.Q=R.A/// D 0. If .I � r�1/�1 6� R.A/, then for any q 2
.I �r�1/�1 but not inR.A/, we have a non-zero homomorphism' W R=I �r�1 �!
Q=R.A/ given by '.x C I � r�1/ D xq C R.A/, where x 2 R. This is a
contradiction. Hence .I � r�1/�1 � R.A/. Now let J be a finitely generated
right R-ideal being contained in .I � r�1/�1 such that J�1 D .I � r�1/�1�1 D
�.I � r�1/. Then there is an A 2 A with AJ � R, i.e. A � J�1 D �.I � r�1/.
Conversely suppose that for any r 2 R there is an A 2 A with �.I � r�1/ � A.
To prove that I 2 F , it suffices to prove that Hom.R=I;Q=R.A// D 0. Let f 2
Hom.R=I;Q=R.A//. Then there is a q 2 Q such that f .r C I / D rq C R.A/
and Iq � R.A/. For a finitely generated left ideal J � I with J�1 D I�1 i.e.
�J D �I , there is a B 2 A with JqB � R and �IqB � R. Since �I � A for
some A 2 A, we have AqB � R and so q 2 A�1 ı B�1 D .BA/�1 � R.A/.
Hence f D 0. It is now clear that QFR D R.A/, because any element in A
belongs to F . Similarly F 0 D fI; I is an essential right ideal such that for any
r 2 R, .r�1 � I /� � A for some A 2 Ag and RQF 0 D R.A/.

2. For any divisorial leftR-ideal I and divisorialR-idealA, we define a multiplica-
tion “ı”:AıI D �.AI /. Then it is easy to see thatQFI D [fA�1 ıI; A 2 Ag.
If I is a divisorial ideal, then QFI D [fA�1 ı I; A 2 Ag D [fI ı A�1;
A 2 Ag D IQF 0 . Hence the statement is clear from Proposition 2.2.4. ut
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2.2.14 Lemma

Let I be a divisorial and bounded left ideal of a Krull order R and let P be a
maximal divisorial ideal. Then the following are equivalent:

1. I \ C.P / D ;.
2. A � P , where A D fa 2 R; aR � I g.

Proof. 1. ) 2: Suppose that A 6� P . Then since R=P is a prime Goldie ring,
0 ¤ A \ C.P / � I \ C.P /.

2. ) 1: Suppose that there exists a c 2 I \ C.P /. Then since A�1 � I�1 and
c�1R � I�1, we have I�1AP�1P � R \ c�1P D P and I�1A � P . Thus
I�1 � P ı A�1 D A�1 ı P , P�1AI�1 � R and P�1A � I�1�1 D �I D I .
Thus P�1A � A and P�1 � Ol.A/ D R. This is a contradiction. ut
If an overringR0 is a ring of left and right quotients of R with respect to left and

right Gabriel topologies, then it is a Krull order by Proposition 2.2.4. In the case
R0 � S.R/, we will have a more detailed structure of R0:

2.2.15 Proposition

Let R0 be an overring of a Krull order R. Suppose that R0 is contained in S.R/.
Then the following are equivalent:

1. R0 D QFR for a left Gabriel topology F on R.
2. R0 D R.A/ for some A, a family of non-zero ideals closed under multiplication.
3. cl� .R0/ D R0, i.e. R0 is �-closed as a left R-module.
4. For any R-ideal A with A � R0, �A � R0.
5. There exists a family P of maximal divisorial ideals of R such that R0 D
.\RP / \ S.R/, where P 2 P . ut

Proof. 1: ) 2: Put A D fA; A is an ideal with A 2 Fg which is closed under
multiplication andR.A/ � R0. To prove the converse inclusion, let q 2 R0. Then
RqR is an R-ideal since q 2 S.R/. For a finitely generated right R-ideal I such
that I � RqR and I� D .RqR/�, there is an F 2 F with FI � R and so
FRq � FRqR � R. Thus q 2 .FR/�1 and FR 2 A. Hence q 2 R.A/.

2: ) 3: Let q 2 cl� .R
0/. Then Fq � R0 for some F 2 FR. Since R is Krull,

we may assume that F is finitely generated and so AFq � R for some A 2 A.
Thus A�1AFq � A�1 and hence q 2 cl� .A

�1/ D A�1 � R0 by Lemma 2.2.3.
ThereforeR0 is �-closed as a left R-module.

3: ) 4: Let A be an R-ideal with A � R0. Then AA�1A� � A and AA�1 2 FR.
Hence A� � cl� .A/ � cl� .R

0/ D R0.
4: ) 5: Put P D fP; P is a maximal divisorial ideal such that R0 � RP g. It

is clear that R0 � .\P2PRP / \ S.R/. Conversely let q 2 .\P2PRP / \ S.R/

and I be the greatest left ideal with Iq � R. We may assume that �I D I
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and is bounded since q 2 S.R/. If A is the greatest ideal with I � A, then
A 6� P for all P 2 P by Lemma 2.2.14, because I \ C.P / ¤ ;. Write A D
�.P n1

1 � � �Pnk
k /, where Pi are maximal divisorial ideals with Pi … P , i.e. R0 6�

RPi . Let qi 2 R0 � RPi and Ci D .R C RqiR/. Then Ci�1 � Pi , because
if C�1

i 6� Pi , then qi 2 CiRPi D CiC
�1
i RPi D RPi , a contradiction. Thus,

since Ci � R0, we have R0 � �Ci � Pi
�1 for each i , 1 5 i 5 k. Hence

q 2 A�1 D �.P�n1
1 � � �P�nk

k / � R0.
5: ) 1: By Lemma 2.2.13, S.R/ is a left quotient of R with respect to a left

Gabriel topology. Hence R0 is a left quotient of R with respect to a left Gabriel
topology. This follows from the following more general result; if F˛ are left
Gabriel topologies on R, then so is F D \F˛ and QFR D \˛QF˛R. ut
An order S in Q is said to be divisorially simple if it does not have non-

trivial divisorial ideals. Now we describe the structure of Krull orders in terms of
localizations.

2.2.16 Theorem

Let R be a Krull order in a simple Artinian ringQ. Then

1. R D \RP \ S.R/, where P ranges over all maximal divisorial ideals.
2. RP is a local principal ideal ring, i.e. a rank one Dubrovin valuation ring whose

Jacobson radical is not idempotent, and S.R/ is a divisorially simple Krull order
in Q.

3. Any regular element c in R is a non-unit in only finitely many of RP , i.e. R has
a finite character property.

4. For any essential left ideal I , �I D \RP I \ �.S.R/I / and �.S.R/I / D
[fA�1 ı �I; A ranges over all non-zero ideals of Rg.

Proof. 1. It is clear that R � \RP \ S.R/. Let x 2 \RP \ S.R/. Then there
is a divisorial ideal A with Ax � R. We may assume that A is maximal with
respect to this property. If A ¤ R, there exists a maximal divisorial ideal P
with P � A and R � P�1A ¥ A. Let c 2 C.P / with xc 2 R. Then we
have PP�1Ax � R \ Px � R \ Pc�1 � P and so P�1Ax � R. Hence
.P�1 ı A/x � R, which is a contradiction. Hence A D R and x 2 R.

2. This follows from Propositions 2.2.4, 2.2.12 and Lemma 2.2.13.
3. Look at the left ideal

P
P .P

�1c \ R/. There are a finite number of maximal
divisorial idealsPi , 1 5 i 5 n such that: �.

P
P .P

�1c\R// D �.
Pn

iD1.P�1
i c\

R//. So for any maximal divisorial ideal P , we have P�1c \R � .\n
iD1Pi /�1c.

If rc 2 P , where r 2 R, then P�1rc � .\n
iD1Pi /�1c and P�1r � .\n

iD1Pi /�1.
Thus r.\n

iD1Pi / � P and hence r 2 P if P ¤ Pi . i.e. c 2 C.P /. Hence c is a
unit in RP for all P ¤ Pi , 1 5 i 5 n.
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4. Since R is �-Noetherian and RP is hereditary, it easily follows that RP I D
�.RP I / D RP

�I . Let F be the left Gabriel topology corresponding to the
injective left R-module E.Q=S.R//. Then, by Proposition 2.2.4 and its right
version, �.QFI / D QF .�I /. QFI � S.R/I entails �.QFI / � �.S.R/I /.
To prove the converse inclusion, let x 2 QFI . Then Ax � I for some non-
zero ideal A and S.R/A�1Ax � S.R/I . Hence x 2 �.S.R/I /, because
S.R/A�1A 2 FS.R/, the left Gabriel topology on S.R/ which corresponds to
ES.R/.Q=S.R//, by the proof of Proposition 2.2.4 and Lemma 2.2.3. Thus we
obtainedQF .�I / D �.S.R/I / and so �I � \RP I \ �.S.R/I /. The converse
inclusion follows; .\RP I \ �.S.R/I //I�1 � \RP \ S.R/. ut

2.2.17 Proposition

With the same notation and assumptions as in Theorem 2.2.16: T D \RP is a
bounded Krull order and the map: I �! \RP I D �.TI / is a bijection between
the set of bounded divisorial left ideals and the set of divisorial left ideals of T .
Furthermore,D.R/ Š D.T /.

Proof. Since C.P / is an Ore set, F D fF; F is an essential left ideal such that
F \ C.P / ¤ ; for all P g is a left Gabriel topology on R and QFR D \RP , and
by right version, T is a right quotient of R with respect to a right Gabriel topology
on R. Hence T is a Krull order. Let c be a regular element in T . To prove that
T is bounded, we may assume that c 2 R since there is a d 2 R with dc 2 R.
There are only finite number of Pi such that RPi ¤ RPi c. Since RPi is bounded,
RPi c � Ai for some non-zero ideal Ai of RPi . Hence Tc � \Ai \ T , a non-
zero ideal of R, i.e. T is left bounded and similarly it is right bounded. For an
essential left ideal I of R, we have \RP I D QFI and QFI \ R is bounded
since T is bounded. Thus if I is F -closed then it is bounded. Conversely if I is
bounded and divisorial then I D \RP I \ S.R/ D \RP I \ R D QFI \ R

which is F -closed. Hence the map is a bijection by Proposition 2.2.4. Let I be a
divisorial left ideal of R. It is clear that QFI � �.TI /. The converse inclusion
follows from the property; .\RP I/.TI /�1 � T . Let A be a divisorial ideal of R.
Then A D \RPA \ �.S.R/A/ D \RPA \ S.R/ D \RPA \ R. Hence we have
D.R/ Š D.T /. ut

2.2.18 Corollary

For a Krull order R, the following are equivalent:

1. R is bounded.
2. S.R/ D Q.
3. R D \RP , where P ranges over all maximal divisorial ideals.
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The corollary shows that bounded Krull orders may be considered as a global theory
of rank one Dubrovin valuation rings whose Jacobson radicals are not idempotent.

Each maximal divisorial ideal of a Krull order is a minimal prime ideal (see
Theorem 2.1.2). The converse is also true in case of bounded Krull orders.

2.2.19 Corollary

A non-zero ideal of a bounded Krull order is a maximal divisorial ideal if and only
if it is a minimal prime ideal.

Proof. Let P be a minimal prime ideal and c be a regular element in P . Since R
is boundedRc contains a divisorial ideal. Hence P is a maximal divisorial ideal by
Theorem 2.1.2. ut

LetR be an order inQ and Ci be a regular Ore set. SupposeR D \RCi . For a left
R-ideal I we define a w-operation: wI D \RCi I and I is called w-closed if I D
wI . Similarly w-closed right ideals are defined and R is said to be w-Noetherian if
R satisfies the ascending chain conditions on w-closed left ideals as well as w-closed
right ideals. If I is an essential left ideal, then wI � �I since �I D \fRc; Rc � I

for some c 2 U.Q/g, which is clear from the proof of Proposition 1.5.8.

2.2.20 Proposition

Let R be an order in Q satisfying the following conditions:

(i) R D \RCi , where Ci are regular Ore sets
(ii) RCi is a local principal ideal ring for each i

(iii) R has a finite character property

Then R is a bounded Krull order.

Proof. It is clear from the conditions thatR is a maximal order and is w-Noetherian.
We first prove that wI D �I for every left R-ideal I . Note that .R W I /r D
.R W �I /r � .R W wI /r � .R W I /r , i.e. .R W I /r D .R W wI /r . Since wI is
finitely generated as w-operations we have RCi

�I D �.RCi I / which is equal to
RCi I , because RCi I is projective. Thus �I � \RCi

�I D \RCi I D wI and hence
�I D wI .

Suppose I � R and to prove cl� .I / D �I , let x 2 cl� .I /. Then Fx � I for
some F 2 FR and Fx.R W I /r � I.R W I /r � R. Thus x.R W I /r � R and hence
x 2 �I , showing cl� .I / � �I .

To prove the converse inclusion, let x 2 wI , i.e. x 2 RCi I and cix 2 I for
some ci 2 Ci . Put F D P

Rci . Then Fx � I and R D wF D �F and so
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.R W F /r D R. Hence F 2 FR since each Ci is an Ore set. Therefore x 2 cl� .I /,
showing cl� .I / D �I . Hence R is �-Noetherian since it is w-Noetherian and so it
is a Krull order. ut

The center of maximal orders are completely integrally closed (see Proposition
2.1.4). In case of Krull orders we have the following.

2.2.21 Proposition

The center of a Krull order in Q is a Krull domain.

Proof. Let D be the center of a Krull order R and K be the quotient field of D.
For any divisorial prime ideal P of R, RP is a local principal ideal ring with the
unique maximal ideal P 0 D PRP : For any x 2 K , we have xRP D P 0vP .x/, where
vP .x/ 2 Z: Then it is easy to see that the map vP W K �! Z is a valuation onK and
so OvP D fx; x 2 K; vP .x/ � 0g is a discrete rank one valuation ring containing
D. ThusD � \OvP , where P runs over all divisorial prime ideals ofR. If x 2 OvP
for all P , then x 2 RP and x 2 S.R/, because xR is invertible. Hence x 2 R

and so x 2 D follows. Thus D D \OvP : For any non-zero a 2 D, aRP D RP
for almost all P , i.e. vP .a/ D 0 which entails aOvP D OvP for almost all P , i.e.
D has a finite character property. Hence D is a Krull domain (cf. e.g. [25, (44.9)
Theorem]). ut

2.2.22 Remark

In the sequel of this section we restrict attention to the consideration of maximal
orders in central simple algebras. Throughout the remainder of this section let Q
be a central simple algebra, i.e. a simple Artinian ring with ŒQ W K� < 1, where
K D Z.Q/. A subring R of Q with D D Z.R/ is called a D-order in Q if the
following are satisfied:

(i) K D Q.D/, the quotient field of D and KR D Q.
(ii) Every element of R is integral overD.

We say that aD-order is maximal if it is maximal in allD-orders by inclusion and a
D-order is a classical D-order if it is a finitely generatedD-module. The theory of
classical maximal D-orders is well known, e.g. [57]. In case D is a Krull domain,
the theory of maximal D-orders as well as tame D-orders is well-documented in
[77]. In this section, we introduce basic properties of maximal D-orders in a self-
contained way as an application of foregoing sections.
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2.2.23 Proposition

Let R be a D-order in Q.

1. R is a bounded order in Q andQ D fc�1r; r 2 R and 0 ¤ c 2 Dg.
2. There exists a maximalD-order in Q containing R.

Proof. 1. Let q 2 Q. Then q D P
ki ri for some ki 2 K and ri 2 R. There is

a non-zero c 2 D with cki D di 2 D. Thus q D c�1r , where r D P
diri .

Hence R is an order in Q. Let I be an essential left ideal of R. Then I contains
a regular element by Goldie’s Theorem, say, c and c�1 D d�1r for some d 2 D
and r 2 R. Hence d D rc 2 I , showingR is a left bounded. Similarly R is right
bounded.

2. This follows from Zorn’s Lemma. ut
The reduced trace t r W Q �! K induces a K-vector space isomorphism t W Q �!
HomK.Q;K/ by t.q/.s/ D t r.qs/ for q; s 2 Q. Note that if q 2 Q is integral over
D, then t r.q/ 2 D. For anyK-basis fq1; � � � ; qng ofQ we may find q�

1 ; � � � ; q�
n such

that t r.q�
i qj / D ıij . We write L D Dq1 ˚ � � � ˚Dqn and Lc D Dq�

1 ˚ � � � ˚Dq�
n .

Note that t restricted to Lc induces an isomorphism of Lc with L� D .D W L/l D
fx 2 Q;xL � Dg Š HomD.L;D/. Recall that a D-submoduleM of Q is said to
be a D-lattice inQ ifM contains anK-basis forQ andM is contained in a finitely
generatedD-submodule of Q.

2.2.24 Proposition

Let R be a D-order in Q and S be a D-order with S � R. Then

1. There exists a finitely generated D-submodule of Q containing S . In particular
S is equivalent to R.

2. R is a D-lattice in Q.

Proof. 1. Let fqig be aK-basis contained inR andL be as before.LS � S implies
t r.LS/ � t r.S/ � D since S is integral over D. Hence S � Lc , because
Lc D fx 2 Q; tr.Lx/ � Dg. The last statement is now clear.

2. This is clear from (1).

We know from Proposition 2.2.21 that D is a Krull Domain if R is a Krull order in
Q. In the remainder of this section, we assume thatD is a Krull domain.

2.2.25 Proposition

Let R be a D-order in Q and supposeD is a Krull domain.

1. If S is an order in Q equivalent to R and S � D, then S is also a D-order.
2. R is a maximalD-order in Q if and only if it is a maximal order in Q.
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Proof. 1. There are regular elements x; y 2 R such that xSy � R. Let 0 ¤ d 2
Rx \ K and 0 ¤ d1 2 yR \ K . Then cS � R, where c D dd1. Thus for
any s 2 S , we have cDŒs� � cS � R � Lc , where Lc is a finitely generated
D-module inQ. For any minimal prime ideal p ofD, we have cDpŒs� � c.Lc/p
which is a finitely generated Dp-module. Since DpŒs� is also finitely generated
and thus s is integral over Dp . Hence it is integral over D because D D \Dp .
Therefore S is integral overD. There are regular elements x1; y1 in S such that
x1Ry1 � S and Q D Kx1Ry1 � KS . Thus Q D KS and it is now clear that
Z.S/ D D and hence S is a D-order in Q.

2. This is clear. ut

2.2.26 Lemma

Suppose R is a maximal D-order and D is a discrete rank one valuation ring. Then
R is a local principal ideal ring.

Proof. It follows that R is a classical order in Q. Hence R is a local principal ideal
ring by the classical theory, e.g. [57].

2.2.27 Lemma

Let R be a D-order and D be a Krull domain. Then Rp is a Noetherian Dp-order
for every minimal prime ideal p of D.

Proof. It is clear that Rp is a Dp-order. Put Dp D Dp=pDp and Rp D Rp=pRp .
Then, Œ NRp W NDp� < 1 since Rp is a finitely generated Dp-module and so Rp is
Artinian. Let I be an essential one-sided ideal of Rp . Then I \ D D pnDp for
some n = 1. Since Rp=pnRp is Artinian and pnRp is principal, it follows that I is
finitely generated. Hence Rp is Noetherian, because Rp is a prime Goldie ring. ut

2.2.28 Proposition

Let R be a D-order and D be a Krull domain. Then R is a maximal D-order if and
only if

(i) R D \Rp , where p runs over all minimal prime ideals p of D.
(ii) Rp is a maximal Dp-order in Q for every minimal prime ideal p of D.

Proof. If R satisfies (i) and (ii), then it is clear that R is a maximal D-order in Q.
Conversely suppose R is a maximal D-order in Q. Then (i) is clear since \Rp is
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also a D-order in Q. To prove (ii) let S be a Dp-order in Q with S � Rp. Then
.Rp W S/l D fq 2 Q; qS � Rpg is a leftRp and right S -module inQ and we know
from Proposition 2.2.23 that .Rp W S/l \D ¤ 0. Now let A D .Rp W S/l \ R is a
non-zero ideal of R. For every s 2 S , we have As � Rp and wAs � Rp follows,
where wA D \RpA. Since Rp is Noetherian and R has a finite character property,
R is w-Noetherian. There is a finitely generated left ideal I such that A � I and
wI D wA. So there is a c 2 D � p with I sc � R. Furthermore I sc � .Rp W
S/lsc � .Rp W S/l entails I sc � A. Thus wAsc D wI sc D w.I sc/ � wA and so
sc 2 R since wA is an ideal of R. Hence s 2 Rp and S D Rp . ut

2.2.29 Proposition

Suppose R is a D-order in Q. Then R if a Krull order if and only if

(i) D is a Krull domain.
(ii) R is a maximalD-order.

Proof. SupposeR is a Krull order. ThenD is a Krull domain by Proposition 2.2.21
and R is a maximal D-order. Conversely suppose R satisfies the conditions (i) and
(ii). Then R is a maximal order and Rp is a local principal ideal ring for every
minimal prime ideal p of D by Lemma 2.2.26 and Proposition 2.2.28. Since R D
\Rp , it follows that R is a bounded Krull order by Proposition 2.2.20. ut

2.2.30 Corollary

Suppose R is a maximalD-order and D is a Krull domain. Then

1. The map: P �! p D P \D is a bijection between the set of all minimal prime
ideals of R and the set of all minimal prime ideals of D. The converse map is
given by: p �! P D J.Rp/\ R.

2. For every minimal prime ideal P , RP D Rp , where p D P \D.

Proof. 1. Let P be a minimal prime ideal of R. Then P is a divisorial ideal by
Corollary 2.2.19. If p D P \ D is not a minimal prime ideal of D, then R D
wP � �P D P which is a contradiction by Proposition 2.2.28. Hence p is a
minimal prime ideal of D. Note J.Rp/ D Pp since J.Rp/ is a minimal prime
ideal ofRp . hence the map is one-to-one. For every minimal prime ideal p ofD,
it is easy to see that P D J.Rp/\ R is a minimal prime ideal of R.

2. It is clear that RP � Rp . However since there are no proper overrings of Rp ,
we have RP D Rp . ut

From Theorem 2.1.2 and Corollary 2.2.30 we have:



2.2 Krull Orders 131

2.2.31 Corollary

If R is a maximalD-order and D is a Krull domain, then D.R/ Š D.D/.

2.2.32 Lemma

Let S be a ring andD be a subring of Z.S/. Suppose S is integral overD. Then

1. (Lying over) For any prime ideal p of D, there exists a prime ideal P of S with
P \D D p.

2. (Going up) Given prime ideals p0 ¤ p of D and a prime ideal P0 of R with
P0\D D p0, there exists a prime idealP ofR such thatP0 ¤ P andP\D D p.

Proof. 1. The set of ideals A with A \ .D � p/ D ; has a maximal one by Zorn’s
Lemma, say, P , which is obviously a prime ideal and P \D � p. It suffices to
prove P \ D D p. We assume, on the contrary, that P \ D ¤ p. Take a 2 p

and a … P \D. Then .P C aR/\ .D�p/ ¤ ; and take b D cC ar 2 D �p,
where c 2 P and r 2 R. Since r is integral over D, we have rn C dn�1rn�1 C
� � � C d0 D 0 for some di 2 D and n > 0. Multiplying the equation by an we
obtain .ar/n C dn�1a.ar/n�1 C � � � C d0a

n D 0. Now ar D b � c implies;
bn Cdn�1abn�1 C � � � Cd0a

n 2 P \D � p. Since a 2 p, bn 2 p and so b 2 p,
a contradiction. HenceD \ P D p follows.

2. P0\D D p0 impliesP0\.D�p/ D ;. Thus the set of ideals fA; A\.D�p/ D
; and A � P0g is non-empty and the maximal one in the set, say, P is a prime
ideal with P \D D p by (1).

2.2.33 Proposition

Let R be a D-order in Q. Then the following are equivalent:

1. R is a maximalD-order andD is a Dedekind domain.
2. R is an Asano order in Q.
3. R is a Dedekind order in Q.

Proof. Let R be a maximal order in Q. Then it is easy to check that R is a Asano if
and only if any maximal ideal is divisorial.

1. H) 2:: Let P be a maximal ideal. Then p D P \ D is a minimal prime ideal
of D. Since Rp is local, we have J.Pp/ D Pp and P D J.Rp/ \ R which is a
minimal prime ideal and so it is divisorial. Hence R is an Asano order.

2. H) 3:: Let P be a maximal ideal. Then R=P is Artinian by Posner’s theorem
for PI prime rings, e.g. [47, (13.6.5)]. Thus each non-zero factor ring ofR is also
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Artinian. Hence R is Noetherian since it is bounded. By Proposition 2.1.10 R is
a Dedekind order.

3. H) 1:: By Proposition 2.2.29,R is a maximalD-order andD is a Krull domain.
It follows from Lemma 2.2.32 that non-zero prime ideals of D are maximal and
hence D is a Dedekind domain. ut

2.3 Ore Extensions Over Krull Orders

Throughout this section R denotes an order in a simple Artinian ring Q. Let �
be an automorphism of R. Then � is extended to an automorphism of Q by
�.c�1a/ D �.c/�1�.a/, where a; c 2 R and c is regular, which is denoted by
the same symbol � . An additive map ı fromR toR is said to be a left �-derivation
of R if ı.ab/ D �.a/ı.b/ C ı.a/b for a; b 2 R. ı is also extended to a left �-
derivation of Q by ı.c�1/ D ��.c�1/ı.c/c�1 for any regular c 2 R.

An Ore extension S D RŒX I �; ı� is the ring of polynomials in an indeterminate
X over R with multiplication: Xa D �.a/X C ı.a/ for every a 2 R. For a
natural number n and a 2 R, Xna D �n.a/Xn C an�1Xn�1 C � � � C a0 for some
ai 2 R. If ı D 0, then RŒX I �; 0� is denoted by RŒX I �� which is called a skew
polynomial ring. If � D 1, then we write RŒX I ı� for RŒX I 1; ı� and it is said to be
a differential polynomial ring. Put � 0 D ��1 and ı0 D �ı��1. Then ı0 is a right
� 0-derivation of R and S D RŒX I � 0; ı0� D ff .X/ D Xnan C � � � C a0; ai 2 Rg.
We sometimes use the polynomials with coefficients on the right in order to obtain
right hand properties. We first show that T D QŒX I �; ı� is a principal ideal ring and
we explicitly describe the generator of any ideal of T , which are used to study the
structure of S : ifR is a Krull order then so is S . In case eitherRŒX I �� orRŒX I ı�we
obtain detailed results on the group of divisorial fractional ideals and class groups.

2.3.1 Lemma

Let Q D Mn.D/ be a simple Artinian ring, where D is a skewfield. If feij g and
fe0
ij g are complete sets of matrix units for Q, then there is an inner automorphism

iu such that e0
ij D iu.eij / D ueiju�1 for some u 2 U.Q/.

Proof. We may suppose Q is the endomorphism ring of the left D-module M D
Dn. Put Mi D ei i .M/ for any i . Since e11 C � � � C enn D 1, the identity and ei i
are orthogonal idempotents, we have M D M1 ˚ � � � ˚Mn such that Mi are a free
D-module of rank one. For i > 1, ei1 W M1 �! Mi and e1i W Mi �! M1 are
both isomorphisms with ei1e1i D 1Mi and e1iei1 D 1M1 . If v1 is a base of M1, then
vi D ei1.v1/ is a base of Mi and fv1; � � � ; vng is a base of M such that eij .vk/ D
eij ek1.v1/ D ıjkvi , where ıjk is the Kronecker’s delta. Similarly, there is a base
fv0
1; � � � ; v0

ng of M such that e0
ij .v

0
k/ D ıjkv0

i . Thus there exists an automorphism u
of M with u.vi / D v0

i for all i . It is clear that e0
ij D ueiju�1 D iu.eij /. ut
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Any map f W D �! D is naturally extended to a map bf W Mn.D/ �! Mn.D/

by bf ..aij // D .f .aij //, where .aij / 2 Mn.D/. Let � be an automorphism of D
and ı be a left �-derivation. Then it is easy to see that b� is an automorphism of
Mn.D/ andbı is a left b� -derivation.

2.3.2 Lemma

Let feij g be a complete set of matrix units forMn.D/ and � be an automorphism of
Mn.D/. Then the following are equivalent:

1. �.eij / D eij for all i; j .
2. There exists an automorphism �0 of D such that � D b�0.
Proof. The proof is easy.

2.3.3 Lemma

If � is an automorphism of Mn.D/, then there exist a unit u in Mn.D/ and an
automorphism �0 ofD such that � D iu b�0.
Proof. Let feij g be a complete set of matrix units for Mn.D/ and put e0

ij D �.eij /.
Then fe0

ij g is a complete set of matrix units for Mn.D/. By Lemma 2.3.1, we have
e0
ij D iu.eij / for some unit u in Mn.D/ and so i�1u �.eij / D eij for all i; j . Hence
i�1u � D b�0 for an automorphism �0 of D by Lemma 2.3.2 and � D iu b�0 follows.

ut
The following lemma is also easy to prove.

2.3.4 Lemma

Let �0 be an automorphism of D and ı be a left b�0-derivation of Mn.D/. Then the
following are equivalent:

1. ı.eij / D 0 for all i; j .

2. There exists a left �0-derivation ı0 of D such that ı D bı0.
Let � be an automorphism of a ring R and d 2 R. Define ıd .a/ D da � �.a/d for
all a 2 R. It is easy to see that ıd is a left �-derivation, which is called an inner
�-derivation induced by d . Note that if ı1 and ı2 are left �-derivation of R, then so
is ı1 C ı2.
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2.3.5 Lemma

Let �0 be an automorphism ofD and ı be a left b�0-derivation ofMn.D/. Then there
exists a v 2 Mn.D/ and a left �0-derivation of D such that ı D bı0 C ıv, where ıv is
an inner b�0-derivation induced by v.

Proof. As before feij g is a complete set of matrix units for Mn.D/. Put v D
†niD1ı.ei1/e1i . Then for any ehk , ıv.ehk/ D vehk � ehkv D ı.eh1/e1k � ehkv.
Operating ı to 1 D †niD1ei1e1i , we have v D �†niD1ei1ı.e1i /. Thus ıv.ehk/ D
ı.eh1/e1k C eh1ı.e1k/ D ı.ehk/ and so ı � ıv is a left b�0-derivation such that
.ı � ıv/.ehk/ D 0 for all h; k. Hence ı � ıv D bı0 for a left b�0-derivation ı0 of
D by Lemma 2.3.4 and ı D bı0 C ıv follows. ut

2.3.6 Proposition

Let Q D Mn.D/ be a simple Artinian ring, where D is a skewfield, � be an
automorphism of Q, ı be a left �-derivation and T D QŒX I �; ı�. Then there exist
an automorphism �0 of D and a left �0-derivation ı0 of D such that

T D QŒY I b�0;bı0� D Mn.DŒY I �0; ı0�/;

where Y D uX C v for some u 2 U.Q/ and v 2 Q.

Proof. By Lemma 2.3.3, � D i�1u b�0, where u 2 U.Q/ and �0 is an automorphism of
D. Put X1 D uX and ı1 D uı. It is easy to see that ı1 is a left b�0-derivation and that
T D QŒX I �; ı� D QŒX1I b�0;bı1�. It follows from Lemma 2.3.5 that ı1 D ıv C bı0 for
some v 2 Q and a left �0-derivation ı0 ofD. Hence if we put Y D X1�v D uX�v,
then we have T D QŒY I b�0;bı0� which is naturally isomorphic to Mn.DŒY I �0; ı0�/.

ut
By the division algorithm,DŒY I �0; ı0� is a principal ideal ring and hence so is T .

2.3.7 Corollary

With the same notation and assumptions, T D QŒX I �; ı� is a principal ideal ring.
Since T is a prime and principal ideal ring, it is a prime Goldie ring and so T has

the classical quotient ringQ.T / which is a simple Artinian ring. We will first study
the structure of ideals of T in order to study the structure of S D RŒX I �; ı�.
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2.3.8 Lemma

Let p.X/ be a polynomial of T . Suppose there exists an automorphism � 0 of Q
such that p.X/a D � 0.a/p.X/ for all a 2 Q. Then the leading coefficient of p.X/
is a unit in Q. If ı D 0, then every non-zero coefficients of p.X/ is a unit in Q.

Proof. Write p.X/ D anX
n C� � � Ca0. Then for every a 2 Q, we have an�n.a/ D

� 0.a/an. Since �n and � 0 are both automorphism of Q, we have anQ D Qan D Q

and so an is a unit in Q. The last statement is shown in a similar way. ut

2.3.9 Lemma

Every non-zero ideal of T is principal and generated by a monic polynomial.

Proof. Let b.X/ D bnX
n C � � � C b0 be a polynomial of minimal degree of an ideal

A of T . Since Ln.A/ D fcn; c.X/ D cnX
n C � � � C c0 2 Ag [ f0g is an ideal of

Q, there exists a monic polynomial a.X/ of degree n in A. By division algorithm
A D Ta.X/ and similarly A D a.X/T . ut

Let a.X/ be a monic polynomial with n D deg a.X/. It is easy to see that
Ta.X/ is an ideal if and only if a.X/b D �n.b/a.X/ for all b 2 Q and a.X/X D
.X C c/a.X/ for some c 2 Q.

2.3.10 Theorem

Let Q be a simple Artinian ring with an automorphism � and a left �-derivation
ı, and let T D QŒX I �; ı�. If p.X/ is a monic, non-constant, of minimal degree
such that P D Tp.X/ is an ideal of T , then every ideal of T is of the form:
Tw.X/p.X/m, where m � 0 and w.X/ 2 Z.T /, the center of T . Note if there
are no such p.X/, then T is a simple ring.

Proof. Let A be a non-zero ideal of T and a.X/ be a monic polynomial in A such
that A D Ta.X/. It follows that a.X/ D b.X/p.X/m for some m � 0 and b.X/
with b.X/ … Tp.X/. Note that B D T b.X/ is also an ideal of T with B 6� P .
Thus it suffices to prove that B D Tw.X/ for some w.X/ 2 Z.T /.
(i) In case ı D 0, TX is an ideal and p.X/ D X C u for some u 2 Q. Suppose

P D TX and write b.X/ D Xl C bl�1Xl�1 C � � � C b0 with b0 ¤ 0. By
Lemma 2.3.8, b0 2 U.Q/ and then it is easy to see that w.X/ D b�1

0 b.X/ 2
Z.T / such that B D Tw.X/. Suppose p.X/ D X C u with u ¤ 0. As before,
Y D u�1p.X/ D u�1X C 1 is central and T D QŒY �. Then it is clear that any
ideal of T is of the form: Tw.Y / with w.Y / 2 Z.T /.
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(ii) In case ı ¤ 0. By division algorithm, b.X/ D q.X/p.X/ C r.X/ with
r.X/ ¤ 0 and degr.X/ < degp.X/. Let n D degp.X/ and l D degb.X/.
For any a 2 Q, p.X/a D �n.a/p.X/, b.X/a D �l .a/b.X/, p.X/X D
.X C c/p.X/ and b.X/X D .X C d/b.X/ for some c; d 2 Q. For any
a 2 Q, b.X/a D �l .a/b.X/ D �l .a/q.X/p.X/ C �l .a/r.X/ and also
b.X/a D .q.X/p.X/ C r.X//a D q.X/�n.a/p.X/ C r.X/a. Therefore
.�l .a/q.X/ � q.X/�n.a//p.X/ D r.X/a � �l .a/r.X/. A comparison of
degrees on both sides of last equation entails that r.X/a D �l .a/r.X/ for all
a 2 Q, and so the leading coefficient of r.X/ is a unit in Q by Lemma 2.3.8.

Suppose degr.X/ < degp.X/ � 1. From the equations p.X/X D .X C c/

p.X/ and b.X/X D .X C d/b.X/, we have ..q.X/.X C c/� .X C d/q.X//

p.X/ D .X C d/r.X/ � r.X/X and so r.X/X D .X C d/r.X/, i.e.
T r.X/ is an ideal of T . By the choice of p.X/, r.X/ D r 2 Q which is
a unit in Q. Let w.X/ D r�1b.X/. Since Tw.X/ D T b.X/, it suffices to
prove w.X/ 2 Z.T /. rX D .X C d/r entails r D �.r/ and ı.r/ D �dr .
Hence w.X/a D r�1b.X/a D r�1�l .a/b.X/ D aw.X/ since ra D �l .a/r .
Furthermore w.X/X D r�1.X C d/b.X/ D r�1.X C d/rw.X/ D .Xr�1 �
ı.r�1//rw.X/Cr�1drw.X/ D Xw.X/C.�ı.r�1/rCr�1dr/w.X/ D Xw.X/
since ı.r�1/ D �r�1ı.r/r�1. Hence w.X/ 2 Z.T / as desired. Suppose
degr.X/ D degp.X/�1. Then p.X/ D .uXCv/r.X/Cs.X/ with s.X/ D 0

or degs.X/ < degr.X/, where u 2 U.Q/ and v 2 Q. Put Y D uX C v. Then
�n.a/p.X/ D �n.a/.Y r.X/ C s.X// and p.X/a D Y�l .a/r.X/ C s.X/a.
Thus .�n.a/Y �Y�l .a//r.X/ D s.X/a��n.a/s.X/ yields Y�l .a/ D �n.a/Y

for all a 2 Q, because the leading coefficient of r.X/ is a unit in Q. Hence
Y b D �n�l .b/Y for all b 2 Q. Therefore T D ŒY I �n�l � and we are back to
case (i). ut

In case � D 1 or ı D 0, we have the following

2.3.11 Corollary

1. Every ideal ofQŒX I �� is of the formQŒX I ��w.X/Xm, where w.X/ is a central
element and m � 0.

2. Every ideal ofQŒX I ı� is generated by central element if QŒX I ı� is not a simple
ring.

Proof. 1. Clearly p.X/ D X is a monic, non-constant, of minimal degree such that
QŒX I ��X is an ideal. Hence the statement follows from Theorem 2.3.10.

2. Let p.X/ be a monic, non-constant, of minimal degree such that QŒX I ı�p.X/
is an ideal and degp.X/ D l . Then p.X/X D .X C c/p.X/ for some c 2 Q

and a comparison of coefficient of Xl entails c D 0. Hence p.X/X D Xp.X/

and p.X/a D ap.X/ for all a 2 Q. Hence p.X/ is a central element. ut
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2.3.12 Remark

Let � be a simple ring with its quotient ring Q.�/. We do not assume that � is
Artinian, e.g. nth Weyl algebra with char.�/ D 0. Theorem 2.3.10 holds for Ore
extensions�ŒX I �; ı� (cf.[12]).

We will next study Ore extensions over R: Let S D RŒX I �; ı� and C D CR.0/.
Then C is a regular Ore set of S such that SC D T D QŒX I �; ı� and so S has a
classical quotient ring Q.S/ D Q.T / which is a simple Artinian ring, i.e. S is an
order in Q.S/. For a right R-ideal a, aS D aŒX I �; ı� D fanXn C � � � C a0; ai 2 ag
is a right S -ideal. Similarly for a left R-ideal b, Sb D bŒX I � 0; ı0� D fXnbn C � � � C
b0; bi 2 bg is a left S -ideal.

2.3.13 Lemma

Let S D RŒX I �; ı� and T D QŒX I �; ı�. If a is a right R-ideal and b be a left
R-ideal, then .S W aS/l D S.R W a/l and .S W Sb/r D .R W b/rS . In particular
.aS/� D a�S and �.Sb/ D S�b.

Proof. It is clear that .S W aS/l � S.R W a/l . Conversely let q 2 .S W aS/l , i.e.
qaS � S . Then q 2 qT D qaT � T . Write q D Xnqn C � � � C q0 with bi 2 Q.
Then qia � R and qi 2 .R W a/l for each i , 1 5 i 5 n. Hence q 2 S.R W a/l . The
other statements are now clear. ut

FS and F 0
S denote the left and right Gabriel topologies on S corresponding to

injective hull ES.Q.S/=S/ of the left S -moduleQ.S/=S and E 0
S .Q.S/=S/ of the

right S -moduleQ.S/=S , respectively.

2.3.14 Lemma

If F 2 FR then SF 2 FS .

Proof. Because of Lemma 2.3.13, it suffices to prove that SF �f �1\R 2 FR for any
f 2 S . We prove this by induction on n D degf . If degf D 0 then SF �f �1\R D
F � f �1 2 FR. Write f D Xna C g with degg < n. By induction hypothesis,
G D SF � .Xn�1a/�1 \R 2 FR. Thus for any r 2 R, G � .��1.r//�1 2 FR and let
��1.s/ 2 G � .��1.r//�1, i.e. ��1.sr/ 2 G. Then srX D X��1.sr/ � ı.��1.sr//.
For any ˛ 2 .G�.ı.��1.sr///�1 we have ˛srX D ˛X��1.sr/�˛ı.��1.sr// 2 SG
and so ˛s 2 .SG �X�1\R/ �r�1. i.e. .G �.ı.��1.sr///�1/s � .SG �X�1\R/ �r�1.
Thus for any t 2 .R W .SG �X�1\R/�r�1/r , we haveG �.ı.��1.sr///�1st � R and
st 2 R. Since s is any element in �.G � .��1.r//�1/ 2 FR, t 2 R follows and hence
SG �X�1\R 2 FR. Furthermore, by the induction hypothesis, SF �g�1\R 2 FR.
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It is easy to see that SF �g�1\SG �X�1 � SF �f �1 and hence SF �f �1\R 2 FR
as desired. ut

2.3.15 Proposition

R is �-Noetherian if and only if S D RŒX I �; ı� is �-Noetherian.

Proof. Suppose R is �-Noetherian. Consider an ascending chain I1 � I2 � � � � �
In � � � � of �-closed left ideals of S . For any left ideal I of S and any m 2 N

allowingm D 0,Lm.I / D fam; 9f D amX
mC� � �Ca0 2 I g[f0g is a left ideal of

R. There is a p 2 N such that cl� .Lp.Ip// D cl� .Lm.Im// for anym � p. Then for
any n; m with n � p, m � p, we have cl� .Lp.Ip// D cl� .Lm.In//. Furthermore,
for any j < p, there is an r.j / � 0 such that cl� .Lj .Ir// D cl� .Lj .Ir.j ///

for any r � r.j /. Put s D maxfr.0/; r.1/; � � � ; r.p � 1/; pg. then we have
cl� .Lm.It // D cl� .Lm.Is// for any m � 0 and t � s. Thus to prove the ascending
chain is stationary, it suffices to prove if I � J are �-closed left ideals with
cl� .Lm.I // D cl� .Lm.J // for all m � 0, then I D J . Let f 2 J � I and
f D anX

n C � � � C a0 is of minimal degree with f … I . There is an F 2 FR such
that Fan 2 Ln.I / and so for any r 2 F there exists g D ranX

nC(the lower degree
part) in I . Then deg.rf � g/ < n and rf � g 2 J . Hence rf � g 2 I and rf 2 I
for any r 2 F , which implies SFf � I . Hence f 2 I by Lemma 2.3.14, which is
a contradiction.
Suppose S is �-Noetherian. We proveES.Q.S/=S/ is injective as a left R-module;
let a be a left ideal of R and ' be any R-homomorphism from a to ES.Q.S/=S/.
The map ' 0 W Sa �! ES.Q.S/=S/ given by ' 0.Xnan C � � � C a0/ D Xn'.an/C
� � � C '.a0/, where ai 2 a is additive. To prove that ' 0 is an S -homomorphism, it
suffices to prove ' 0.Xi rXja/ D Xir' 0.Xj a/ for r 2 R, a 2 a and i; j � 0. Write
rXj D Xj rj C � � � C r0 for some rj 2 R. Then ' 0.Xi rXj a/ D ' 0.XiCj rj a C
� � �CXi r0a/ D XiCj '.rj a/C� � �CXi'.r0a/ D XiCj rj '.a/C� � �CXir0'.a/ D
Xi.Xj rj C � � � C r0/'.a/ D XirXj'.a/ D Xir' 0.Xj a/. Hence ' 0 is an S -
homomorphism. Thus there exists a t 2 ES.Q.S/=S/ such that ' 0.g.X// D g.X/t

for any g.X/ 2 Sa. In particular ' 0.a/ D at for any a 2 a and henceES.Q.S/=S/
is injective as a left R-module. Since Q=R � Q.S/=S � ES.Q.S/=S/ it follows
E.Q=R/ � ES.Q.S/=S/. Therefore R is �-Noetherian by [63, Proposition 2.4,
p. 264]. ut

2.3.16 Lemma

Suppose R is �-Noetherian. Let S D RŒX I �; ı� and T D QŒX I �; ı�. If I is a left
S -ideal and J is a right S -ideal, then .T W TI/r D .S W I /rT and .T W JT /l D
T .S W J /l . Hence �.TI / D T �I and .JT /� D J � T .
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Proof. It is clear that .S W I /rT � .T W TI/r . To prove the converse inclusion,
let q 2 .T W TI/r , i.e. TIq � T . Since S is �-Noetherian, there exists a finitely
generated left S -ideal I0 such that I0 � I and cl� .I / D cl� .I0/. Thus I0qc � S

for some c 2 CR.0/ and Iqc � S . Hence qc 2 .S W I /r and so q 2 .S W I /rT .
Similarly .T W JT /l D T .S W J /l . Therefore �.TI / D T �I and .JT /� D J � T .

ut
Spec.T / denotes the set of all prime ideals of T and Spec�

0 .S/ D fP , P is a
divisorial prime ideal with P \ R D .0/g.

2.3.17 Proposition

Suppose R is �-Noetherian. The map: P 0 �! P D P 0 \ S is a bijection between
Spec.T / and Spec�

0 .S/, where 0 ¤ P 0 2 Spec.T /.

Proof. Let P 0 2 Spec.T / with P 0 ¤ 0 and P D P 0 \ S . It is clear that P 0 D
PT D TP and that P is a prime ideal with P \ R D .0/. Since T is a principal
ideal ring, P 0 D �P 0 and so P D �P by Lemma 2.3.16. Similarly P D P � and
hence P 2 Spec�

0 .S/. Conversely let P 2 Spec�
0 .S/ and P1 D TP \ S . Then

TP1 D TP D PT and as before there exists a finitely generated left ideal P0
such that P1 � P0 and �P1 D �P0. Thus P0c � P for some c 2 CR.0/ and
so �P1c D �P0c � P . Hence �P1 � P since P 2 Spec�

0 .S/ and so P1 D P .
Therefore TP 2 Spec.T / and TP \ S D P . ut

2.3.18 Proposition

Suppose R is �-Noetherian, and let S D RŒX I �; ı� and T D QŒX I �; ı�. If P 2
Spec�

0 .S/, then P is localizable and SP D TP 0 which is a local and principal ideal
ring, where P 0 D TP .

Proof. The following properties are easily checked:

(i) CR.0/ � C.P /
(ii) CS.P / � CT .P 0/

(iii) For any t 2 CT .P 0/ with ct 2 S for some c 2 CR.0/, it follows that ct 2 C.P /
By Proposition 2.2.12, P 0 is localizable and TP 0 is a local and principal ideal ring.
For any s.X/ 2 S and c.X/ 2 C.P /, d.X/s.X/ D t.X/c.X/ for some d.X/ 2
CT .P 0/ and t.X/ 2 T . There exists a c 2 CR.0/ such that cd.X/, ct.X/ 2 S .
Since cd.X/ 2 C.P /, C.P / is a left Ore set and similarly is a right Ore set. By (ii)
SP � TP 0 . Let q D t.X/c.X/�1 2 TP 0 , where t.X/ 2 T and c.X/ 2 CT .P 0/.
Then there is a d 2 CR.0/ with t.X/d 2 S , c.X/d 2 C.P / and hence q D
.t.X/d/.c.X/d/�1 2 SP . ut
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AnR-ideal a is called �-stable if �.a/ � a and it is �-invariant if �.a/ D a. An
orderR is said to be a �-maximal order ifOl.a/ D R D Or.a/ for any �-invariant
ideal a, and R is a �-Krull order if it is �-maximal and �-Noetherian. Let a be a
�-stable ideal of a �-Noetherian orderR. Note that a is a �-invariant if it is �-closed
as a one sided ideal.

2.3.19 Theorem

Let R be an order in Q and consider the following conditions:

1. R is a �-Krull order.
2. RŒX I �� is a Krull order.
3. RŒX I �; ı� is a Krull order.

Then (1) and (2) are equivalent and (1) implies (3).

Proof. 1. H) 3:: Put S D RŒX I �; ı� and T D QŒX I �; ı�. Let A be a non-zero
ideal of S . Then TA D AT is an ideal of T and so AT D Tg for some g 2 T .
Let q 2 Ol.A/, i.e. qA � A and qg 2 qAT � AT D Tg. Thus q 2 T .
L.A/ D fa; aXn C � � � C a0 2 Ag [ f.0/g is a �-stable ideal. Write q D
smX

mC� � �Cs0 with si 2 Q. Then for any a 2 L.A/, there is an h.X/ D aXnC
an�1Xn�1C� � �Ca0 inA and qh.X/ D sm�

m.a/XnCmC (the lower degree part).
Since sm�m.a/ 2 L.A/ it follows that sm�m.L.A// � L.A/ and, by taking
�-closure, smcl� .�m.L.A/// � cl� .L.A//. Hence sm 2 Ol.cl� .L.A/// since
cl� .�

m.L.A/// D �m.cl� .L.A/// D cl� .L.A//. Thus .q�smXm/A � A and by
induction on m D degq, we have q 2 S , i.e. Ol.A/ D S . Similarly Or.A/ D S

and hence S is a Krull order in Q.S/.
1. H) 2: This is a special case.
2. H) 1: Let a be a �-invariant. Then A D aS D aŒX I �� is an ideal of RŒX I ��

and RŒX I �� D Ol.A/ D Ol.a/ŒX I ��. Hence Ol.a/ D R and Or.a/ D R

similarly. ThereforeR is a �-Krull order. ut
If R is a Krull order then it is a �-Krull order. Thus we have the following.

2.3.20 Corollary

If R is a Krull order, then so is RŒX I �; ı�.
In case either � D 1 or ı D 0, we describe all divisorial ideals of RŒX I �� and

RŒX I ı� if they are Krull orders. A �-invariant ideal p is called �-prime if ab � p,
where a and b are �-stable ideals, then either a � p or b � p. We can define ı-
stable R-ideals and ı-prime ideals in an obvious way. R is said to be a ı-maximal
order if Ol.a/ D R D Or.a/ for all ı-stable ideals a. A ı-maximal order which is
�-Noetherian is called a ı-Krull order.
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2.3.21 Lemma

1. Suppose R is a �-Krull order inQ, let S D RŒX I �� and T D QŒX I ��. If A is a
divisorial S -ideal, then �.A/ D A. Furthermore ifA � T and a D A\Q ¤ .0/,
then a is a divisorial R-ideal and �-invariant.

2. Suppose R is a ı-Krull order inQ, let S D RŒX I ı� and T D QŒX I ı�. If A is an
S -ideal, then a D A\Q is ı-stable.

Proof. 1. Note that � is extended to an automorphism of S D RŒX I ı� by �.s/ D
XsX�1 for any s 2 S . Since S is a Krull order and XS is invertible, we have
�.�.A// D �.XAX�1/ D XS ıAıX�1S D A by Theorem 2.1.2. Thus �.A/ �
A and so �.A/ D A since S is �-Noetherian. If A � T and a D A \ Q ¤
.0/, then a is �-invariant. Furthermore since A D �A � �.Sa/ D S �a by
Lemma 2.3.13, it follows that a D �a and similarly a D a�, i.e. a is divisorial.

2. For any a 2 a, we have A 3 Xa � aX D ı.a/ and so a is ı-stable. ut
We denote by D�.R/ the set of divisorial �-invariant R-ideals. Similarly Dı.R/

is the set of divisorial ı-stable R-ideals. Then following proposition is proved
using the same method as Theorem 2.1.2 with respect to properties of � and ı,
respectively:

2.3.22 Proposition

1. If R is a �-Krull order, then D�.R/ is an Abelian group generated by maximal
divisorial �-prime ideals.

2. If R is a ı-Krull order, then Dı.R/ is an Abelian group generated by maximal
divisorial ı-prime ideals.

2.3.23 Lemma

1. Suppose R is a �-Krull order, let S D RŒX I �� and p be a divisorial ideal which
is �-invariant. Then P D pS is a prime ideal if and only if p is �-prime.

2. Suppose R is a ı-Krull order, let S D RŒX I ı� and p be a divisorial ideal which
is ı-stable. Then P D pS is a prime ideal if and only if p is ı-prime ideal. In
particular P is divisorial if and only if p is.

Proof. 1. It is clear that P is an ideal of S . Assume that P is prime. Then clearly
p is a �-prime ideal. Conversely assume that p is a �-prime ideal. It follows
from Lemma 2.3.13 that P is divisorial. To prove that P is prime, assume that
AB � P , where A and B are ideals of S . We may assume that A and B are both
divisorial. IfA ¥ P and take a.X/ D anX

nC� � �Ca0 2 A�P with an 62 p, then
for any b.X/ 2 B , a.X/b.X/ 2 P entails an�n.L.B// � p. Note that L.B/
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is �-invariant since �.B/ D B by Lemma 2.3.21. So ��n.an/L.B/ � p and
L.B/ � p, i.e. blXl 2 P , where b.X/ D blX

l C � � � C b0. Then a.X/.b.X/�
blX

l/ 2 P and inductively we have b.X/ 2 P . Hence P is a prime ideal.
2. This is proved in a similar way as in (1). ut
The proof of the following proposition is similar to the proof of Theorem 2.3.19

2.3.24 Proposition

An order R is a ı-Krull order if and only if RŒX I ı� is a Krull order.
A divisorial ideal of a Krull order R is maximal if and only if it is a prime ideal,

becauseD.R/ is generated by maximal divisorial ideals of R. Similarly a divisorial
�-invariant ideal of a �-Krull order is maximal if and only if it is a �-prime ideal.
In case of ı-Krull orders, a divisorial ı-stable ideal is maximal if and only if it is a
ı-prime ideal.

2.3.25 Theorem

1. Suppose R is a �-Krull order in Q and S D RŒX I ��, T D QŒX I ��. Then
D.S/ Š D�.R/˚D.T /.

2. Suppose R is a ı-Krull order in Q and let S D RŒX I ı�, T D QŒX I ı�. Then
D.S/ Š Dı.R/˚D.T /.

Proof. 1. LetP be an ideal of S with p D P\R. Because of Proposition 2.3.17 and
Lemma 2.3.23, it suffices to prove that P is a divisorial prime ideal if and only if
either P 2 Spec�

0 .S/ or p is a divisorial �-prime ideal and P D pS . Suppose P
is a divisorial prime ideal. If p D .0/, then P 2 Spec�

0 .S/ by Proposition 2.3.17.
If p ¤ .0/, then it is divisorial and �-invariant by Lemma 2.3.21. It is easily
checked that p is a �-prime ideal. Hence pS is a divisorial prime ideal and so
P D pS by Theorem 2.1.2. Conversely suppose p is a divisorial �-prime ideal
with P D pS . Then P is a divisorial prime ideal by Lemmas 2.3.13 and 2.3.23.

2. This is proved in a similar way to the proof of (1). ut

2.3.26 Lemma

1. Let S D RŒX I �� be a Krull order and T D QŒX I ��. If A is a divisorial S -ideal
such that T � A and a D A \Q ¤ .0/, then A D Sa D aS .

2. Let S D RŒX I ı� be a Krull order and T D QŒX I ı�. If A is a divisorial S -ideal
such that T � A and a D A \Q ¤ .0/, then A D Sa D aS .
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Proof. 1. By Theorem 2.3.25, A D �.bŒX I ��P e1
1 � � �P ek

k /, where b 2 D�.R/ and
Pi 2 Spec�

0 .S/. Since a ¤ .0/, it follows from Lemma 2.3.16 that T D TA D
TP

e1
1 � � �P ek

k and so e1 D � � � D ek D 0. Thus A D bŒX I �� D Sb D bS and
hence b D a.

2. This is proved in the same way as in the proof of (1). ut
LetR be a Krull order inQ. The set of principalR-ideals forms a subgroupP.R/ of
D.R/. The factor groupD.R/=P.R/ is called the class group of R and is denoted
by C.R/. If R is a �-Krull order, then we define C� .R/ D D�.R/=P�.R/ which is
called the �-class group ofR, whereP�.R/ is the subgroup of �-invariant principal
R-ideals. If R is a ı-Krull order, then Cı.R/ D Dı.R/=Pı.R/ is said to be the ı-
class group of R, where Pı.R/ is the set of ı-stable principal R-ideals.

2.3.27 Theorem

1. Suppose R is a �-Krull order in Q and let S D RŒX I ��. Then the map
' W D�.R/ �! D.S/ defined by '.a/ D aS , where a 2 D�.R/ induces an
isomorphism: C� .R/ Š C.S/.

2. Suppose R is a ı-Krull order in Q and let S D RŒX I ı�. Then the map ' W
Dı.R/ �! D.S/ defined by '.a/ D aS , where a 2 Dı.R/ induces a surjective
map: Cı.R/ �! C.S/. If R is a domain, then Cı.R/ Š C.S/.

Proof. 1. The map ' W D�.R/ �! D.S/ induces the map ' W C� .R/ �! C.S/.
If a 2 D�.R/ such that Sa D Sf D fS for some f 2 Q.S/, then T D
Tf D f T implies f 2 T and a D Rf0 D f0R, where f0 is a constant term
of f , showing ' is injective. To prove that ' is surjective, let A 2 D.S/. Then
TA D Tw.X/Xm by Corollary 2.3.11, where w.X/ is a central element of T D
QŒX I ��. TAX�mw.X/�1 D T entails a D AX�mw.X/�1 \ Q ¤ .0/ and
is an element in D�.R/ by Lemma 2.3.21. It follows from Lemma 2.3.26 that
AX�mw.X/�1 D Sa and hence A D Sa ı Sw.X/Xm, i.e. A and Sa are the
same class in C.A/. Hence ' is surjective.

2. As in (1), we define the map ' W Dı.R/ �! D.S/ by '.a/ D Sa for all
a 2 Dı.R/ and ' W Cı.R/ �! C.S/. Every ideal of T is principal generated by
a central element by Corollary 2.3.11 and so ' is surjective as in (1). Suppose R
is a domain and let a 2 Dı.R/ such that Sa D Sf D fS for some f 2 T . Then
the leading coefficient of f is regular and so degf D 0. Hence a D Rf D fR

which shows ' is injective. ut

2.3.28 Remark

A �-Noetherian prime Goldie ringR is called a unique factorization ring (a UFR)
if every prime ideal P with �P D P or P � D P is principal. It turns out that
R is a UFR if and only if it is a Krull order and every divisorial ideal is principal.
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We define �-UFRs and ı-UFRs in an obvious way (cf. [1]). Theorem 2.3.27 shows
that R is a �-UFR if and only if RŒX I �� is a UFR. FurthermoreR is a ı-UFR, then
RŒX I ı� is a UFR and the converse also holds if R is a domain.

2.3.29 Remark

The following are interesting open questions:

1. Let S D RŒX I �; ı� and T D QŒX I �; ı�. What is a necessary and sufficient
condition for S to be Krull (cf. Theorem 2.3.19). In case S is a Krull order,
describe explicitly the groupD.S/ of all divisorial S -ideals and the class groups
C.S/ in terms of the properties of R and T D QŒX I �; ı�.

2. If RŒX I ı� is a UFR, then is R a ı-UFR in case R is not necessarily a domain?

2.4 Non-commutative Valuation Rings in K.X I �; ı/

In Chap. 1, we defined three different non-commutative valuation rings, i.e. val-
uation rings, total valuation rings and Dubrovin valuation rings, and studied
elementary properties of them. Let V be a non-commutative valuation ring of a
simple Artinian ring K , � be an automorphism of K and ı be a left �-derivation of
K . We denote by K.X I �; ı/ the quotient ring of Ore extensionKŒX I �; ı�.

The aim of this section is to give a partial answer to the following question:

“Find out all non-commutative valuation rings S ofK.X I �; ı/ with S \K D V

and study the structure of them”.

In the end of the section we propose a program for the question. Let us begin
with the following case; V is a total valuation ring of a skewfield K , �.V / D V ,
ı.V / � V and ı.J.V // � J.V /. In this case .�; ı/ is said to be compatible with V .

2.4.1 Proposition

With the assumption above, let R D V ŒX I �; ı� and C D R � J.V /ŒX I �; ı�. Then
C is an Ore set of R and R.1/ D RC is a total valuation ring of K.X I �; ı/ with
R.1/ \K D V .

Proof. We let V D V=J.V /. Then .�; ı/ naturally induces an automorphism
� of V , a left �-derivation ı of V and V=J.V /ŒX I �; ı� Š V ŒX I �; ı� is a
domain. Thus C is multiplicatively closed. To prove that C is a left Ore set,
let c.X/ 2 C and 0 ¤ f .X/ 2 R. Since K.X I �; ı/ is the quotient ring
of R, we have f .X/c.X/�1 D d.X/�1g.X/ for some d.X/; g.X/ 2 R, i.e.
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d.X/f .X/ D g.X/c.X/. The elements d.X/ and g.X/ can be factored as follows:
d.X/ D d1d1.X/ and g.X/ D g1g1.X/ with d1; g1 2 V and d1.X/; g1.X/ 2 C.
Furthermore we have either g1 D d1r or d1 D g1s for some r; s 2 V . In the first
case it follows that d1.X/f .X/ D rg1.X/c.X/ with d1.X/ 2 C and rg1.X/ 2 R.

In the second case we have sd1.X/f .X/ D g1.X/c.X/ and so sd1.X/ 2 C.
Hence C is a left Ore set and similarly it is a right Ore set.

To prove thatR.1/ is a total valuation ring, let f .X/�1g.X/ 2 K.X I �; ı/, where
f .X/; g.X/ 2 R. As before f .X/ D f1f1.X/ and g.X/ D g1g1.X/with f1; g1 2
V and f1.X/; g1.X/ 2 C. Either f �1

1 g1 2 V or g�1
1 f1 2 V entails that either

f .X/�1g.X/ 2 R.1/ or g.X/�1f .X/ 2 R.1/. HenceR.1/ is a total valuation ring of
K.X I �; ı/. Let q 2 R.1/ \K . If q … V , then q�1 2 J.V / � J.V /ŒX I �; ı�R.1/ D
J.R.1// which is a contradiction. Hence R.1/ \K D V .

2.4.2 Remark

Proposition 2.4.1 is obtained in case � is an endomorphism (cf. [10, Theorem 1]).
An ideal a of V is called .�; ı/-stable if �.a/ � a and ı.a/ � a. A .�; ı/-stable

ideal a is called strongly if �.a/ D a.

2.4.3 Proposition

The correspondence a �! A D R.1/a is a one-to-one correspondence between
strongly .�; ı/-stable ideals of V and ideals of R.1/.

Proof. LetA be an ideal ofR.1/ and a D A\V . For any a 2 a; Xa D �.a/XCı.a/
and we have either ı.a/ D �.a/r or �.a/ D ı.a/s for some r; s 2 V . In the
former case Xa D �.a/.X C r/ with X C r 2 C. Hence �.a/ 2 a and ı.a/ 2 a.
In the latter case Xa D ı.a/.sX C 1/ with .sX C 1/ 2 C. So ı.a/ 2 a and
�.a/ 2 a since A 3 .Xa� ı.a//X�1 D �.a/. Hence a is .�; ı/-stable and similarly
a is .� 0; ı0/-stable, where � 0 D ��1 and ı0 D �ı��1 as in Sect. 2.3. Hence a is
strongly .�; ı/-stable. It is clear that R.1/a � A. To prove the converse inclusion,
let ˛ D c.X/�1f .X/ 2 A, where c.X/ 2 C and f .X/ D f1.X/f1 2 R with
f1.X/ 2 C and f1 2 V . Then R.1/˛ D R.1/f1 and f1 2 a. Thus ˛ 2 R.1/a which
shows A D R.1/a.

Conversely let a be a strongly .�; ı/-stable ideal of V . Since R.1/a D
R.1/aŒX I �; ı�, each element in R.1/a is of the form; c.X/�1a, where c.X/ 2 C and
a 2 a. Suppose b D c.X/�1a 2 R.1/a\V . Then c.X/b D a and so deg c.X/ D 0,
i.e. c.X/ D c0 2 U.V /. Thus b 2 a andR.1/a\V D a follows. To prove thatR.1/a
is an ideal ofR.1/, it is enough to show that ac.X/�1 � R.1/a for any c.X/ 2 C. For
any a 2 a and c.X/ 2 C, we have ac.X/�1 D d.X/�1b.X/ for some d.X/ 2 C and



146 2 Maximal Orders and Primes

b.X/ 2 R, i.e. d.X/a D b.X/c.X/. As before b.X/ D b1.X/b1 with b1.X/ 2 C
and b1 2 V and so d.X/a D b.X/c.X/ D b1.X/b1c.X/ D b1.X/c1.X/b2 for
some c1.X/ 2 C and b2 2 V , where b1c.X/ D c1.X/b2. Thus R.1/a D R.1/b2
and b2 2 a. Hence b1c.X/ 2 aŒX I �; ı� and so b1 2 a since c.X/ 2 C, i.e.
b.X/ 2 aŒX I �; ı�. Therefore ac.X/�1 D d.X/�1b.X/ 2 R.1/aŒX I �; ı� D R.1/a.

ut
A strongly .�; ı/-stable ideal p of V is called .�; ı/-prime if ab � p, where a

and b are .�; ı/-stable ideals of V , implies either a � p or b � p.

2.4.4 Proposition

Let p be a strongly .�; ı/-stable ideal of V . Then p is a .�; ı/-prime ideal of V if
and only if R.1/p is a prime ideal of R.1/. In particular, p is completely prime if and
only if so is R.1/p.

Proof. Let a be a .�; ı/-stable ideal of V . We prove that R.1/aŒX I �; ı� is an
ideal of R.1/. It suffices to prove that a.X/c.X/�1 2 R.1/aŒX I �; ı� for any
a.X/ 2 aŒX I �; ı� and c.X/ 2 C. There are a 2 V and d.X/; e.X/ 2 C such
that a.X/c.X/�1 D d.X/�1ae.X/. So aŒX I �; ı� 3 d.X/a.X/ D ae.X/c.X/.
Thus a 2 a, because e.X/c.X/ 2 C and hence a.X/c.X/�1 2 R.1/aŒX I �; ı�.
Therefore the first part of proposition easily follows from Proposition 2.4.3. IfR.1/p
is completely prime, then so is p since R.1/p \ V D p. Conversely suppose p is
completely prime. We show that pŒX I �; ı� is localizable. Let f .X/ 2 R and c.X/ 2
R�pŒX I �; ı�. Then d.X/f .X/ D g.X/c.X/ for some d.X/; g.X/ 2 R. As before
d.X/ D d1d1.X/ and g.X/ D g1g1.X/ where d1; g1 2 V and d1.X/; g1.X/ 2 C.
We have either d1 D g1r or g1 D d1s for some r; s 2 V: If d1 D g1r , then
rd1.X/f .X/ D g1.X/c.X/ … pŒX I �; ı� and so rd1.X/ … pŒX I �; ı�. If g1 D d1s,
then d1.X/f .X/ D sg1.X/c.X/ and d1.X/ 2 C � R�pŒX I �; ı�. Hence pŒX I �; ı�
is left localizable and similarly it is right localizable. Put S D V ŒX I �; ı�pŒX I�;ı�
which contains R.1/ so that S is a total valuation ring with J.S/ D SpŒX I �; ı�:
It follows from the proof of Theorem 1.4.9 that R.1/ � J.S/. So each element
˛ 2 J.S/ is of the form; ˛ D d.X/�1p.X/ D f .X/c.X/�1, where d.X/ 2
R � pŒX I �; ı�, p.X/ 2 pŒX I �; ı�, f .X/ 2 R and c.X/ 2 C, i.e. pŒX I �; ı� 3
p.X/c.X/ D d.X/f .X/. Thus ˛ 2 pŒX I �; ı�R.1/ D R.1/pŒX I �; ı� D R.1/p.
This entails J.S/ D R.1/p and it is localizable by Theorem 1.4.9. Hence R.1/p is
completely prime. ut

2.4.5 Proposition

R.1/ is a valuation ring of K.X I �; ı/ if and only if

(i) V is a valuation ring
(ii) ı.a/ 2 Va and Va D V�.a/ for all a 2 K
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Proof. For any a 2 K it is easily seen that R.1/a \ K D Va. Suppose R.1/

is a valuation ring. Then V is a valuation ring. For any a 2 K we have either
�.a/V � ı.a/V or �.a/V � ı.a/V . If �.a/V � ı.a/V , then �.a�1/ı.a/ 2 V

and X C �.a�1/ı.a/ 2 U.R.1//. So we have R.1/a D R.1/Xa D R.1/�.a/.X C
�.a�1/ı.a// D �.a/R.1/.X C �.a�1/ı.a// D �.a/R.1/ and hence Va D V�.a/ 3
ı.a/ follows. If �.a/V � ı.a/V , i.e. �.a/ D ı.a/r for some r 2 V , then
R.1/a D R.1/Xa D R.1/ı.a/.rX C 1/ D R.1/ı.a/ and so Va D V ı.a/. Since
ı.a/ D sa for some s 2 U.R.1//, we haveXa D �.a/X C ı.a/ D �.a/X C sa and
so .X � s/a D �.a/X . ThusR.1/a D R.1/.X � s/a D R.1/�.a/X D R.1/�.a/ and
hence Va D V�.a/.

Suppose that (i) and (ii) hold. Then for any a 2 V , a D aV D Va is a strongly
.�; ı/-ideal and so R.1/a D aR.1/ is an ideal of R.1/ by Proposition 2.4.3. Hence
R.1/a D aR.1/ follows. Let f .X/ be any element in R and f .X/ D f1f1.X/

for some f1 2 V and f1.X/ 2 C. Then we have R.1/f .X/ D R.1/f1f1.X/ D
f1R

.1/f1.X/ D f1R
.1/ and f .X/R.1/ D f1R

.1/. Thus R.1/f .X/ D f .X/R.1/ and
hence R.1/ is a valuation ring. ut

A total valuation ring S of K.X I �; ı/ with S \ K D V is called a Gauss
extension of V in K.X I �; ı/ if for any f .X/ D Xnan C � � � C a0 2 KŒX I �; ı�
Sf .X/ D SXiai for some Xiai with SXiai � SXjaj for all j , 0 5 j 5 n:

2.4.6 Remark

R.1/ is a Gauss extension of V in K.X I �; ı/. We will give an example of a total
valuation ring of K.X I �/ which is not a Gauss extension of V at the end of this
section.

We will study the structure of R D V ŒX I �; ı�:

2.4.7 Lemma

Let R D V ŒX I �; ı� and S D KŒX I �; ı�: Then

1. R D R.1/ \ S:

2. For any f .X/; g.X/ 2 R, put I D Rf .X/CRg.X/. ThenR.1/I\SI D Rc.X/

for some c.X/ 2 R.

Proof. 1. Let g.X/ D d.X/�1f .X/, where d.X/ 2 C, f .X/ 2 R and g.X/ 2 S:
As before we have g.X/ D ag1.X/ for some a 2 K and g1.X/ 2 C. Thus
a D d.X/�1f .X/g1.X/�1 2 R.1/ \K D V and hence g.X/ 2 R:

2. Since R.1/ is a total valuation ring we may suppose that R.1/f .X/ � R.1/g.X/:

As in (1), f .X/ D f1.X/a for some f1.X/ 2 C and a 2 V . ThusR.1/I D R.1/a

and also SI D Sb.X/ for some b.X/ 2 S . Furthermore we have b.X/a�1 D
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bb1.X/ for some b 2 K and b1.X/ 2 C. It follows that R.1/ \ Sb.X/a�1 D
R.1/ \ Sbb1.X/ D R.1/ \ Sb1.X/ D R.1/b1.X/ \ Sb1.X/ D Rb1.X/. Hence
R.1/I \ SI D R.1/a \ Sb.X/ D .R.1/ \ Sb.X/a�1/a D Rb1.X/a D Rc.X/,
where c.X/ D b1.X/a. ut

In Chap. 1, we defined a Bezout order in a simple Artinian ring, i.e. any finitely
generated one-sided ideal is principal. We generalize this concept from divisorial
ideal’s point of view: An order in a simple Artinian ring is said to be a generalized
left Bezout order if every finitely generated essential and divisorial left ideal is
principal. We can similarly define a generalized right Bezout order and an order is
generalized Bezout if it is generalized left and right Bezout.

2.4.8 Proposition

R D V ŒX I �; ı� is a generalized Bezout order in K.X I �; ı/:
Proof. For any f .X/; g.X/ 2 R, we put I D Rf .X/ C Rg.X/. Then .R.1/I \
SI/.R W I /r � R.1/I.R W I /r \ SI.R W I /r � R.1/ \ S D R. This implies
R.1/I \ SI � �I and R.1/I \ SI D Rc.X/ for some c.X/ 2 R by Lemma 2.4.7.
It follows �I D �.�I / � �.R.1/I \ SI/ D �.Rc.X// � �I and hence �I D
Rc.X/. Then, by induction on generators, we can prove that any finitely generated
and divisorial left ideal is principal. It follows from the right version that any finitely
generated and divisorial right ideal is principal. Hence R is a generalized Bezout
order. ut

Let R be an order in a simple Artinian ring Q. Let a; b; c and d be regular
elements in R. We say that d is a left greatest common divisor of a and b (a left
GCD for short) if

(i) Rd � Ra and Rd � Rb and
(ii) If Rc � Ra and Rc � Rb then Rc � Rd

which is written d D l-GCDfa; bg. Note that c D l-GCDfa; bg if and only if
Rc D Rd . A right GCD is defined similarly. An order in a simple Artinian ring is
said to be a GCD-order if any two regular elements have a left GCD as well as a
right GCD. As a dual concept of GCDs, we define a left least common multiple m
of a and b (a l-LCM for short and written; m D l-LCMfa; bg) and similarly we
defined a right least common multiple. An order is called a LCM-order if any two
regular elements have a left LCM and a right LCM.

2.4.9 Lemma

Let R be an order in a simple Artinian ringQ. Let a; b; c and d be regular elements
in R such that d D l-GCDfac; bcg. Then dc�1 D l-GCDfa; bg.
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Proof. First note that dc�1 2 R, becauseRc � Rac andRc � Rbc. It is clear that
Rdc�1 � Ra and Rdc�1 � Rb. Suppose that Re � Ra and Re � Rb for some
e 2 R. Then Rec � Rac and Rec � Rbc. Thus Rec � Rd , i.e. Re � Rdc�1.
Hence dc�1 D l-GCDfa; bg. ut

2.4.10 Proposition

LetR be an order in a simple Artinian ringQ. Then the following are equivalent:

1. R is a generalized Bezout order.
2. R is a GCD order.
3. R is a LCM order.

Proof. 1. ) 2: For any regular elements a; b in R, let I D Ra C Rb: Then �I D
Rd for some d 2 R. Suppose that Rc � Ra and Rc � Rb. Then Rc � I and
so Rc � �I . Hence d D l-GCDfa; bg. Similarly we can prove that a and b has
a right GCD.

2. ) 1: For any regular elements a and b in R, put I D Ra C Rb and d D l-
GCDfa; bg. Then Rd � �I . Suppose Rq � I for some q 2 Q. If q 2 R,
then Rq � Rd . If q … R, then q D ec�1 for some c; e in R. Rec�1 � I

implies Re � Rac and Re � Rbc. Set g D l-GCDfac; bcg. Then gc�1 D
l-GCDfa; bg D d by Lemma 2.4.9. So Rq D Rec�1 � Rgc�1 D Rd and
thus Rd D�I as in Proposition 1.5.8. Hence R is a generalized left Bezout order
by induction on the generators of essential left ideals, because any essential one-
sided ideal is generated by regular elements ([16, Theorem 1.21]). SimilarlyR is
a right generalized Bezout order.

1. ) 3: W For any regular elements a and b in R, put I D a�1R C b�1R. There is
a regular element c in R with ca�1; cb�1 in R. It follows that cI� D .cI /� D
.ca�1RCcb�1R/� D dR for some d 2 R, i.e. I� D c�1dR. ThusRa\Rb D
.R W I /l D .R W I�/l D Rd�1c and so d�1c D l � LCMfa; bg. Hence R is a
left LCM order and similarly R is a right LCM order.

3. ) 1: W For any regular elements a and b in R, put I D Ra C Rb. There is
a regular element c 2 R with ca�1; cb�1 2 R. Then c.R W I /r D c.a�1R \
b�1R/ D .ca�1R \ cb�1R/ D dR for some d 2 R, i.e. .R W I /r D c�1dR.
Thus �I D Rd�1c. Hence R is a left generalized Bezout order and similarly R
is a right generalized Bezout order. ut

Let R be an order in a simple Artinian ring Q and � be an automorphism of Q.
Furthermore we let P D XQŒX I �� and T D QŒX I ��P . It is easy to see that
c.X/ D cnX

n C � � � C c0 2 C.P / if and only if c0 2 U.Q/. Thus we have a map
' W T �! Q defined by '.c.X/�1f .X// D c�1

0 f0, where c.X/ 2 C.P / and
f .X/ D fmX

m C � � � C f0 2 QŒX I ��.



150 2 Maximal Orders and Primes

2.4.11 Lemma

' is a ring epimorphism with ker ' D XT D J.T /.

Proof. By using Ore condition for C.P / we have ' is well defined and a ring
homomorphism. It is also clear that ' is an epimorphism with Ker ' D XT: ut

We denote by R.2/ the pre-image of R by ', i.e. R.2/ D R C J.T /.

2.4.12 Lemma

T D R
.2/

C , where C D CR.0/.
Proof. For any t 2 T , there exists c 2 C with '.tc/ D '.t/c 2 R and so tc 2 R.2/,
i.e. t D ˛c�1 for some ˛ 2 R.2/. For any ˇ 2 R.2/ and d 2 C, we have d�1ˇ 2 T
and so there are c 2 C and ˛ 2 R.2/ such that d�1ˇ D ˛c�1. Hence C is a right Ore
set of R.2/ and similarly it is left Ore. Now it is clear that T D R

.2/
C . ut

2.4.13 Lemma

J.R.2// D J.R/+J(T) and R.2/
ı
J.R.2// Š R=J.R/.

Proof. Since R.2/
ı
J.T / Š R, it suffices to prove that I � J.T / for any maximal

left ideal of R.2/. Suppose on the contrary that I is a maximal left ideal of R.2/ with
I 6� J.T /. Then I C J.T / D R.2/ and TI D T by Nakayama Lemma. It follows
that I D R.2/I � J.T /I D J.T /T D J.T / which is a contradiction. Hence
J.R.2// D J.R/C J.T / with R.2/

ı
J.R.2// Š R=J.R/.

2.4.14 Lemma

The following are equivalent:

1. �.R.2// D R.2/.
2. X 2 st.R.2// D fq 2 Q W qR.2/ D R.2/qg.
3. �.R/ D R.

Proof. 1. , 2: This is obvious, because �.R.2// D XR.2/X�1.
1. ) 3: �.R/ D �.R.2/ \Q/ D �.R.2//\ �.Q/ D R.2/ \Q D R.
3. ) 1: Since XT D TX , � induces an automorphism of T and so �.J.T // D
J.T /. Hence �.R.2// D �.RC J.T // D RC J.T / D R.2/. ut



2.4 Non-commutative Valuation Rings in K.XI �; ı/ 151

2.4.15 Lemma

1. st.R/ D st.R.2//\Q.
2. Let ˛ D c.X/�1f .X/ 2 Q.X I �/ with f .X/; c.X/ 2 QŒX I �� and f0; c0 2
U.Q/, where f0 D f .0/ and c0 D c.0/. Then R.2/˛ D R.2/c�1

0 f0 and ˛R.2/ D
c�1
0 f0R

.2/. In particular, ˛ 2 st.R.2// if and only if c�1
0 f0 2 st.R/.

Proof. 1. This is obvious.
2. Since '.˛/ D c�1

0 f0, we have ˛ � c�1
0 f0 2 J.T / by Lemma 2.4.11 and so

f̨ �1
0 c0 � 1 2 J.T / � J.R.2// by Lemma 2.4.12. Hence f̨ �1

0 c0 2 U.R.2//,
i.e. R.2/˛ D R.2/c�1

0 f0. Similarly ˛R.2/ D c�1
0 f0R

.2/ follows. Now the last
statement is clear.

2.4.16 Proposition

Let R be an order in a simple Artinian ring Q, � be an automorphism of Q and
T D QŒX I ��P , where P D QŒX I ��X . Then

1. R.2/ is a Dubrovin valuation ring of Q.X I �/ if and only if so is R.
2. If R is a Dubrovin valuation ring ofQ.X I �/, then fR.2/p and J.T /, p is a prime

ideal of Rg is the set of prime ideals of R.2/.
3. Assume that Q is a skewfield.

(i) R.2/ is a total valuation ring if and only if so is R.
(ii) R.2/ is a valuation ring if and only if R is a valuation ring and �.R/ D R.

Proof. 1. Since T is a Dubrovin valuation ring, the statement follows from
Theorem 1.4.9 and Proposition 1.4.17 since R.2/=J.T / Š R.

2. It is clear that any prime ideal of R.2/ containing J.T / is of the form p C J.T /,
where p is a prime ideal of R and that pR.2/ D p C J.T / D R.2/p. J.T / is a
minimal prime ideal of R.2/ since \XnT D 0.

3. (i) If Q is a skewfield, then T is a total valuation ring and so the statement is
clear.

(ii) Any element of Q.X I �/ is of the form Xnc.X/�1f .X/, where n 2 Z and
f .X/; c.X/ 2 QŒX I �� such that f .0/ ¤ 0, c.0/ ¤ 0. Hence the statement
follows from Lemmas 2.4.14, 2.4.15 and 3.(i).

2.4.17 Remark

LetR be a Dubrovin valuation ring of a simple Artinian ringQwith finite dimension
over its center. Then we have the following ideal-theoretic properties:

1. �R D st.R/
ı
U.R/ is Abelian.



152 2 Maximal Orders and Primes

2. If Ra � aR for some a 2 Q, then Ra D aR and Sa D aS for any overring S
of R.

3. For any R-ideal I of Q, Ol.I / D Or.I /.

Proposition 2.4.16 is used to obtain an example of Dubrovin valuation ring of Q
in which these properties do not necessarily hold in case Q is infinite dimensional
over its center [33].

2.4.18 Remark

Let V ba a commutative valuation ring of a field K and T D KŒX�.XC1/ be a
localization of KŒX� at prime ideal .X C 1/. Consider the natural epimorphism '

from T to T D T=.X C 1/T , which contains K and ŒT W K� D 2. Let W be any
valuation ring of T with W \ K D V and R.2/ D '�1.W /, the preimage of W
by '. Then R.2/ is a valuation ring of K.X/ with R.2/ \ K D V . But it is not a
Gauss extension of V in K.X/.

Let R be a Dubrovin valuation ring of a simple Artinian ring Q, � be an
automorphism of Q and ı be a left �-derivation. Suppose that .�; ı/ is compatible
with R. In the beginning of this section we proposed an open question on non-
commutative valuation rings of Q.X I �; ı/ lying over R. The observation in this
section suggests us a program for the question:

2.4.19 Remark

1. J.R/ŒX I �; ı� is localizable or not. It it is localizable, then
R.1/ D RŒX I �; ı�J.R/ŒX I�;ı� is a Dubrovin valuation ring or not.

2. Let P be a prime ideal of QŒX I �; ı�. Find out all Dubrovin valuation rings of
Q.X I �; ı/ which are subrings of QŒX I �; ı�P and lying overR.

3. Find out Dubrovin valuation rings of Q.X I �; ı/ which are different types from
ones in (1) and (2).

The following is also an open question:

2.4.20 Remark

If R is a generalized Bezout order in Q, then so is RŒX�. Moreover so is
RŒX I �; ı�.
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2.5 Arithmetical Pseudovaluations and Divisors

Let C be a commutative domain with field of fractions K and let A be a c.s.a. over
K with n D dimKA. We assume R � A is a C -order such that fractional ideals of
R commute and R is projective as a C -module. In foregoing section we have seen
that a maximal order ƒ over a Dedekind domain satisfies the latter condition. We
say that R is an arithmetical order if the set of fractional ideals of R, F.R/ say,
commutes.

In [69] more general arithmetical rings are considered but we shall restrict
attention to arithmetical orders in c.s.a.

Let � be a totally ordered semigroup written additively. A pseudovaluation v on
F.R/ is a function v W F.R/!� [ f1g, satisfying:

– PV.1. For I; J 2 F.R/; v.IJ / � v.I /C v.J /
– PV.2. For I; J 2 F.R/; v.I C J / � minfv.I /; v.J /g
– PV.3. v..R// D 0 and v.0/ D 1
– PV.4. If I � J in F.R/ then v.I / � v.J /

From PV.4 it follows that PV.2 may be changed to v.I C J / D minfv.I /; v.J /g
for I; J 2 F.R/.

A pseudovaluation on F.R/ is said to be arithmetical (a.p.v.) if v.IJ / D
v.I / C v.J / for I; J 2 F.R/. Two a.p.v.’s are said to be equivalent, say v1 � v2,
if v1.RxR/ � o if and only if v2.RxR/ � 0 for all x 2 A. We may define a
pseudovaluation v� on A as a function v� W A!� [ f1g, for some totally ordered
semigroup � , satisfying:

PV�
1 . For a; b 2 A, v�.ab/ � v�.a/C v�.b/

PV�
2 . For a; b 2 A, v�.a C b/ D minfv�.a/; v�.b/g

PV�
3 . We have v�.1/ D 0 and v.0/ D 1

2.5.1 Lemma

If v is a pseudovaluation F.R/!� [ f1g then we define v� W A!� [ f1g by
putting v�.a/ D v.RaR/. Then v� is a pseudovaluation on A such that v�.r/ � 0

for all r 2 R.

Proof. Follows directly from: RabR � RaRbR;R.a C b/R � RaR CRbR. ut

2.5.2 Proposition

If v is an a.p.v. on A defined over R, then P D fa 2 A; v.RaR/ > 0g defines
a prime .P;AP / in A. Conversely if .P;AP / is a prime in A such that R � AP ,
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then there exists an a.p.v., v say, such that P D fa 2 A; v.RaR/ > 0g and fb 2
A; v�.b/ � 0g is contained in AP .

Proof. Let v be an a.p.v. defined on F.R/, look at P D fa 2 A; v.RaR/ > 0g. If
a; b 2 P then v.R.a � b/R/ � v.RaR CRbR/ � fv.RaR/; v.RbR/g > 0, hence
a�b 2 P . So we only have to establish thatA�P is anm-system forAP . Suppose
a; b 2 A are such that aAP b � P then aRb � P . Thus v.RaRbR/ > 0 and
the a.p.v. property then yields: 0 < v.RaRbR/ D v.RaR/ C v.RbR/, then either
v.RaR/ > 0 or v.RbR/ > 0. The latter entails that either a or b is in P .

Conversely if .P;AP / is a prime with R � AP we define for I 2 F.R/, v.I / D
fa 2 A; aI � P g and put � D fv.I /; I 2 F.R/g. We define a partial order on
� by v.I / � v.J / if and only if v.I / � v.J /. Then � is totally ordered. Indeed,
suppose I; J 2 F.R/ are such that v.I / 6� v.J / and v.J / 6� v.I /. Then there is an
a 2 A such that aI � P and aJ 6� P , and a b 2 A such that bJ � P but bI 6� P .
Thus RaRJAPRbRI 6� P as P is a prime in A. Thus for some z 2 AP we have:
RaRJRzRbRI 6� P but by the commutativity of fractional R-ideals in A we then
have: RaRJRzRbRI D RbRJRzRaRI � P , a contradiction. Thus � is a totally
ordered semigroup. Define: v.I / C v.J / D v.IJ /. This is an addition with unit
element v.R/ turning� into a totally ordered semigroup. Indeed if v.I / � v.J / then
we look at v.IH/ and v.JH/ for H 2 F.R/; if q 2 v.JH/ then qJH � P , hence
RqRJH D RqRHJ � P or qH � v.J / � v.I /, thus qHI � P or q 2 v.HI/,
hence v.IH/ � v.JH/, similarly v.HI/ � v.HJ /. For the well definedness look
at v.I / D v.I 0/ and v.J / D v.J 0/ and x 2 v.IJ /. Hence, RaRIJ � P;RaRI �
v.J / D v.J 0/ then yields: RaRIJ 0 D RaRJ � P . Again, since v.I 0/ D v.I /,
then RaRJ D RaRI 0J 0 � P and a 2 v.I 0J 0/ follows. Consequently v.IJ / D
v.I 0J 0/ follows by repeating the foregoing argument interchanging the role of I; J
and I 0; J 0 resp. The properties PV.1. . . PV.4 follow directly from the definition of
v, P D fa; v.RaR/ > 0g. If b 2 A is such that v.RbR/ D 0 and a 2 P then
v�.ba/ � v�.b/ C v�.a/ D v.RbR/ C v.RaR/ > 0 yields ba 2 P : similarly
ab 2 P , hence b 2 AP . This also establishes fb 2 A; v�.b/ � 0g � AP . ut

2.5.3 Remarks

1. If .P;AP / is a prime of A such that R � AP then P \ R is a prime ideal of R.
This is clear from the proof above.

2. If an a:p:v: v corresponds to a prime .Pv; A
Pv/ and vp is the a:p:v: associated to

that prime, then vp is equivalent to v as is easily checked.
3. Lat vP be the a:p:v: of the prime .P;AP /;R � AP . For every I 2 F.R/,

vP .I / D inffvP .RaR; a 2 I g. Indeed since it is clear that vP .RaR/ � vP .I /
for every a 2 I and if J 2 F.R/ is such that vP .J / � vP .I / but vP .J / �
vP .RaR/ for all a 2 I , then y 2 vP .J / yields yRaR � P for all a 2 I , or
yI � P and y 2 vP .I /. Then vP .J / � vP .I / and vP .J / D vP .I /, thus vP .I /
is inffvP .RaR/; a 2 I /.
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4. The restriction of v� to K defines a valuation of K . If 	 D .p;Kp/ is
the restriction of .P;AP / to K then every prime .P;AP / with R � AP is
	-fractional.

5. If Ra D aR then for an a:p:v v and all b 2 A we have v.ba/ D v.b/C v.a/,
v.ab/ D v.a/C v.b/ (since RbaR D RbRaR/.

2.5.4 Lemma

Let v be an a:p:v: in A;�v its value semigroup and .P;AP / its associated prime.
The following are equivalent:

1. �v is a totally ordered group.
2. For every fractional ideal I 2 F.R/ there is an a 2 A such that aI � AP and
aI 6� P .

Proof. 1. ) 2: If � is a group every v.I / has an inverse, thus for any I 2 F.R/

there is a J 2 F.R/ such that v.IJ / D v.R/ D 0. Since P � v.R/; P � v.IJ /
hence IJP � P or IJ � AP follows. Since aIJ � P yields aR � P hence
a 2 P it follows that IJ 6� P . Then there is a y 2 J such that RyR I D
IRyR 6� P but RyRI � AP .

2. ) 1: Let a be as in (2) and take y 2 v.RaRI/. Then we have thatRyRRaRI �
P and for every z 2 AP we obtain:
RzR RyR RaRI D RyRRzRaRRI � P . Since RaRI 6� P by the choice

of a we must have RyR � P (since P is prime), hence we arrive at yR � P or
y 2 v.R/. From RaRI � AP the inclusion v.RaRI/ � v.R/ follows (in fact
v.R/ D P is 0 of �v). Consequently 0 D v.R/ D v.RaRI/ D v.RaR/C v.I /,
so v.I / has an inverse in �v. ut

2.5.5 Proposition

Let v be an a:p:v: in A with corresponding �v and .P;AP / as before. If �v is a
group then AP D fa 2 A; v.RaR/ � 0g.

Proof. That fa 2 A; v.RaR/ � 0g � AP was established in Proposition 2.5.2.
For a 2 AP , .RaR/ is invertible in �v hence v.J / C v.RaR/ D 0 in �v for some
J 2 F.R/. From the proof of Lemma 2.5.4 we may assume that J D RbR. Hence
v.RaRRbR/ D 0 so if v.RaR/ < 0 then v.RbR/ > 0 i.e. b 2 P . Now a 2 AP

yields RaRRbR � P or v.RaRRbR/ > 0, contradiction. Thus v.RaR/ � 0 or
a 2 fa 2 A; v.RaR/ � 0/. ut
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2.5.6 Corollary

If .P;AP /, R � AP is a prime of A with associated a:p:v:, v then .P;AP / is a
dominating prime if �v is a group.

Proof. Consider I 2 F.R/; I 6� AP . From Lemma 2.5.4.(2) it follows that there
is an a 2 A such that aI � AP ; aI 6� P . Then Ia 2 AP ; Ia 6� P . From the
fact I 6� AP it follows that either IP 6� P or PI 6� P , say IP 6� P . Then
IPAP 6� P . Consider IPAPa. For all p 2 PAP we have: Ipa � IpRaR �
IRaRp � IaRp � P , thus IPAPa � P . Since .P;AP / is a prime such that
IP 6� P we must have a 2 P .

If .Q;AQ/ dominates .A;AP / take b 2 AQ �AP and a 2 P such that aRbR �
AP but aRbR 6� P . From a 2 P � Q and RbR � AP it follows that aRbR �
Q\AP D P , contradiction. Hence .P;AP / D .Q;AQ/ or .P;AP / is a dominating
prime of A. ut

The section so far depends heavily on R having a commutative fractional ideal
theory. From the foregoing section we retain that if R is a maximal order over a
Dedekind domainD inK this situation is realized. Also ifR is a Dubrovin valuation
of A it holds.

As before A is assumed to be finite dimensional overK .

2.5.7 Proposition

Let v be an a:p:v: in A such that �v is a totally ordered group, then .P;AP / the
associated prime of v is a Dubrovin valuation ring of A.

Proof. By Remark 2.5.3.(4) the restriction of v� to K is a valuation of K . From
Proposition 2.5.5 it follows that AP \ K D 0v� is the valuation ring of v�jK . Let
us check that AP=P is Artinian, in fact finite dimensional over k, the residue field
of v� on K . If not then B D AP=mv�AP is also not finite dimensional over k as
mv�AP � P , where mv� is the maximal ideal P \ K of Ov� . Let f Nx˛; ˛ 2 Ag
be an infinite number of k-independent elements in B and x˛; ˛ 2 A be chosen
representatives in AP . Since A is finite dimensional overK we have a relation:

nX
iD1

�ix˛i D 0 with �i 2 K

We may multiply �i ; i D 1; : : : ; n, by some � such that ��i D ��
i 2 Ov for all

i D 1; : : : ; n, but not all in mv� . Then †��
i x˛i D 0 yields † N��

i Nx˛i D 0 with N��
i 2

k D Ov�=mv� not all zero reducing modulo mv�AP . The latter is a contradiction,
hence AP=P is finite dimensional over k, thus Artinian. Since P is prime AP=P is
prime Artinian and therefore simple Artinian. The second condition for a Dubrovin
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valuation ring follows from Lemma 2.5.4.(2). Indeed for any q 2 A there is an a
such that aRq � AP and aRq 6� P , so for some r 2 R we have arq 2 AP .
Conversely, since RqR RaR D RaR RqR we have qRa � AP and qRa 6� P

hence qr 0a 2 AP for some r 0 2 R. Thus AP is a Dubrovin valuation ring. ut

2.5.8 Corollary

In the situation of the foregoing proposition v� is a value function associated to AP

if �v D v�.stAP /.

Proof. It is clear that the fourth axiom for a value function is exactly given by �v D
v�.st.AP //, i.e. for every q 2 A there is an a 2 A such that RqR D Ra D aR. ut

2.5.9 Definition

A prime .P;AP / with R � AP is discrete if AP has the ascending chain condition
on ideals and P is the unique nonzero prime ideal of AP and P D 	AP D AP	

for some invertible element 	 of A.

2.5.10 Lemma

If .P;AP / with R � AP is a discrete prime then for every integral ideal I of R,
IAP is an ideal of AP , moreover every ideal of AP is Pn D 	nAP for some n 2 N.

Proof. If I 2 F.R/ then IAP is a two-sided AP module because for all a 2 AP ,
aI � RaRI � IRaR � IAP , consequently for an integral ideal I of R, IAP is
an ideal of AP .

If J is an ideal ofAP then J D APa1A
P C: : :CAPadAP for some a1; : : : ; ad 2

J because of the a:c:c: on ideals in AP . Now each ai D 	ni bi with bi 2 AP � P ,
i D 1; : : : ; 1, for some n 2 N, otherwise ai 2 \nP

n. Thus either J � \nP
n or J D

Pni where ni D minfn1; : : : ; nd g. We claim that every nonzero ideal ofAP contains
somePm for a certainm 2 N. Indeed, suppose the set of ideals ofAP not containing
some Pm is nonempty, then by the a:c:c: on ideals for AP this set is inductively
ordered hence it has maximal elements. Let H be such a maximal element, then
H ¤ P and hence there are ideals I1 and I2 of AP such that I1; I2 ¥ H and
I1I2 � H . Now Pm1 � I1; P

m2 � I2 for some m1;m2 2 N, thus Pm1Cm2 2 H

contradiction. Thus if \nP
n is a nonzero ideal then \nP

n D Pm for some m 2 N

or Pm D PmC1 yielding: AP	m D AP	mC1 or AP D AP	 D P , a contradiction.



158 2 Maximal Orders and Primes

2.5.11 Proposition

If .P;AP / is a discrete prime then its associated � is a group and � Š Z with
generator v.AP /.

Proof. If I is an integral ideal of R such that IAP D 	nAP , put J D R	�nR and
calculate v.IJ / D v.AP / D P D v.R/ D 0 in � . If I 2 F.R/ let c 2 Z.R/ be
such that cI � R and let v.J / be the inverse of v.cI / in � , then v.I /C v.cR/C
v.J / D 0 in � , then v.I /C v.cR/C v.J / D 0 in � , hence v.I / has an inverse in � .

If J 2 F.R/ is such that v.J / � 0 then J � AP hence JAP D 	nAP for some
n 2 N. However, if v.J / < 0 then v.J /�1 D v.I / � 0 hence IAP D 	mAP for
some m 2 N, thus JIAP D AP (JI is not in P ). Consequently: JAP D 	�mAP .
Associating v.J / to n if JAP D 	nAP for n 2 Z defines an isomorphism � Š Z.

ut

2.5.12 Remark

If .P;AP / with AP � R is a discrete prime then AP has centre Z.AP / D K \ AP

a discrete valuation ring.

Proof. Remark 2.5.3.(4) yields that the restriction of v� toK yields a valuation with
value group � and valuation ring AP \K D Z.AP / D f� 2 K; v�.ƒ/ � 0g. Since
� Š Z the valuation induced on K is also discrete. ut

2.5.13 Proposition

As before assume thatR is a C -order in theK�c:s:a: A (we assume ch.K/ D 0)
which is projective as a C -module. The following are equivalent:

1. Every ideal of R is finitely generated as a two-sided ideal.
2. The set of (integral) ideals of R satisfies the a:c:c:
3. Z.R/ is a Noetherian domain.
4. R is a finitely generated module over the Noetherian Z.R/.
5. R is (left and right) Noetherian.

Proof. 1. ) 2: If I0 � I1 � : : : � In � : : : � R is a chain of ideals then
J D [i Ii is an ideal of R hence J D Ra1R C : : : C RadR for a finite set
fa1; : : : ; ad g � J . Take n such that a1; : : : ; ad 2 In, then In D J and the chain
terminates.

2. ) 3: Since R is projective as a C -module we have for any ideal I of C that
RI \ C D I , hence C satisfies the ascending chain condition because a chain
I0 � I1 � : : : � C yields RI0 � RI1 � : : : � R and the latter terminates.
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3. ) 4: R is a prime P:I:-ring as an order of a c:s:a: A result of G. Cauchon yields
that if Z.R/ D V is Noetherian (ch.K/ D 0 holds too); then R is a finitely
generated C -module.

4. ) 5: Well-known
5. ) 1: Obvious. ut

2.5.14 Corollary

If F.R/ is a group thenR is Noetherian and a finitely generatedZ.R/-module over
a Noetherian centre.

Proof. If I is an ideal of R and I�1 its inverse in F.R/ then there is a finitely
generatedRa1RC: : :CRadR � I such that we have: .Ra1RC: : :CRadR/I�1 3
1 hence (Ra1RC : : :CRadR/I

�1 D R. Then Ra1RC : : :CRadR D I follows
from multiplying the foregoing by I . So every ideal of R is finitely generated (two-
sided) so we may apply the foregoing proposition. ut

Now we look at sets of discrete primes in a finite dimensionalK-algebraA. First
we observe that any discrete prime is a Dubrovin valuation ring with an associated
value function v� inducing a discrete valuation on K; indeed its fractional ideals
form a group (abelian) and every fractional ideal is a principle module on the left
(using 	�1 and multiplying by suitable powers of it). If .P;AP / is a discrete prime
then AP is a finitely generated (left) module over Ov� D AP \K and hence a free
Ov� -module of finite rank, as a Dubrovin valuation it is then also a maximal order
over the discrete valuation ring Ov� . So in case A is finite dimensional over K: the
set of discrete primes of A is identical to the set of maximal orders over discrete
valuation rings ofK!

A set D of discrete primes of A is said to be proper if they yield inequivalent
a.p.v. (recall that v1 is an equivalent a.p.v. to v2 exactly if: v1.I / � v1.J / if and
only if v2.I / � v2.J / for fractional R-ideals I and J ) restricting to inequivalent
valuations of K . A proper set of discrete primes is divisorial if for every q 2 A,
v�.q/ D 0 for almost all v 2 D (we may view D as a set of discrete a.p.v.). If
D is divisorial then its elements are called prime divisors. A divisor ı of A with
divisorial set D is a formal sum ı D P

v2D 
vv where 
v 2 Z is 0 for almost all
v 2 D.

We call 
v the order of ı in v, written 
v D ordvı. In case 
v � 0 for all v 2 D
we call ı an integral divisor. A divisor ı1 divides a divisor ı2, written ı1jı2 if for
all v 2 D, ordvı1 � ordvı2.

Any divisor is determined by the function ord W D!Z; v 7! 
v. We define
ı1Cıv by ordv.ı1Cı2/ D minfordv.ı1/; ordv.ı2/g; ı1:ı2 is defined by ordv.ı1:ı2/ D
ordv.ı1/ C ordv.ı2/. The set of divisors for D, div.D/, equipped with the multipli-
cation introduced above is an abelian group.
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Consider a proper set D of discrete primes such that for almost all .P;AP / 2 D,
AP contains a fixed arithmetical ring R (e.g. a maximal order over a Dedekind
domain D in K). Let D.K/ be the set of discrete valuation of K induced by the
v 2 D.

2.5.15 Lemma

If D.K/ is divisorial then D is divisorial.

Proof. Take q ¤ 0 in A, q D c�1r for some c 2 K , r 2 R. Since D.K/ is
divisorial v�.c�1/ D 0 for almost all v�jK , consequently q 2 0v�R � APv for
almost all .Pv; A

Pv/ in D. For every invertible q 2 A it then follows that v�.q/ D 0

for almost all v 2 D since 0 D v�.qq�1/ � v�.q/ C v�.q�1/ � 0 for almost all
v 2 D (each v� is a value function!). Observe it also follows that for every fractional
ideal I of R, v.I / D 0 for almost all v 2 D! ut

For a fractional ideal I of R define the divisor: @I D P
v2D v.I /v, the ideal

divisor of I .
In case I D RqR for some q 2 A, then @I is said to be principal. A divisor

as before is principal if @q D P
v2D v.q/v. For a principal divisor we define the

divisor of zeros as: @z.q/ D P
v.q/>0 v.q/v, the divisor of poles is defined as: @p.q/ DP

v.q/<0 �v.q/v. Note that, in case R is contained in all AP appearing in D, then
principal divisors are exactly all principal ideal divisors.

2.5.16 Corollary

With R and D as before, the map:

@ W F.R/!Div.D/; I 7! @I

is compatible with sum and product (similar result for principal divisors fails if
R 6� AP for some AP appearing in D!).

If R is a maximal order in A over the Dedekind domainD inK let D.R/ consist
of all discrete primes .P;AP / of A such that R � AP . Then Z.AP / D Ov� (A
is assumed to be a c:s:a: over K), and mv� \ D D p D P \ D is a maximal
ideal ofD. ThenOv� is the localization ofD at p andQD�p.R/ is a maximalOv� -
order in R. Since QD�p.R/ � AP it follows that AP D QD�p.R/ and we have a
bijective correspondence D.R/ $ SpecD � f0g. MoreoverR D \v2DAPv and the
approximation property holds for D:
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2.5.17 Definition. Approximation Property(A)

Given a finite set v1; : : : ; vn of a:p:v: in D.R/; �1; : : : ; �n 2 Z and q1; : : : ; qn 2 A,
there exists an x 2 A such that: vi .x � qi / � �i ; i D 1; : : : ; n and v.x/ � 0 for all
v 2 D.R/-fv1; : : : ; vng.

The property .A/ in the situation described above can be established completely
similar to the commutative case.

A modification of the proofs in the commutative case (see e.g. [69]) leads to the
following.

2.5.18 Lemma

In the situation of Definition 2.5.17 there exists an x 2 A such that vi .x � qi / D
�i ; i D 1; : : : ; n and v.x/ � 0 for all v 2 D.R/ � fv1; : : : ; vng, (A1-property).
Also, for vi ; ƒi as before there exists an invertible x 2 A that is right invariant for
APv1 : such that v1.x/ D �1, vj .x/ D �j for j D 2; : : : ; n and v.x/ � 0 for all
v 2 D.R/� fv1; : : : ; vng, (A2-property).

This leads to the following, in the situation of the lemma.

2.5.19 Proposition

The map @ W F.R/!div.D.R// is bijective, i.e. it is an isomorphism between
the abelian groups div.D.R// with multiplication of divisors and F.R/ with
multiplication of fractional ideals. Integral ideals of R correspond to integral
divisors, prime ideals correspond to prime divisors i.e. D.R/.

For a c:s:a: A over K look at Dk.K/, the set of discrete valuations of K
containing some subfield k. It is well-known that there exists a finite subset VK �
Dk.K/ such that D D Dk.K/�VK is divisorial inK and satisfies the .A/-property.
For each v 2 D choose a maximalOv-orderƒv inA, then this is a discrete prime and
so we obtain a set D.A/which is divisorial inA. There is a finite subset VA � D.A/,
consisting of those ƒv for v 2 VK , such that D.A/� VA satisfies condition .A/. We
define the divisors of A as divD.A/. The subset IdivD.A/ consists of ideal divisors
i.e. divisors defined with respect to the divisorial set D.A/ � VA; the elements of
IdivD.A/may be viewed as ideals of some maximal order over a Dedekind domain
in A, (cf. Proposition 2.5.19). WhenK is a function field in one variable over k, the
foregoing is used in a Riemann–Roch theorem for c:s:a: overK .

Again we look at c:s:a: over K with a Dedekind domain D in K such that
Q.D/ D K . Fix a nonzero prime ideal p of D and look at the set: Q.A/ D
.C;Q;ƒ/, ƒ a subring of A such that ƒ \K D D, Q a prime of ƒ;Q \K D p.
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We consider Qf .A/ � Q.A/ where .Q;ƒ/ 2 Qf .A/ if ƒ is a finitely generated
R-module.

Both sets can be ordered in two ways: first by the domination relation: .Q;ƒ/ <
.Q1;�1/ if and only if ƒ � ƒ1;Q � Q1;Q D Q1 \ƒ, secondly by the inclusion
on the Q in the .Q;ƒ/.

Maximal elements with respect to the domination relation are called dominating
pairs, resp. finite dominating pairs, in Q.A/, resp. Qf .A/. Clearly maximal
(finite) pairs are also dominating (finite) pairs. There are maximal pairs that are
not finite, for example in the case D is Ov with maximal ideal mv, then mv C Ka

for some a 2 A such that a2 D 0 (exists if A is not a skewfield) is contained in a
maximal pair which cannot be finite because mv C Ka is not a finitely generated
Ov-module.

2.5.20 Lemma

Let .Q;ƒ/ be a finite dominating pair and � a maximal D-order containingƒ.

1. .Q;ƒ/ is a prime in � andQ is a maximal ideal in ƒ.
2. Q contains a nonzero ideal of �.
3. Q and ƒ are D-lattices in A (i.e. both contain a K-basis for A).

Proof. 1. Consider Qf .�/ the pairs of Qf .A/ contained in �. If .Q0; ƒ0/ 2
Qf .�/ dominates .Q;ƒ/ thenQ0\ƒ D Q yields that .Q0; ƒ0/ lies over .p;D/.
Since ƒ0 � � it is a finitely generated D-module, thus .Q0; ƒ0/ 2 Qf .A/.
Since .Q;ƒ/ was dominating,Q D Q0 and ƒ D ƒ0 follows and thus .Q;ƒ/ is
dominating in Qf .�/. As in the proof of Proposition 1.1.8 it follows that .Q;ƒ/
is a prime if �. Now ƒ=Q is Artinian (finite dimensional over k D D.p/ hence
Q is a maximal ideal in ƒ.

2. For n 2 N; pn�CQ is a finitely generatedD-module. If for all n 2 N; .pn�C
Q/\ƒ ¤ Q then 1 2 pn�CQ. Localizing centrally at p yields 1 2 pn�pCQP

for all n, and the latter is a finitely generatedDp-module. Since�p is a maximal
Dp-order, then p�p � J.�p/ and Nakayama’s lemma entails 1 2 Qp. Hence
there is a d 2 D such that d 2 D � p, d:1 2 Q, but that would contradict
Q \ D D p. Thus for some n; 1 62 pn� C Q, i.e. .pn� C Q/ \ ƒ D Q.
Put B D .pn� C Q/ C ƒ D pn� C ƒ. Then B is a ring and pn� C Q

is a maximal ideal of B since Bpn� C Q D ƒ=Q is simple (see (1)). Now
.pn� C Q;B/ dominates .Q;ƒ/ in Qf .A/ thus B D ƒ;Q D pn� C Q,
yielding that pn� � Q for some n 2 N.

3. Since� contains aK-basis, thusQ contains aK-basis by multiplying a suitable
element of pn (as pn� � Q/. ut

The following theorem tells us that maximal pairs (primes) in Qf .A/ are the
indecomposable normal ideals of A lying over a fixed p � D. hence the maximal
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finite pairs are exactly the generators of the Brandt groupoid in classical maximal
order theory [57].

2.5.21 Theorem

1. If .Q;ƒ/ is a dominating pair inQf .A/ thenQ is a maximal ideal or a maximal
one-sided ideal in a maximal order� of A containing a maximal ideal lying over
p � D.

2. Every maximal one-sided idealL in a maximal order� of A, lying over p � D,
arises as a maximal finite pair .L;�L/.

Proof. 1. Look at a dominating pair .Q;ƒ/ in Qf .A/. By the lemma we find a
maximal order � over D such that .Q;ƒ/ is a prime in �. Since .Q;ƒ/ is
dominating we have ƒ D �Q. Since Q contains a nonzero ideal of �;Qo � Q

is a nonzero prime ideal of�, thus a maximal ideal of�. NowQ=Qo is a prime
in �=Qo and the latter is a c:s:a: over k D D=p. The NQ D Q=Qo lies over
the trivial prime .o; k/ in k. We have �=Qo D End�V over some skewfield �.
Now primes of End�V over .o; k/ are characterized by NQ D "1 N�C N�"2 where
"1; "2; "3 are orthogonal idempotents in N� D �=Qo such that "1 C "2 C "3 D 1

(from the classification of k-primes in End�V [69]). ThusQ D e1�C�e2CQo

with Nei D "i . Observe that the characterization used here holds only if �=Qo 6Š
�, but in the other case NQ D 0 is the only prime lying over o in k, thenQ D Qo

and (1) follows. Now consider S D Q C Qe1.Q
o/�1e2Q. If S \ ƒ 6� Q,

then by the lemma: 1 2 Q C Qe1.Q
o/�1e2Q. Since e1; e2 2 Q � S we have

1 � e1 � e2 2 S or e3 2 S . From eiej 2 Qo and e2i D eimodQo it follows that
e3Se3 � Qo. Then e33 2 Qo, yielding "3 D "33 D e33 CQo D 0, a contradiction.
Therefore S \ ƒ � Q thus S \ ƒ D Q. As in the proof of the lemma, this is
impossible unless S D Q or Qe1.Qo/�1e2Q � Q. We calculate:

e1e1.Q
o/�1e2e2 � Q ) e1e1.Q

o/�1e2e2 � .e1 CQo/.Qo/�1.e2 CQo/

� e1.Q
o/�1e2 CQo.Qo/�1e2 C e1.Q

o/�1Qo CQo.Qo/�1Qo �
� e1.Q

o/�1e2 C�e1 C e1�CQ

Since �e1 C e1�CQo � Q we deduce that e1.Qo/�1e2 � Q. If neither e1 nor
e2 is in Qo then �.ei CQo/� D � implies:

.Qo/�1 D �.Qo/�1� D �.e1 CQo/�.Qo/�1�.e2 CQo/

a contradiction because .Qo/�1 6� �. Thus e1 or e2 is in Qo. Thus Q is either
a left or right ideal in �. If Q is an ideal of �, then Q D Qo. The first part is
proved.
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2. If L is a maximal one-sided, say left, ideal of�, then .L;�L/ is a localized pair
(hence dominating hence a prime). That .L;�L/ is a maximal pair then follows
from the maximality of L and part (1).

Take a; b 2 �L �L and suppose ab 2 L then 1 D �C ra for � 2 L; r 2 �.
Then 1 � � D ra and .1 � �/b D b � �b D rab 2 L. But �b 2 L as
b 2 �L, thus b 2 L follows, a contradiction. hence L is a prime ideal in �L,
or .L;�L/ 2 Qf .A/. To prove it is localized take x 2 � � �L, i.e. Lx 6� L.
Then 1 D �C �0x for some �; �0 2 L, or �0x 62 L with L D L�C L�0x, thus
L�0x � L or �0x 2 �L with �0x 62 L. ut
If we take .D; p/ to be .Ov; mv/ a discrete valuation of K then Theorem 2.5.21

becomes the following

2.5.22 Theorem

With .D; p/ being .Ov; mv/ in the foregoing theorem, the following statements are
equivalent:

1. .P;ƒ/ is a maximal finite prime over .mv; Ov/.
2. .P;ƒ/ is a maximal finite pair over .mv; Ov/.
3. P is a generator for the Brandt groupoid over .mv; Ov/, that is a maximal one-

sided ideal in a maximal order � overOv in A.

Proof. Trivial from the foregoing theorem. ut

2.6 The Riemann–Roch Theorem for Central Simple
Algebras Over Function Fields of Curves

As an application of our theory or arithmetical pseudo valuations we will present
a Riemann–Roch theorem for central simple algebras over curves. This goes back
to some first approaches by Van Deuren and Van Oystaeyen [66] and Van Deuren,
Van Oystaeyen, Van Geel [67], but the most elegant form was given in J. Van Geel’s
thesis, cf. [69]. In [76] it was considered as a part of noncommutative geometry.
It will show that the apv allow a divisorial calculus on function algebras. A
cohomological version of the Riemann–Roch theorem over higher dimensional
varieties was developed by M. Van den Bergh, but here there is no relation with
valuation theory. Probably the first approach to a kind of Riemann–Roch theorem is
due to Witt based on a duality result, cf. [81], but the theory described hereafter is
more general and more complete. Notwithstanding the fact that the results are now
more than 30 years old, it seems that the tools for effective divisorial calculations in
c:s:a: over function fields have not been used to the full. Perhaps the inclusion of
this theory in this book may help to gain new attention to the subject.
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In this section K is an algebraic function field in one variable over k, i.e. k
is algebraically closed in K is assumed. A central simple algebra A over K is a
function algebra, A D Mr.�/ for some skewfield �.

D.K/ is the set of k-valuation rings of K , these are discrete valuation rings.
Fix for every valuation ring Ov � D.K/ a maximal order of A over Ov, say ƒv,
this defines a set D.A/. The latter may be viewed as a set of localized primes of A
and D.A/ is a divisorial set. For the choice of the maximal Ov-order ƒv in A we
may first choose a maximal �v of � and put ƒv D Mr.�v/. To every ƒv there
corresponds an a:p:v: (we denote this again by v) via the set of fractional ideals
of ƒv. The complement of a finite set VK in D.K/ defines a Dedekind domain
D D \fOv; v 2 D.K/ � VKg. Then R D \fƒv; v 2 D.A/ � VAg is a maximal
D-order, where VA is the set of ƒv for v 2 VK ; the set D.A/ � VA is a divisorial
set satisfying condition .A/. Hence for every finite set V � D.A/ we have .A/ and
.A1/; .A2/. An apv defined on F.R/ yields an apv defined on F.ƒv/ for some
v (exactly the apv corresponding to v� for the v defined over R). Indeed ƒv for
v 2 D.K/ � VK is the central localization of R at Z.R/ \ P (as the latter is
a maximal order contained in ƒv) hence a fractional ideal I for R extends to a
fractional ideal ƒvI (a ƒv-bimodule!) forƒv and the associated value of the apv is
in both cases given as the 
 2 � such that I � F
A and I 6� F
 0A for 
 0 < 
 ;
since I � F
A if and only if F0AI � F
A, or ƒvI � F
A.

We write mv � Ov for the maximal ideal and Pv � ƒv for the maximal ideal of
ƒv; we put kv W Ov=mv, NAv D ƒv=Pv. Then kv is a finite extension of k and NAv is a
central simple algebra with Z. NAv/ � kv. Both NAv and Z. NAv/ are finite dimensional
over k. We put: ŒA W K� D N , fv D Œ NAv W k� is the absolute residue class degree
of v, �v D Œ NAv W kv� is the relative residue class degree of v. If vc is the normalized
restriction of v to K , i.e. vc.	/ D 1 for some uniformizing element 	 of Ov put
fvc D Œkv W k�. For some ev 2 N; ƒvmv D P ev

v ; this number is the ramification
index of v. If ev D 1 then v is said to be unramified in A. The following equalities
hold:

1. ev�v D N

2. �vfvc D fv

3. If … is uniformizing for Pv then v.	/ D v.…ev/ D ev

Let Div.A/ be the group of divisors generated by D.A/, Div.K/ the group of
divisors generated by D.K/.

For the ı 2 Div.A/; degı D P
v fvordv.ı/ is the degree of ı. To a divisor d DP


vvc in Div.K/ we correspond ıd D P
ev
vv in Div.A/ and call it the extended

divisor for d .

2.6.1 Observation

For d and ıd as before: degıd D N degd . Indeed, degıd D P
fvordvıd DP

fvevordvc d D P
�vfvc evordvc d D N†fvcordvd D N:degd .
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2.6.2 Definition

The subring l D \fƒv; v 2 D.A/g is called the constant subring of A.

2.6.3 Proposition

The constant subring l of A consists of k-algebraic elements and it is a central
simple algebra finite dimensional as k-vectorspace.

Proof. It suffices to prove the statement in case A D � is a skewfield (by taking
afterwards matrix rings over everything). Consider the reduced norm Nr W �!K

(cf. Reiner, Sect. 9). If �v 2 D.�/; Pv the maximal ideal of �v then the ideal
generated by fNrx; x 2 Pvg is in mv (see also Reiner [57] Theorem 24.13). If
a 2 l then a 2 �v for all v and Nra 2 Ov for all v 2 D.K/, i.e. Nra 2 k. Since �
is a skewfield, Nra D 0 if and only if a D 0 thus Nra 62 mv for all v as k\mv D f0g.

Hence a 62 Pv for v 2 D.�/. Then l ,! �v=Pv, the latter being finite
dimensional over k, thus Œl W k� < 1. Since l is an Artinian domain it is certainly
simple. ut

2.6.4 Corollary

With notation as before: l D fa 2 A; a D 0 or v.a/ D 0 for all v 2 D.A/g.

Proof. That l � fa 2 A; a D 0 or v.a/ D 0 for all v 2 D.A/g is clear. If a ¤ 0 in l
has v.a/ > 0 for some v 2 D.A/, then Pv \ l ¤ 0. Since l is simple and Pv \ l ¤ l

we arrive at a contradiction. ut
With notation as introduced before, we fix a K-basis for A contained in R, say

fu1; : : : ; uN g, hence ui 2 ƒv for almost all v 2 D.A/, in fact for all v 2 D.A/� VA.
The divisors of Div.A/ generated by elements of D.A/�VA are divisors ofR. Since
D.A/ � VA is divisorial and .A/ holds, the ideal divisors of R are given exactly by
theF.R/, the fractionalR-ideals.

Consider the completion OAv of A with respect to v, i.e. OKvc ˝K A. Let OU.A/ D
…v2D.A/ OAv, this is a k-algebra.

The algebra of valuation vectors OV .A/ is the k-subalgebra of OU.A/ given by
f� 2 OU .A/; v.�/ D v.�v/ � 0 for almost all v 2 D.A/g. If � 2 OV .A/ has v.�/ D 0

for almost all v 2 D.A/ then it is called an idèle of A. Idèles form a multiplicative
subgroup of OV .A/, written I.A/. To every idèle � ofA there corresponds in a natural
way a divisor of A, 
� D P

v2D.A/ v.�/v, and it is easily seen that all divisors are
obtained this way. We embed A into I.A/ by a 7! .a; a; : : :/, using this embedding
A may be viewed as a subalgebra of OV .A/.
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2.6.5 Definition

For ı 2 Div.A/ we define the ı-parallelotope of OV .A/ to be the k-subspace of OV .A/
given as:

…ı D f� 2 OV .A/; v.�/ � ordvı for all v 2 D.A/g
In case a 2 A; ˛ 2 I.A/we mention a-or ˛-parallelotope when we mean…
a , resp,
…ı˛ .

Let OU .K/ be the space of valuation vectors for D.K/. We have a well defined
k-linear map: 
 W OV .K/N! OV .A/; .�1; : : : ; �N / 7! �1u1 C : : : �N uN . The relation
between 
. OV .K/N /;…ı; OV .A/ is expressed in the following lemma.

2.6.6 Lemma

1. For every ı 2 Div.A/ W 
. OV .K/N C…ı D OV .A/.
2. There exists an ˛ 2 I.A/ such that: …˛ C A D OV .A/.
Proof. 1. For � 2 OV .A/ define Q D fv 2 OV .A/; v.�/ > 0; ordv.ı/ ¤ 0g. In view

of property A.1 there is an a 2 A such that: v.a � �/ � ordv.ı/ for all v 2 Q.
Write a D †aiui and define �i by: .�i /vc D ai if v 2 S; .�i /vc D 0 if v 62 S .
Then it is clear that ı D †�iui 2 
. OV .K/N / and � � ı 2 …
 .

2. From the commutative case we know there exists an ˛K 2 I.K/ such that
OV .K/ D K C …˛K , hence 
. OV .K/N / D 
.…N

˛K
/ C A. Since v.†�iui / �

minfv.�i /C v.ui /g and v.ui / depends only on ui , there exists a lower bound for
the values of elements in 
.…N

˛K
/ thus there exists a parallelotope …ˇ such that


.…N
˛K
/ � …ˇK . This yields OV .A/ D 
. OV .K/N / C …ˇ � …ˇ C …ˇ C A �

…˛ C A for some ˛ 2 I.A/. ut
For a divisor ı of A and finite subset S of OV .A/ we consider L.ıjS/ D fa 2
A; v.a/ � ordv.ı/; v 2 Sg. If ı1jı2 then L.ı1jS/ � L.ı2jS/ and also …ı1 � …ı2 .

2.6.7 Lemma

Let ı1jı2 be divisors of A, S D fv; ordv.ı1/ ¤ 0 or ordv.ı2/ ¤ 0g then:…ı1=…ı2 D
L.ı1jS/=L.ı2jS/.
Proof. If a 2 L.ı1jS/ put �a 2 …ı1 by .�a/v D a if v 2 S and .�a/v D 0 if
v 62 S . The map a 7! �a is k-linear i W L.ı1jS/!…ı1 . If i.a/ 2 …ı2 then
v.a/ � ordv.ı2/ for v 2 S , i.e. a 2 L.ı2jS/. Thus i defines a monomorphism
L.ı1jS/L.ı2jS/!…ı1=…ı2 . For ˛ 2 …ı1 there is an a 2 A such that v.a � ˛/ �
ordv.ı2/ for all v 2 S , by the A1-property. Thus �a � ˛ 2 …ı2 and also v.a/ �
minfordv.ı2/; v.˛/g, which is larger than ordv.ı1/, thus ˛ 2 L.ı1jS/. This yields
the desired isomorphism. ut
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2.6.8 Lemma

Let ı1jı2 as in the foregoing lemma, then:

dimk.L.ı1jS/=L.ı2jS// D degı2 � degı1

Proof. In view of the additivity property of the statement we may assume, without
loss of generality, that ordv.ı2/ D 1 C ordv.ı1/ and ordv0.ı2/ D ordv.ı1/ for all
v0 ¤ v, i.e. degı2 � degı1 D fv. By the property A.3 (cf. Lemma 2.5.18) we may
take u 2 A such: v.u/ D ordv.ı1/ and v0.u/ � ordv.ı1/ for all v0 2 S; v0 ¤ v
where u is regular and right invariant for ƒv. For a1; : : : ; afvC1 in L.ı1jS/ the
a1u�1; : : : ; afvC1u�1 have positive value at v so they are in ƒv. But Œ NAv W k� D fv,
so there is a relation †�iaiu�1 2 mvƒv with not all �i 2 K being zero. Thus
†�iai 2 L.ı2jS/ and it follows that: dimkL.ı1jS/=L.ı2jS/ � fv. If x1; : : : ; xfv in
ƒv are linearly independent modulomvƒv then choose x0

i 2 A such that v.x0
i�xi / >

0; v0.xi / > 0 for all v0 in S , v0 ¤ v. Then x0
i D xi mod ƒvmv and xiu 2 L.ı1jS/

and these are easily seen to be k-independent. So dimk.L.ı1jS/=L.ı2jS// � fv and
equality follows. ut

2.6.9 Corollary

As before let ı1jı2 then:

dimk…ı1=…ı2 D .…ı1 W …ı2/ D degı2 � degı1

If S equals OV .A/ then we write L.ıjS/ D L.ı/; L.ı/ D A \…ı

2.6.10 Proposition

With notation as above: l.ı/ D dimkL.ı/ is finite and bounded.

Proof. Let " be the unit divisor, i.e. ordv."/ D 0 for v 2 D.A/. Then L."/ D l and
Proposition 2.6.3 entails that dimRL."/ D n < 1. If ı1jı2 then: .…ı1 W …ı2/ D
.…ı1 \ A/ W .…ı1 \ A/, thus:

degı2 � degı1 D l.ı1/� l..ı2/C .…ı1 C A W …ı2 C A/ .	/

Put m.ı/ D OV .A/ W …ı C A and chose ˛ such that …˛ C A D OV .A/ (see
Lemma 2.5.8.(2)). Select a divisor ı1 for which …ı1 D …˛ C …ı. Then ı1jı and
degı � degı1 D l.ı1/ � l.ı/Cm.ı/.



2.6 The Riemann–Roch Theorem for Central Simple Algebras Over Curves 169

Thus m.ı/ is finite and dimk.L.ı1/=L.ı// � dimk.L.ı1jS/=L.ı2jS// where
S D fv; ordvı1 ¤ 0 or ordvı2 ¤ 0g is a finite set. Thus l.ı/ is finite because
l."/ D l is finite dimensional over k.

We now may rephrase (	) as follows:

degı2 � degı1 D l.ı1/� l.ı2/Cm.ı2/�m.ı1/ hence

.degı1 C l.ı1/ �m.ı1/ D degı2 C l.ı2/�m.ı2/

Comparing any two divisors ı and ı0 with their greatest common divisor ı00 defined
by: ordr .ı00/ D minfordv.ı/; ordv.ı

0/g then yields that degı C l.ı/ � m.ı/ is
independent of ı and it is finite in view of the foregoing. ut

2.6.11 Definition

The integer 1� degı� l.ı/Cm.ı/ D gA is called the genus of A (it is independent
of ı). Note that gA does depend on the choice of D.A/ but we will show later that
another admissible choice for D.A/ will define the same genus.

Using the …ı as a fundamental system of neighbourhoods one may define a
topology on OU .A/ and OV .K/ and put the product topology on OU.K/N . Lemma 2.3.8
then yields that 
. OV .K/N / is everywhere dense in OV .A/. We also may derive (as in
the commutative case).

2.6.12 Corollary (of the Finite Dimensionality of L.ı/)

The map 
 W OV .K/N ! OV .A/ is bicontinuous k-linear and thus 
. OV .K/N / D
OV .A/ i.e. OV .A/ Š OV .K/N as k-vectorspaces (topologically). Thus OV .A/ is

complete like OV .K/.
To phrase the Riemann–Roch theorem in its classical form we have to introduce

noncommutative differentials or valuation forms, this will allow to give other
interpretations of the genus. The theory is now a modification of the commutative
case using the extension of the reduced trace map.

2.6.13 Definition

A valuation form is an element of the dual OV .A/� of OV .A/ as a k vectorspace,
vanishing on a subset …ı C A (i.e. it is continuous in the product topology of
OV .K/N ).

If ı1jı2 then…ı2 CA � …ı1 CA so a valuation form vanishing on…ı1 CA also
vanishes on …ı2 C A. Put M.ı/ D fall valuation forms vanishing on …ı�1 C Ag.
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Clearly M.ı/ is a k-space which is dual to OV .A/=…ı�1 C A, thus dimkM.ı/ WD
m.ı�1/ D dimk

OV .A/=…ı�1 C A.
In the commutative case valuation forms have been studied extensively. We

just recall the following: the valuation forms of a function field K form a one
dimensionalK-space and for every valuation form w there is an upper-bound…ı�1

such that w 2 M.ı/. Moreover, a fixed class i.e. the canonical class, is obtained as
the class of divisors determining maximal parallelotopes in which valuation forms
vanish and the degree of a divisor in the canonical class is 2�2g where g is the genus
of the function field. We will now derive similar properties for function algebras A
overK as before.

We let T r be the reduced trace map of A (cf. [57]). Fix a K-basis fu1; : : : ; uN g
of A and consider T r.u;�/ W x 7! T r.ux/ for every u 2 A. Then T r.u;�/
is K-linear and T r.u;�/; : : : ; T r.uN ;�/ are K-linearly independent in A� D
HomK.A;K/ because T r.ux/ D 0 for all x 2 A if and only if u D 0. We
have a K-basis fT r.u1;�/; : : : ; T r.uN ;�/g for A� and for f 2 A� W f .�/ DPN

iD1 aiT r.ui ;�/ D T r.
PN

iD1 aiui ;�/ D T r.u;�/ for u D †aiui 2 A; thus
every f 2 A� is of the form T r.u;�/ for some u 2 A. Any f 2 A� extends to a
K-linear Of W OV .A/! OV .K/ as follows, if f .ui / D ai then for � D †�K;iui 2 OV .A/
we put f .�/ D †�K;iai with ai 2 K . Then Of isK-linear and OV .K/-homogeneous:
f .�K�/ D �Kf .�/ for every �K 2 OV .K/; � 2 OV .A/. It will not create ambiguity if
we write f for Of again.

2.6.14 Proposition

Every valuation form� on OV .A/ is of the form w.T r.a;�/ for some a 2 A and w
a fixed nontrivial valuation form on OV .K/.
Proof. Consider a valuation form � on OV .A/; � D †i�K;iui 2 OV .A/, then
�.�/ D †i�.�K;iui / and the maps �.�ui / define valuation forms on OV .K/. Let
us fix a valuation form w on K then �.�ui / D w.�i�/ for some �i 2 K (one
dimensionality of the valuation forms on K!)

Thus �.�/ D w.†i�i �K;i / and the map OV .A/! OV .K/ given by †�K;iui 7!
†i�i�K;i is obviouslyK-linear and OV .K/-homogeneous thus equal to T r.a;�/ for
a 2 A. ut

In the sequel we fix a nontrivial valuation form w for K , i.e. a generator for the
space of valuation forms.

2.6.15 Proposition

There is an upperbound for the parallelotopes…ı�1 such that w.T r.�// 2 M.ı/.
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Proof. To an x 2 L.ı�1/ there corresponds a valuation form xw.T r.�// defined
by: xw.T r.�// D w.T r.x�//, for � 2 OV .A/. This yields a valuation form on…" C
A, where " is the unit divisor, because we have w.T r.�// 2 M.ı/. The map ‰ W
L.ı�1/!M."/; x 7! xw.T r.�// is k-linear and if w.T r.x�// D 0 for all � in
OV .A/ then T r.x�/ D 0 for all � in OV .A/ (either T r.x�/ is surjective or T r.x�/ D
0 as w is nontrivial). Thus then x D 0 or ‰ is injective. For the k-dimensions we
get:

l.ı�1/ � dimM."/ D l."/C deg."/C gA � 1 D nC gA � 1; and

l.ı�1/C deg.ı�1/ D 1 � gA C dimM.ı/ � 1 � gA

Thus nC gA � 1C deg.ı�1/ � 1� gA or deg.ı�1/ � 2� 2g � n. So if wT r.�/ 2
M.ı/ then the degree of ı�1 is bounded from below. Hence there is an upper bound
for strict chains : : : � …ı�1

i
¤ …ı�1

iC1
� : : :, where w.T r.�// 2 M.ıi/, since

deg.ı�1
i / > deg.ı�1

iC1/.

An upper bound for all parallelotopes in which w.T r.�// vanishes follows from
the fact that: if w.T r.�// 2 M.ı1/;w.T r.�// 2 M.ı2/ then w.T r.�// is in
M.gcd.ı1; ı2// where gcd.ı1; ı2/ is the greatest common divisor of ı1 and ı2 as
defined earlier. ut

2.6.16 Observation

In case A is a skewfield then any valuation form � is of the type w.T r.a�// for
some a 2 A and now a is not a zero-divisor. Thus the above proposition then holds
for all valuation forms� on OV .A/.

We now establish the Riemann–Roch theorem, as before its proof is mainly linear
algebraic and uses the form (A.3) of the approximation theorem.

2.6.17 Theorem Riemann–Roch

Let ˛ be any divisor for A, then deg.˛/C l.˛/ D l.˛�1ı�1/C 1 � gA, where ı�1
is the canonical divisor.

Proof. From the proof of the foregoing proposition  W L.ı/!M.˛ı/, x 7!
xw.T r.�/ is a k-linear injection. If …ı�1 is chosen to be maximal such that
w.T r.�// 2 M.ı/ (defining the “canonical” divisor) then is surjective. Indeed, if
� 2 M.˛ı/ then � D w.T r.a�// for a 2 A. If a 62 L.˛/ then v.a/ < ordv.˛/ for
some v. If we take � 2 …˛�1ı�1 then w.T r.a�// D 0, so the minimal parallelotope
containing a…˛�1ı�1 maps to zero, by continuity of Aa, and maximality of …ı�1

yields a…˛�1ı�1 � …ı�1 . This however contradicts a 62 L.˛/ because �C…˛�1ı�1
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can be taken such that �v is right invariant for \v and v.�/ D ordv.˛
�1ı�1/

(using A.3, Lemma 2.5.18), hence v.a�/ < ordv.ı
�1/. Thus we may assume

that L.˛/ Š M.˛ı/ for every divisor ˛ and a dimension calculation yields:
m.˛�1ı�1/ D l.˛/ or m.˛/ D l.˛�1ı�1/. As in the proof of Proposition 2.6.10,
deg.˛/C l.˛/ D m.˛/C 1 � gA, so the foregoing yields the desired formula. ut

2.6.18 Remarks

1. Take ˛ D " then we obtain from the Riemann–Roch theorem: deg."/C l."/ D
l.ı�1/C 1 � gA, thus l.ı�1/ D n � 1C gA.

2. Take ˛ D ı�1 he canonical divisor, then:

deg.ı�1/C l.ı�1/ D l."/C 1 � gA; thus

.ı�1/C n � 1C gA D nC 1 � gA; or d.ı�1/ D 2 � 2gA

To every v we may look at the completion Oƒv in OAv, the v-completion of A; it
is clear that Oƒv is an OOv-maximal order in OAv. Again let w be the fixed valuation
form for K , � D w.T r.�//. The local components of w and � are defined by the
valuation forms: wv.x/ D w.xv/;�v.�/ D �.�v/. let…˛�1 , resp.…ı�1 , be maximal
parallelotopes in OV .K/; OV .A/, so that w, resp.�, vanish on them. The v components
of the divisors ˛ı can be interpreted as OOv-ideals resp. Oƒv-ideals, say .bmv/


v , resp.
. OPv/

�v .

2.6.19 Definition

The inverse local different for Oƒv is the fractional Oƒv-ideal D�1
v D fx 2 A; T r.xR/

� OOvg. The ideal .D�1
v /�1 D Dv is the local different for OAv.

From [57] we recall that Dv D . OPv/
ev�1 so Dv is the unit ideal if and only if vc is

unramified in A. The different of D.A/ is given by D D P
v2D.A/.ev � 1/v, i.e. the

different is the divisor for D.A/ having for the local components exactly the Dv.

2.6.20 Corollaries

1. For ˛; ı as before: ı D ı˛D where ıd is the extension of ˛ to D.A/.
2. The genus gA is an invariant of A.
3. We have: gA D NgK �N C 1C 1

2
†fv.ev�1 /.
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Proof. 1. �v.…ı�1 / D 0 is equivalent to wv.T r.P
��v
v // D 0, or T r. OP��v

v / �
m

�
v
v , i.e. T r. OP��v

v m

v
v / � OOv. This yields that OP��v

v m

v
v is the inverse local

different of OAv. By looking at all local components we find ı D ı˛D.
2. The ramification of vc in A does not depend on the choice of the maximal Ov-

ordersƒv in A. The genus of K is an invariant of K , thus deg.˛�1/ D 2 � 2gK ,
deg.ı�1/ D 2 � 2gA together with the relation ı D ı˛D yield that gA is not
depending on the choices involved.

3. From degı˛ D N deg˛ and a straightforward calculation argument. ut

2.6.21 Examples

1. If every vc is unramified in A, e.g. if A D Mn.K/, then: gA D NgK �N C 1.
2. Let A be Mm.�/;� a skewfield. Then e�;v D eA;v D ev, thus fv D ŒAv=Pv W
�v=Pv \�v�f�;v D m2f�;v. So putting N D m2v2, r2 D Œ� W K� we obtain:

gA D NgK �N C 1C 1

2
†fv.ev � 1/

D m2.r2gK � r2 C 1

2

X
f�;v.ev � 1/C 1

D m2.r2gK � r2 C 1

2

X
f�;r .ev � 1C 1/C 1 �m2

Thus gA D m2g� �m2 C 1.

There are many other examples, see for example [69], but the calculations of the
genus and related invariants for elements of the Brauer group Br.K/ remain almost
uninvestigated. Explicit calculations for higher dimensional function fields, e.g. with
respect to noncommutative valuations of higher rank or even in terms of Dubrovin
valuations also remains up to now a totally open area.



Chapter 3
Extensions of Valuations to Quantized
Algebras

3.1 Extension of Central Valuations

We look at skewfields obtained as total quotient rings of algebras defined by genera-
tors and relations. It is of particular interest to consider so-called quantized algebras
stemming from noncommutative geometry because we hope to use valuation theory
in the construction of a kind of divisor theory in noncommutative geometry.

Consider a field K with valuation ring Ov � K having maximal ideal mv � Ov

and residue field kv D Ov=mv. Let A be a connected positively graded K-algebra,
A D K ˚ A1 ˚ : : : ˚ An ˚ : : :, where each Ai is a finite dimensional K-space and
A D KŒA1�, A1 D ˚n

iD1Kai . We view A as an algebra given by generators and
relations:

0 ! R ! K < X1; : : : ; Xn >
��! A ! 0

where K < X1; : : : ; Xn > is the free K-algebra on fX1; : : : ; Xng and � is given by
�.Xi/ D ai ; i D 1; : : : ; n. The ideal of relations R is homogeneous in the usual
gradation of K < X1; : : : ; Xn >. We can also consider the ungraded case where
A is a finitely generated K-algebra with generators a1; : : : ; an and � defined as
before but then R is not homogeneous is the usual gradation of K < X1; : : : ; Xn >.
Restriction of � to Ov < X > defines a graded subring ƒ of A with ƒ0 D Ov

0 ! R \ Ov < X >! Ov < X > �!
res�

ƒ ! 0

It is clear that � maps wv < X > to wvƒ which is a graded ideal of ƒ. We write:
ƒ D ƒ=wnƒ and R D .R\ Ov < X >/ C wv < X > =wv < X >, so we arrive at
the following commutative diagram with exact rows:

Marubayashi and Van Oystaeyen, Prime Divisors and Noncommutative Valuation Theory,
Lecture Notes in Mathematics 2059, DOI 10.1007/978-3-642-31152-9 3,
© Springer-Verlag Berlin Heidelberg 2012
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0 �� R �� kr < X >
�

�� ƒ �� 0

0 �� R \ Ov < X > ��
� �

��

��

Ov < X > ��
� �

��

��

ƒ �� ��
� �

��

0

0 �� R �� K < X >
�

�� A �� 0

When R is generated by p1.X/; : : : ; pd .X/ as a two-sided ideal, then we may
assume pi .X/ 2 Ov < X > up to multiplying by some constant but it does not fol-
low that R\Ov < X > is generated as a (two-sided) ideal by fp1.X/; : : : ; pd .X/g,
nor that R is generated by the reduced expressions p1.X/; : : : ; pd .X/, obtained by
reducing coefficients at mv.

3.1.1 Definition

We say that R (or A) reduces well at Ovor that ƒ defines a good reduction, if R
is generated as an ideal by fp1.X/; : : : ; pd .X/g.

Let us write fK for the �-valuation filtration of K associated to v and define a
�-filtration fK < X > by putting: for � 2 � , f�K < X >D .f�K/ < X >. The
latter is a strong filtration on K < X > with f0K < X > equal to Ov < X >. A left
ideal J of Ov < X > is said to be v-comaximal of for all � 2 � , J \ .f�K/ <

X >D .f�K/J .

3.1.2 Lemma

If the ideal L of Ov < X > generated by p1.X/, pd .X/ is v-comaximal then R
reduces well at Ov.

Proof. Since fK < X > is a strong filtration and for any r 2 f�K < X >

for some � 2 � yields f��1K < X > r 2 R \ f0K < X >, we have that
R D K < X > .Ov < X > \R/. Let L0 be the left ideal in Ov < X > generated
by fp1.X/; : : : ; pd .X/g; then we have L0K < X >D R since L0K < X > is
the two-sided ideal generated by fp1.X/; : : : ; pd .X/g. For x 2 f0.L0K < X >/

there is a � 2 � such that xf��1 K < X >� L as well as xf��1 K < X >�
f��K < X > since x 2 f0K < X >. Therefore we arrive at xf��1 K < X >�
L \ f��1 K < X >D .f��1 K/L by the v-comaximality of L. From this it follows
thatf�K < X > xf�� K < X >� .f�K/.f��1K/L D L hence x 2 L.
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Then we obtain:

L � R \ Ov < X >D f0R D f0.L
0K < X >/ � L

arriving at R \ Ov < X >D L being the two-sided ideal in Ov < X > generated
by fp1.X/; : : : ; pd .X/g; from this it follows easily that R is the two-sided ideal
generated by the reductions pi .X/ of pi .X/. ut

In case the reduced relations p1.X/; : : : ; pd .X/ determine a simple algebra then
the Ov-reduction is necessarily a good reduction, indeed the ideal .p1.X/; : : : ;

pd .X// is now maximal in kv < X > hence R D .p1.X/; : : : ; pd .X//.

3.1.3 Corollary

If A D An.K/ is the n-th Weyl algebra defined as K < Xi ; Yi ; i D 1; : : : ; n >

=.YiXi � Xi Yi � 1; XiXj � Xj Xi ; Yi Yj � Y iYj / then the reduced relations define
An.kv/ which is known to be a simple algebra (if char.kv/ D 0) so the reduction at
Ov is good if char.kv/ D 0.

As we have already pointed out the results concerning good reduction are valid
in the ungraded case, but it is interesting to look at positively filtered algebras since
any finitely generated K-algebra inherits a standard filtration via � W K < X >!
A; Xi 7! ai , from the gradation filtration of the free algebra K < X >. So, let us
assume again that the K-algebra A is given by generators and relation via

.�/ W 0 ! R ! K < X >! A ! 0

Let FA be the generator filtration of A induced by the gradation filtration of K <

X > making � W K < X >! A; Xi 7! ai , into a strict filtered morphism. On R
we may consider the induced filtration FR D R \ FK < X >. Then (*) is a strict
exact sequence that is to say that the image filtration on R is exactly the filtration
induced by FK < X > and this yields exactness of G.�/ W 0 ! G.R/ ! G.K <

X >/ ! GFA.A/ ! 0. In fact we have the following:

3.1.4 Lemma

With notation as above, G.A/ D GFA.A/ is defined by:

0 ! PR ! K < X >
G.�/�! G.A/ ! 0
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where PR is the left ideal of K < X > generated by the Pp for all p 2 R and Pp is
the highest degree component of p in the decomposition of p in the gradation of
K < X >. For the Rees ring eA with respect to FA we obtain:

0 ! eR ! K < X >� �!
�

eA ! 0

where � corresponds to � W K < X >! A on the Rees object level.

Proof. See e.g. [40, Proposition 1.1.5. p. 10]. ut

3.1.5 Theorem

If G.A/ reduces well with respect to Ov, say PR is generated as a two-sided ideal
by q1.X/; : : : ; qq.X/ then there are p1.X/; : : : ; pd .X/ in K < X > such that
R D .p1.X/; : : : pd .X// and Ppi .X/ D qi .X/ for i D 1; : : : ; d , such that R (i.e.
A) reduces well with respect to Ov.

Proof. Choose p0
i .X/ 2 R such that qi .X/ is the homogeneous part of highest

degree in the decomposition of p0
i .X/, for i D 1; : : : ; d . Pick � 2 f��1K for

� 2 �C large enough (how large will be clear in the sequel) and replace Xi by
�Xi; i D 1; : : : ; d . Put degqi .X/ D m. Then �mp0

i .X/ D qi .�X/ C �‰.�X/

where ‰ has degree lower than m; put this equal to pi .�X/ for i D 1; : : : ; d . In
the new variables �Xi ; i D 1; : : : ; d , the homogeneous part of highest degree of
pi .�X/ is exactly qi .�X/ and pi .�X/ is in R because �mp0

i .X/ is a relation for
A. By choosing � large enough we may assume that the coefficients appearing in
�‰.�X/ are contained in Ov so that pi .�X/ 2 Ov < �X >. Obviously qi.�X/

viewed in K < �X >D K < X > still generates the ideal of relations of G.A/.
Now consider the two-sided ideal I in K < X > generated by pi .X/, then I � R.
By construction we have PI D PR so I � R then yields I D R (for example see
[51, 52]). Indeed if r 2 R � I then Pr D i for some � 2 I hence r � � 2 R
and in FmR with m < n where r 2 FnR � Fn�1R, thus .r � �/ P D i1 with
�1 2 Fm1I then r � � � �1 2 R and in FmiR with m1 < m, and so on, leads to
r � � � �1 � : : : � �t D 0 since FR is a positive filtration, i.e. r 2 I as claimed.
The good reduction assumption for G.A/ means that PR \ Ov.X/ is generated as a
two-sided ideal by q1.X/; : : : ; qd .X/. Taking .R \ Ov < X >/: in Ov < X > we
obtain:

.R \ Ov < X >/: � PR \ Ov < X >

Since qi.X/ is the highest homogeneous part of pi .X/ 2 R \ Ov < X > it is clear
that .R \ Ov.X//: contains qi .X/ and is an ideal of Ov.X/ (because if h.X/ is a
homogeneous element of .R\Ov < X >/: then it is the leading term of some h.X/

in R \ Ov.X/ and a nonzero h.X/:x for some x 2 Ov < X >D G.Ov.X// is the
leading term of h.X/x for some x with �.x/ D x and h.x/x 2 R \ Ov < X >).
Hence we obtain: .R \ Ov < X >/: D PR \ Ov < X >.
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The Ov < X >-ideal J generated by the pi .X/ is in R \ Ov < X > and
qi .X/ 2 PJ � .R\Ov < X >/: D PR\Ov < X > yielding: PJ D .R\Ov < X >/:.
As before: J D R \ Ov < X > follows and this states exactly that R (hence A)
reduces well at Ov.

The filtration fA defined by f�A D .F�K/ƒ will be used for extending the
valuation v of K to some quotient ring of ƒ.

3.1.6 Lemma

1. Let A be graded and � D Z and assume A is gr-simple, then the filtration fA

is separated and Gf .A/ is strongly graded. If ƒ is a domain then Gf .A/ is a
domain and ƒ is a domain.

2. If A is not graded but simple then the statement of 1 holds too.
3. For a non-discrete � assume that A has a PBW-basis fa1; : : : ; ad g i.e. the

fa1; : : : ; ad g can be ordered such that elements of A have a unique expression
as ordered polynomials in the generators a1; : : : ; ad . Then the statements of 1
are still true.

Proof. 1. Consider I D \f.f��1K/ƒ; � 2 �Cg. Clearly KI � I; IK � I hence
AI � I and IA � I since Kƒ D A. Thus I is a graded ideal of A hence I D 0.
That Gf .A/ is strongly graded follows from fA being a strong filtration. If ƒ is
a domain, then from Lemma 1.8.9 it follows that Gf .A/ is a domain and then A

is domain too.
2. In the ungraded situation but with A simple the statements of 1 follow in an

almost identical way.
3. If we can establish that fA is �-separated then it is again a strong filtration and

the statements in (1) follow in the same way. Suppose fA is not separated, that is
there in an x 2 A such that for every � 2 � such that x 2 F�A there is a ı < � in
� such that x 2 fıA too! So for x 2 .f�K/ƒ this means x 2 .fıK/ƒ for some
ı < � . Assume that fa1; : : : ; ad g is a PBW -basis for A in the ordering given
by the indices . Then x D P

	i a
i D P


i a
i with 	i 2 f�K; 
i 2 fıK . Pick

c 2 f��1K such that c	i 2 Ov but not all in mv and c
i 2 mv (because ı < � ).
Adapting a common multi-index notation (i.e. inserting some zero-coefficients 	i

or 
i when necessary) we obtain
P

.c	i �c
i /a
i D 0. This relation is non-trivial

since not all coefficients are in mv, but that contradicts the P WB-basis property
of fa1; : : : ; ad g. Hence such x does not exist so for every z 2 A there exists a
� 2 � such that z 2 f�A and z 62 f�A with � < � , or fA is separated. ut

Since we consider �-valuations on K the �-filtration defined on a K-algebra A is
not Zariskian i.e. eA need not be Noetherian, so we cannot use results or Zariskian
filtration here. We consider a separated �-filtration fA on a ring A and S an Ore
set of A such that �.S/ consists of regular elements of GF .A/ D G.A/. We define
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the localized filtration FS�1A by putting x 2 F�S�1A if there exists an s 2 S , s of
degs D � 2 � , such that sx 2 f�� A.

3.1.7 Proposition

With notation as before, FS�1A is a �-filtration of S�1A, �-separated, inducing
fA on A.

Proof. Since �.S/ consists of regular elements of G.A/ also S consists of regular
elements of A. If x 2 F�S�1A then sx 2 f��A for some s 2 S with deg�.s/ D � ;
there is a ı 2 � such that sx 2 fıA but sx 62 fı0A for ı0 < ı. Hence x 2 F��1ıA

and x 62 Fı0A with ı0 < ��1ı. This follows from the uniqueness of � , suppose sıx 2
fı�A and s� x 2 f�� A with � ¤ � , say � < � in � . By the Ore condition there is an
s˛ such that s˛sı D as� with a 2 A, where the index of the s0s refers to the degree
of the �.s/. Since �.s� / is regular in G.A/ we must have that deg�.a/ D ˛ı��1

in � . Then 0 ¤ s˛sıx D a˛ı��1 s� x 2 a˛ı��1 f��A � f˛ı� A; on the other hand we
also have that s˛sıx 2 s˛fı� A � f˛ı� A, so if we assume ı� to be the lowest in
� such that sıx 2 fı�A then from � < � we reach a contradiction because ˛ı� is
then the lowest containing s˛sıx (as �.s˛sıx/ D �.s˛/�.sıx/. If x; y 2 F�S�1A

then sıx 2 fı� A, s�y 2 f�� A for some sı; s� 2 S ; then sıy 2 Fı�S�1A for s� sı D
a�ı��1 s� for some s� 2 S; a�ı��1 2 A yields s� sıy D a�ı��1 s�y 2 f�ı��1 Af�� A

hence s� sıy 2 f�ı� A, consequently: s� sı.x C y/ D s� .sıx/ C s� sıy 2 f�ı� A,
or x C y 2 F�S�1A, proving that the F� S�1A are additive subgroups. Now for
x 2 F�S�1A; y 2 F�S�1A we have s˛x 2 f˛� A; sˇy 2 fˇA. Write a˛� for s˛x

and pick s� 2 S such that s�a˛� D a0sˇ where a0 2 f�˛�ˇ�1 A follows from
�.a0/�.sˇ/ D �.s�/�.a˛� / and dega˛� � ˛� , hence deg�.a0/ � �˛�ˇ�1. Now
s�s˛xy D s�a˛� y D a0sˇy with sˇy 2 fˇ�A yields s�s˛xy 2 f�˛�ˇ�1 Afˇ�A �
f�˛�� A. Putting s�s˛ D s�˛ yields xy 2 F�� S�1A, so FS�1A is a filtration. The
filtration is separated because for x 2 S�1A there is an sı 2 S such that sıx 2 fı� A

and if ı� is such that sıx 62 f� 0A for � 0 < ı� then x 62 F�S�1A for � < � (observe
that F�S�1A \ A D f�A because for a 2 A \ F�S�1A some sıa 2 fı� A so
deg�.a/ � � , hence FS�1A induces fA on A). ut

Next we look at the Weyl skewfield D1.K/ and a �-valuation Ov in K .

3.1.8 Theorem

Every �-valuation Ov of K extends to a noncommutative valuation ring ƒv of
D1.K/.

Proof. In view of Proposition 1.8.10.3 it suffices to construct a separated �-filtration
on D1.K/ extending the valuation filtration of K such that the associated graded
ring is a domain. In fact we only have to construct a �-separated filtration on
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A1.K/ extending v on K such that the associated graded ring is a domain because
by Proposition 3.1.7 we can extend this to the localized filtration at the Ore set
A1.K/� (the Weyl algebra is an Ore domain) provided �.A1.K/�/ consists or
regular elements. Now ƒ D A1.Ov/ defines a good reduction of A1.K/ at Ov and
ƒ D A1.kv/ is a Weyl algebra over the residue field kv, hence a domain. Thus
the filtration f v

A; .K/ defined by f v
� A1.K/ D .f� K/A1.Ov/ has the properties

mentioned in (3) of Lemma 3.1.6 and the elements of �.A1.K/�/ form exactly the
set of homogeneous elements of Gf .A1.K// D A1.kv/� where Gf .K/ D kv� and
these form even an Ore set because A1.kv/ is an Ore domain (and kv� is central
in Gf A1 and they are certainly regular in Gf .A1.K//. For the localized filtration
FD1.K/ of f A1.K/ the associated graded GF D1.K/ is the graded quotient ring of
A1.kv/� which is D1.kv/� and a domain! ut

3.1.9 Observation

In the foregoing � is abelian because it comes from Ov on the commutative K . We
shall see later that any valuation on Dn.K/ is in fact abelian!

We can extend the foregoing theorem to K-algebras with a PBW -basis as
follows.

3.1.10 Proposition

Let A be a K-algebra with PBW -basis fa1; : : : ; ad g and ƒ D Ov < a1; : : : ; ad >.
Suppose that A is an Ore domain with skew field of fractions Q.A/ and that ƒ D
ƒ=mvƒ is a domain then v extends to a noncommutative valuation of Q.A/.

Proof. Define fA by f�A D .f� K/ƒ for every � 2 � . Statement (3) from
Lemma 3.1.6 yields that fA is a �-separated filtration and Gf .A/ is a domain.
We have that �.A�/ is a graded Ore set of Gf .A/ in fact �.A�/ is the set of
homogeneous elements (nonzero) of Gf .A/; indeed if a; b 2 h.Gf .A//� then there
are a0; b0 2 A� such that a0b D b0a by the Ore condition for A� and since Gf .A/

is a domain �.a0b/ D �.a0/�.b/ D �.b0/�.a/ D �.b0a/, or �.a0/b D �.b0/a. For
x 2 Gf .A/ say x D x�1 C: : :Cx�n with x�i 2 hGf .A/�. There is an s1 2 hGf .A/�,
s1x�1 D y1a, hence s1x D y1a C s1x�2 C : : : C s1x�n with a 2 hGf .A/� and
y1 2 hGf .A/�.

Then take s2 2 hGf .A/� such that s2s1x�2 D y2a with y2 2 hGf .A/�, then
s2s1x D s2y1a C y2a C s2s1x�3 C : : : C s2s1x�n . Repeating this n times we arrive
at s1; : : : ; sn 2 hGf .A/� such that sn : : : s1x D ya with y 2 Gf .A/�, so hGg.A/�
is an Ore set in Gf .A/. Thus fA defines FQ.A/ by localization and the associated
graded ring of Q.A/; GF .Q/ is the localization of Gf .A/ at hGf .A/� which is a
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domain (and in fact a gr-skewfield Qcl.ƒ/�). Therefore F0Q.A/ is a �-valuation
ring extending v on K to Q.A/. ut

We have a similar result for Dubrovin valuations using now Theorem 1.8.11.

3.1.11 Proposition

Let A be a K-algebra with PBW-basis fa1; : : : ; ad g and put ƒ D Ov<a1; : : : ; ad >.
If A is a prime Goldie ring such that ƒreg maps to regular elements of ƒ D ƒ=mv

and ƒ is a prime Goldie ring than v extends to a Dubrovin valuation on the simple
Artinian Qcl.A/.

Proof. The filtration fA defined by f�A D .f�K/ƒ is again separated and strong,
hence Gf .A/ is strongly graded by � over Gf .A/0 D ƒ. The homogeneous
elements of Gf .K/ are central units in Gf .A/ and Gf .A/ D Gf .A/0Gf .K/, hence
Gf .A/ is also a prime Goldie ring. A regular element of A, x say, may be multiplied
by a 
 2 K to a regular element 
x of ƒ, such that 
x 62 mvƒ. Hence �.
x/ is
regular in ƒ hence in Gf .A/, since �.
/ is regular in Gf .A/; �.
x/ D �.
/�.x/

hence �.x/ is regular in Gf .A/. Then fA extends to the localized filtration FS�1A,
where S D Areg and S�1A is a simple Artinian ring. The associated graded ring of
S�1A is G.S/�1Gf .A/ which is again a prime Goldie ring as it is an order in the
simple Artinian ring T �1Gf .A/ where T D Gf .A/reg (Gf .A/ is prime Goldie). In
fact �.S/�1Gf .A/ D Qcl.Gf .A/0/Gf .K/ where Qcl.Gf .A/0/ is simple Artinian.
In view of Theorem 1.8.11 we obtain that F0S�1A is a Dubrovin valuation ring. ut

The extension problem for valuations of K to K-algebra appearing as simple
Artinian or skewfield quotient rings of algebras given by generators and relations
has now been reduced to finding “good reductions” or more directly to the existence
of an Ov-order ƒ defining a suitable filtration on A that extends well to a localized
filtration of Qcl.A/. This comes down to the verification of domain or prime Goldie
properties of the associated graded ring. This method applied to the Weyl field, but
also to other interesting examples.

3.1.12 Observation

In all of the following situation the extension result for valuations Ov � K to the
quotient ring of the K-algebra is valid.

(a) The quantum plane A D K < X; Y > =.XY � qYX/ and Ov � K such that q

is a unit in Ov.
(b) The quantized Weyl algebra A1.K; q/ defined as K < X; Y > =.XY �qYX�1/

and Ov � K containing q as a unit.
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(c) The enveloping algebra U.g/ for a finite dimensional Lie algebra g over K .
(d) Quantum 2 � 2-matrices defined as K < a; b; c; d > with relations: ba D

q�2ab; ca D q�2ac; bc D cb; db D q�2bd; dc D q�2cd; ad � da D .q2 �
q�2/bcx.

(e) The conformal sl2-enveloping algebra in the sense of L. Le Bruyn given as
K < X; Y; Z > modulo the relations:

�

XY � aYX D Y; ZX � aXZ D Z

YZ � cZY D bX2 C Y

at Ov containing a; b; c as units.
(f) Let A be as in Proposition 3.1.10 but assuming now that ƒ is Auslander regular

(cf. [40]) and positively graded over a field of characteristic zero. Then it is
known that ƒ is a domain and the extension result follows.

The results in this section open the possibility for developing a valuation and divisor
theory on quantized algebras, these are deformations of classical algebras depending
on certain parameters (as in Observation 3.1.12 above).

3.2 Discrete Valuations on the Weyl Skewfield

In this section K is a field of characteristic zero and A1.K/ is the first Weyl algebra,
A1.K/ D K < x; y >D K < X; Y > =.YX � XY � 1/. We know that A1.K/

is a simple Noetherian non-Artinian, Ore domain and it has a skewfield of fractions
D1.K/ called the first Weyl field. For An.K/ D A1.K/ ˝ : : : ˝ A1.K/ we have a
skewfield of functions Dn.K/.

The Bernstein filtration of A1.K/ is defined by putting degx D degy D 1,
i.e. F0A1.K/; FnA1.K/ D K ˚ Kx ˚ Ky; : : : ; FnAn.K/ D .F1A1.K//n; : : :. It
is a separated Z-filtration with GFA1.K/ Š KŒX; Y �, we let � be the principal
symbol map of F . On D1.K/ we consider the quotient filtration FD1.K/, then
GFD1.K/ D Qg.KŒX; Y �/, the graded quotient field of KŒX; Y �. Since the latter
is a domain we know that F0D1.K/ is a valuation ring of D1.K/ and the valuation
filtration of it coincides with FD1.K/; the corresponding valuation vB is called
the Bernstein valuation ring of D1.K/. To a discrete valuation v of D1.K/ there
corresponds a noncommutative valuation ring ƒv and a valuation filtration fvD1.K/

with .fvD1.K//0 D ƒv.

3.2.1 Observation

If ƒv is a valuation ring of a skewfield � then the following statements are
equivalent for a; b 2 ��.
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1. ƒva � ƒvb.
2. v.a/ � v.b/.
3. aƒv � bƒv.

Proof. (an expansion of Lemma 1.3.2.8).

1. ) 2 If ƒva � ƒvb than a D 
b for some 
 2 ƒv then v.a/ D v.
/ C v.b/

yields v.a/ � v.b/.
2. ) 3: From v.a/ � v.b/ it follows that v.b�1a/ � 0 or b�1a 2 ƒv and aƒv �

bƒv follows.
3. ) 2: and 3: ) 1: follow by symmetry from the foregoing. ut
Recall that two discrete valuations v1 and v2 are said to be equivalent if there exist
n and m in Z such that nv1.x/ D mv2.x/ for every x 2 �.

Let us recall how the valuation function v W �� ! � is constructed from a
valuation ring ƒ of �. Put P � ƒ equal to the ideal P D fx 2 ƒ; x�1 62 ƒg.
For 
 2 ƒ define .P W 
/ D f.a; b/ 2 � � �; a
b 2 P g and call 
1 ' 
2 if
.P W 
1/ D .P W 
2/. Let ŒP W 
� denote the class of .P W 
/ with respect to
the foregoing equivalence relation. On the set of equivalence classes � introduce
the total order induced by the inclusion ordering on the set of .P W 
/; 
 2 �.
The function v W �� ! �; x 7! ŒP W 
� is well-defined. Multiplication of � induces
a multiplication in � making � into a totally ordered group. The valuation ring ƒv

coincides with ƒ and P D wv.

3.2.2 Proposition

A valuation v on a skewfield � has rank one exactly when ƒv is maximal as a proper
subring of � (this extends Proposition 1.2.12 to the noncommutative case).

Proof. If v has rank (1) then � is Archimedean (cf. Proposition 1.3.1.4). If ƒv is not
maximal let ƒ0 ¥ ƒv be a proper subring of �, suppose a 2 ƒ0 � ƒv and consider
b 2 �� �ƒ0. Since v.a/; v.b/ < 0, the Archimedean property yields that there is an
n 2 N such that v.a�n/ � v.b�1/, or ba�n 2 ƒv with an 2 ƒ0 and b 2 ƒva

n � ƒ0,
contradiction. Conversely, if ƒv is maximal then htwv D 1. Indeed, any nontrivial
prime P ¤ wv is a completely prime ideal (since left ideals of ƒv are idreals!).
Moreover S D ƒv � P is an Ore set of ƒv since for given s 2 D; ƒ 2 
v we have
s
 2 sƒv D ƒv2 or s
 D 
0s for some 
0 2 ƒv. Now ƒv ¤ S�1ƒv. It is clear
that S�1ƒv ¤ � since .S�1ƒv/P is a proper ideal of S�1ƒv. Maximality of ƒv

thus entails ht.wv/ D 1. If rk� > 1 then � contains a convex subgroup C . Put
P D fx 2 ƒ; v.a/ 2 C g. It is easily verified that P is a prime ideal of ƒv and also
P ¤ wv because C ¤ �C, this would contradict ht.wv/ D 1. ut

A slight extension of the final part of the foregoing proof yields also a proof of
the following.
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3.2.3 Observation

Nonzero prime ideals P of ƒv correspond bijectively to nontrivial convex subgroups
of � . Normal convex subgroups of � correspond to prime ideals of ƒv which are
invariant under inner automorphisms of �.

When studying valuations on Dn.K/ one may restrict to abelian � . It is known
that every valuation on a finite dimensional skewfield is abelian but for Dn.K/ this
result is somewhat surprising. They are in some sense very noncommutative rings,
in fact they even contain free subalgebras of any countable rank! The result is due
to J. Shtipel’man but we follow L. Makar-Limanov’s proof.

3.2.4 Theorem

Let v be a �-valuation on D1.K/ then � is abelian.

Proof. Write A1.K/ D K < x; y >� D1.K/ D K.< x; y >/. Take r ¤ 0 in
A1.K/ and suppose that v.xr/ ¤ v.rx/, say v.rx/ > v.xr/ (in the other case the
proof is formally similar). Then for Œx; r� D xr � rx we have v.Œx; r�/ D v.xr/.
By an easy induction argument we then obtain: v.Œx; ��n.r// D v.xnr/. For every
r 2 A1.K/ there is an e D e.r/ such that Œx; ��e.r/ D 0 (because every
r 2 An.K/ has a unique finite polynomial expression in x and y with powers in
x before powers in y and Œx�� lowers the y-degree because xy � yx D �1).
Thus we obtain v.0/ D v.Œx; ��er/ D v.xer/ but that is a contradiction since
xer ¤ 0. Since � is generated as a group by the semigroup v.A1.K// it follows
from v.x/ C v.r/ D v.r/ C v.x/ that v.x/ 2 Z.�/. In fact the foregoing establishes
that v.f / 2 Z.�/ for every f such that every r 2 A1.K/ is annihilated by some
power of Œf; ��, in particular this holds for all f 2 KŒx�. Since � is totally ordered
�m� D ��m for some m entails �� D �� hence Z.�/ is root-closed in � . Now
assume r 2 A1.K/ is such that v.r/ 62 Z.�/. Since GKdim.A1.K// D 2 it follows
that for any s 2 A1.K/ we have a relation: †xij ri sj D 0 with xij 2 KŒx� (the
GK dimension bounds the transcendence of the ring, so the r and s cannot be
algebraically independent over KŒx�). At least two monomials in this relation have
the same valuation, otherwise v.†xij ri sj / would necessarily be the valuation of
the unique monomial in it having minimal valuation but that could not be equal to
�1. Say v.xi0j0r

i0 sj0/ D v.xi1j1r
is sj1/, then either some v.sk/ 2 Z.�/ < v.r/ >

or v.rl / 2 Z.�/ < v.s/ > with k; l larger than zero, because v.xij / 2 Z.�/ by
foregoing remarks. In either case we obtain that some power of v.r/ commutes with
some power of v.s/. Since � is totally ordered .�n� D ��n entails �� D �� ) it
then follows that v.r/ and v.s/ commute. This holds for arbitrary s 2 A1.K/, hence
it contradicts v.r/ 62 Z.�/. Consequently Z.�/ D � or � is abelian. ut
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3.2.5 Corollary

Every valuation of Dn.K/ is abelian.

Proof. Dn.K/ is the n-fold tensor product of copies of D1.K/, its value group is a
subgroup of a product of the value groups v.D1.K// which is an abelian group. ut

3.2.6 Remark and Project

The above proof is elementary except for the key result about the GK-dimension.
For the general theory about GKdim we may refer to G. Krause and T. Lenagan, [34]
or C. Nǎstǎsescu and F. Van Oystaeyen [53]. It would be an interesting project to
relate GKdim and valuation theory further, or perhaps the GKtd (Gelfand–Kirrilov
transcendence degree) could be used instead of GKdim. The driving conjecture
could be that for a skewfield of GK-dim� D n and a valuation v of � of rank m we
would have GKdim� D n�m, �, the residue skewfield of v. Also it seems possible
to extend the foregoing theorem to skewfields obtained as skewfields of fractions of
enveloping algebras of nilpotent Lie algebras.

3.2.7 Lemma

There are no discrete K-valuations of D1.K/ with residue field K .

Proof. Suppose v is a discrete valuation of D1.K/ with valuation ring ƒv and
ƒv=wv D K . Write wv D .�/. If a; b 2 ƒv then for each n 2 N there are
polynomials f .�/ and g.�/ with coefficients in K such that:

v.a � f .�// � n and v.b � g.�// � n

Since f .�/ and g.�/ commute we obtain that ab � ba is in f v�nD1.K/ and this
holds for all n 2 N. Since ƒv cannot be commutative as it has D1.K/ for its quotient
skewfield ab ¤ ba for some a; b 2 ƒv and then ab � ba is not in f v�ND1.K/ for
some N 2 N. ut

3.2.8 Lemma

For any �-valuation v on D1.K/ we have that v.Œx; y�/ > v.xy/ D v.x/ C v.y/.

Proof. Since � is abelian v.xy/ D v.yx/. Hence for the valuation filtration degree:
deg�v.xy � yx/ < deg�v.xy/. Therefore v.xy � yx/ > v.xy/ D v.x/ C v.y/. ut
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3.2.9 Corollary

From xy � yx D �1 we obtain that v.x/ C v.y/ < 0 (see the foregoing lemma). If
v.x/ > v.y/, then v.xCy/ D v.y/ and we may generate A1.K/ as K < xCy; y >.
In other words we may assume that A1.K/ is generated by x and y with Œy; x� D 1

and v.x/ D v.y/ < 0.
The valuation vB corresponding to the Bernstein filtration factors over the

principal symbol map �B W D1.K/ ! Qg.KŒX; Y �/. In fact there is only one such
discrete valuation up to equivalence.

3.2.10 Proposition

If v is a discrete K-valuation of K.X; Y / such that v�B is a nontrivial discrete
K-valuation of D1.K/ then v�B is equivalent to the valuation vB induced by the
Bernstein filtration.

Proof. Suppose a; b 2 D1.K/ are such that deg�B.b/ < deg�B.a/. Then
v.�B.a// D v.�B.a C b// D v�B.a C b/ � minfv�B.a/; v�B.b/g. If v�B.a/ ¤
v�B.b/, then equality holds, thus v�B.a/ < v�B.b/. In particular when �B.b/ is
homogeneous in K.X; Y / of strictly negative degree, then v�B.b/ � 0. For every
homogeneous element x of K.X; Y / of degree zero (this is always �B of some
element of D1.K/) in Qg.KŒX; Y �/ we thus have v.x/ D 0. For a 2 D1.K/ we
have deg�B.a/ D n, then v�B.a/ D v.�B.ay�n/�B.yn// D 0 C nv�B.y/ as �B

is multiplicative. Consequently v�B D .v�B.y//:deg�B hence v�B is equivalent to
the Bernstein valuation defined by deg�B . ut

We write K. X
Y

/ for GB.D1.K//0 and let v be a discrete K-valuation on D1.K/

with v.x/ D v.y/ < 0. Let ƒv be the valuation ring of v with maximal ideal wv and
residue skewfield �v. From Lemma 3.2.8 we may derive that �v is commutative;
indeed if a; b 2 ƒv � wv then v.Œa; b�/ > v.a/ C v.b/ D 0 or ab � ba 2 wv and thus
�v D ƒv=wv is commutative. Consequently Gv.D1.K// is commutative and of the
form �vŒT; T �1� Š �vZ.

The valuation filtration f v
D1.K/ induces a filtration on GB.D1.K//0 D K. X

Y
/,

f v
i .K. X

Y
// D f v

i D1.K/\ƒB=.f v
i D1.K/\wB/. This is an exhaustive filtration but

it need not be separated.

3.2.11 Lemma

With notation as above, f vK. X
Y

/ is separated if and only if �B.z/ D 1 entails
v.z/ � 0. In case f vK. X

Y
/ is not separated then \i f

v
i K. X

Y
/ D K. X

Y
/.
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Proof. Put I D \i f
v

i K. X
Y

/. If �B.x/ ¤ 0 is in I then there exists a y 2 D1.K/

such that: �B.z/ D �B.y/ and v.y/ > v.z/ (choose y in f v
i D1.K/ for appropriate i .)

Then �B.yx�1/ D 1 but v.yz�1/ > 0. Conversely if z 2 D1.K/ is such that �B.z/ D
1 and v.z/ > 0 then for all n 2 N we have: 1 D .1 � zn/ C zn. Thus 1 2 f v�nK. X

Y
/,

then for all n � 0 we obtain that f v�nK. X
Y

/ D K. X
Y

// as desired. ut
From here on we assume that K is algebraically closed. We say that v is F B -

compatible if f vK. X
Y

/ is a separated filtration, i.e. �B.z/ D 1 yields v.z/ � 0.

3.2.12 Proposition

A discrete K-valuation on D1.K/ that is F B -compatible is determined by its
restriction to the subfield K. X

Y
/ in D1.K/.

Proof. A pseudo-homogeneous element of A1.K/ is one having a homogeneous
expressions in x and y (this is not unique since yx D xy C 1 but that is
harmless here). Consider f 2 A.K/ and write f D f1 C f2 where f1 is
pseudo-homogeneous of degree deg�B.f / and deg�B.f2/ < dega�B .f /. From
�B.f =f1/ D 1 it follows that v.f / � v.f1/ since v is assumed to be F B -compatible.
Thus, v.f / � minfv.f1/; v.f2/ with equality whenever v.f1/ ¤ v.f2/, yields
v.f / D minfv.f1/; v.f2/g.

In case f is pseudo-homogeneous of degree n, say f D Pn
iD0 ai x

i yn�i , then
v.fy�n/ D v.g/ where we put g D Pn

iD0 ai .xy�1/i . If for example v.fy�n/ >

v.g/ then �B.fy�n=g/ D 1 and v.fy�n=g/ > 0 leads to a contradiction. Otherwise
look at �B.g=fy�n/ D 1. Then v.f / D v.g/ C nv.y/ and the proof is finished. ut

The discrete K-valuations of K.T /; T D X
Y

are well-known i.e. v is either trivial
or v corresponds to an ˛ 2 K . In the first case v is equivalent to the valuation of
the Bernstein filtration, meaning that for all z 2 A1.K/, v.z/ D �deg�B.z/v.y/.
By the foregoing proposition the F B -compatible valuations are determined by three
parameters p D v.x/ D v.y/ 2 Z � N, q D v. x

y
� a/ 2 N � f0g; a 2 K�.

Given p; q; a then there is at most one discrete K-valuation of D1.K/ compatible
with the Bernstein filtration such that v.x/ D v.y/ D p and v. x

y
� a/ D q. From

foregoing remarks it follows that v, if it exists, may be calculated in the following
way. To calculate v of f 2 A1.K/ at first decompose f into pseudo-homogeneous
elements, say f D Pn

iD0 fi and put v.f / D minfv.fi /; i D 0; : : : ; ng. To calculate
v on a pseudo-homogeneous fn, of degree n, put v.fn/ D np C va.�B.fn//q where
va is the graded K=valuation on K. X

Y
/ŒY; Y �1� such that va.Y / D 0; va. X

Y
�a/ D 1.

It is also possible to define v.fn/ D v0
a.�B.fn// where v0

a is he graded valuation of
K. X

Y
/ŒY; Y �1� such that v0

a. X
Y

�a/ D q; v0
a.Y / D p. We observe that K. X

Y
/ŒY; Y �1�

is a graded field (gr-field) in the sense that every homogeneous element different
from 0 is invertible; a gr-valuation is associated to a gr-valuation ring, being a graded
subring such that for every homogeneous element of the gr-field, say z, either z
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or z�1 is in the subring. A gr-valuation of K. X
Y

/ŒY; Y �1� is always induced by a
valuation of K.X; Y / which is a graded valuation in the sense that v.z/ � 0 if and
only if v.zn/ � 0 for every homogeneous component n. Graded valuations are not
studied in detail in this work, we refer to [38, 66].
We are now ready to prove the existence theorem.

3.2.13 Theorem

Let v be defined by p; q; a as above and assume that q � �p then v is a discrete
K-valuation of the Weyl field D1; .K/.

Proof. It suffices to verify the valuation properties on elements of A1.K/. If f; g

are pseudo homogeneous of different degree then: v.f C g/ D minfv.f /; v.g/g
holds by definition; if f; g have the same degree but f C g ¤ 0, then v.f C g/ D
np C va.�B.f C g//q � np C minfva.�B.f //; va.�B.g//gq D min.v.f /; v.g/g.
In the situation that f; g are not pseudo-homogeneous the relation follows by
decomposition into pseudo-homogeneous elements and the definition of v.
For pseudo-homogeneous f and g we write:

f D
n
X

iD0

ai x
i yn�i and �B.f / D f

g D
m
X

iD0

bj xj ym�j and �B.g/ D g

fg D
mCn
X

iD0

i
X

j D0

cj ix
j yi�j ; h D

mCn
X

iD0

i
X

j D0

cj i X
j Y i�j

For the Weyl algebras it is a well-known fact that:

h D
r
X

kD0

.�1/k 1

kŠ

@kf @kg

@Xk@Y k

where r is the integral part of nCm
2

. It is now straightforward to calculate

v.fg/ D minfv
i
X

j D0

cj ix
j yi�j ; i D 0; : : : ; m C ng

D minfip C va.�B.

i
X

j D0

cj ix
j yi�j //q; i D 0; : : : ; m C ng
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D minf.n C m � 2k/p C va

 

@kf @kg

@Y k@Xk

!

q; k D 0; : : : ; rg

D minf.n C m C 2k/p C .va.f / � k C va.g/ � k/q; k D 0; : : : ; rg
D .n C m/p C va.f g/q C minfk.�2p � 2q/; k D 0; : : : ; rg
D v.f / C v.g/

The last equality follows from va

�

@kf @kg

@yk @xk

�

� va.f / � k C va.g/ � k. Now more

generally, if f D Pn
iD0 fi ; g D Pm

iD0 gi , then let k and l be maximal such that
we have v.f / D v.fk/; v.fk/; v.g/ D r.gl /. Then v.fg/ � v.

PkCl
j D0 fj gkCl�j / D

v.fkgl / D v.fk/ C v.gl / D v.f / C v.g/.
The other inequality follows from: v.

Pi
j D0 fj gi�j / � v.f / C v.g/ for all i D

0; : : : ; k C l . ut
It is clear from foregoing proof that v will not be a valuation if q > �p, so we

suppose hereafter that q � �p. The valuation filtration f v defines a commutative
associated graded ring and we can calculate this explicitly. For f and g as in the
proof we have:

fg � gf D
X

i;j

dij xi yj

Again it follows that:

h D
r
X

kD1

.�1/kC1 1

kŠ

 

@kf @kg

@Xk@Y k
� @kf @kg

@Y k@Xk

!

r being the integral part of nCm
2

. Hence we obtain: v.fg � gf / D minf.n C m �
2k/p C va.

@kf

@Xk

@g

@Y k � @kf

@Y k

@kg

@Xk /q; k D 1; : : : ; rg.

Now: va

�

@kf

@Xk

@g

@Y k � @kg

@Y k

@kg

@Xk

�

> va.f /Cva.g/�2k, thus v.fg�gf / > v.f /C
v.g/!

The residual field of an F B -compatible K-valuation does not only turn out to be
commutative, it is actually a purely transcendent extension of degree one of K . From
a transcendence (Gelfand–Kirillov) argument it would follow that the transcendent
degree is one but for pure transcendence some arithmetical information is needed in
the proof.

3.2.14 Theorem

Let q � �p and v given by p; q; a. The residue field �v Š K.t/ with t D . x
y

�
a/lyk , where �kp D lq is the least common multiple of �p and q.
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Proof. First we observe that v is a K.t/ valuation because v.t � ˇ/ D 0 for all
ˇ 2 K and K is algebraically closed. Indeed, it is clear that v.t � ˇ/ � 0,
the leading pseudo homogeneous term of t � ˇ is equal to the one of t which
is equal to:

Pl
iD0.

l
i
/.�a/l�i xi yk�i . It follows that at least one of the pseudo-

homogeneous terms in the decomposition of t � ˇ must have v-value equal to zero,
hence v.t � ˇ/ D 0. Next we show for f; g 2 A1.K/ such that v.f / D v.g/

there is an h 2 K.t/ such that v.g�1f � h/ > 0. Since v.f / is obtained as
v.fi / for some pseudo homogeneous part fi of f we may assume that f is
pseudo-homogenous. Take F; G in A1.K/ such that f G D gF ; there is a pseudo-
homogenous A 2 A1.K/ such that v.A/ D v.G/ D v.F /. If there are F1; G1 in
K.t/ such that v.FA�1 � F1/ > 0 and v.GA�1 � G1/ > 0 then g�1f � F1G

�1
1 D

g�1.f G1 � gF1/G�1
1 D g�1.g.FA�1 � F1/ � f .GA�1 � G1//G�1

1 . Consequently:
v.g�1f � F1G

�1
1 / > �v.g/ C v.g/ � v.G1/ D 0. From the foregoing it follows that

we may select h such that v.g�1f � h/ > 0 with v.f / D v.g/ and both f; g are
assumed to be pseudo-homogenous. We arrive at:

v.f / D pdeg�B.f / C qva.�B.f //

v.g/ D pdeg�B.g/ C qva.�B.g//

The integer .deg�B.f /�deg�B.g//.�p/ D va.�B.f .g//q is a common multiple of
�p and q. Thus we obtained an n 2 Z such that: nk D deg�B.f /�deg�B.g/; nl D
va.�B.f =g//.

We now calculate �B.
f

g
y�nk/ D .T � a/nl h.T / with h.T / 2 K.T /; T D X

Y
,

and � D h.a/ ¤ 0.
If �B.f =g/ ¤ �B.� tn/, then v.

f

g
� � tn/ D nkp C va..h.T / � �/.T � a/nl /q,

and the latter is strictly bigger than nkpCnlq D 0. In case �B.f =g/ D �B.� tn/ we

may assume that � D 1 and n 2 N. Clearly, then tn D Pln
iD0

�

ln
i

�

.�a/ln�i xi ykn�i

C terms having a strictly positive value.

Since both f and the term
Pln

iD0

�

ln

i

�

.�a/ln�i xi gykn�i are pseudo homo-

geneous and have the same image under the principal symbol map they must
be equal! (in the Weyl algebra every element has a unique pseudo-homogeneous
decomposition with powers of x preceding powers of y). Hence, modulo terms with
value strictly larger than v.f / D v.g/ we obtain:

f � gtn D
ln
X

iD0

�

ln

i

�

.�a/ln�i Œxi ; g�ykn�i

If g D Pm
j D0 aj xm�j yj then Œxi ; g� is equal to

m
X

j D0

aj

0

@

min.i;j /
X

kD0

.�1/k i Š

.i � k/Š
.
j

k
/xm�j Ci�kyj �k

1

A
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Therefore: v.f � gtn �Pmin.lnm/

kD1 Rk > v.f / D v.g/, where

Rk D .�1/k

ln
X

iDk

�

ln

i

�

.a/ln�i i Š

.i � k/Š

0

@

m
X

j Dk

aj

�

j

k

�

xm�j Ci�kykn�iCj �k

1

A

Calculate:

v.Rk/ D .kn C m � 2k/p C va

 

ln
X

iDk

�

ln

i

�

.�a/ln�i i Š

.i � k/Š
T i�k

!

q

C va

0

@.�1/k

m
X

j Dk

aj

�

j

k

�

T m�j

1

A q

The first value we need to know is ln � k since we recognize the kth-derivative of
.T � a/ln. The second value equals:

va

0

@

1

kŠ
.�1/k

m
X

j Dk

aj

j Š

.j � k/Š
T �j �1

1

A

D va

0

@

m
X

j Dk

aj .k � j � 1/ : : : .�j C 1/.�j /T �j �1

1

A

D va

 

ak

dT k

 

m
X

iD0

aj T k�j �1

!!

� va

0

@

m
X

j D0

aj T �j

1

A � k D va.�B.g// � k

So we obtain for all k that: v.Rk/ D v.g/ � 2k.p C q/ which is strictly larger than
v.g/ if p C q < 0. Thus if p C q < 0 then v.

f

g
� Gn/ > 0.

For the case where p C q D 0 and �B.f =g/ D �B.tn/ we finish the proof
by induction on n. Observe that t D x � ay and k D l � 1. If n D 0 then
�B.f / D �B.g/ and thus f D g since both f and g are pseudo homogeneous.
Then suppose �B.f =g/ D �B.tn/. Previous calculation establishes that: f

g
� tn D

g�1
�

Pmin.n;m/

kD1 Rk

�

plus terms of strictly positive value.

For each k there is a �k 2 K.t/ such that: v.g�1Rk ��k/ > 0 either by induction
in case �B.g�1Rk/ D �B.ˇtn�2k/ for some ˇ 2 K� or by the first part of the proof
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in case �B.g�1Rk/ ¤ �B.ˇtn�2k/ for any ˇ 2 K�. Finally we arrive at:

0

@tn C
min.n;m/
X

kD1

�k

1

A 2 K.t/ and v.
f

g
� .tn C

min.n;m/
X

k>1

�k// > 0

ut

3.3 Some Divisor Theory for Weyl Fields Over
Function Fields

In this section we let K be an algebraic function field of degree one over an
algebraically closed k � K of characteristic zero, i.e. K is the function field of
a nonsingular projective curve C over k.

Points on the curve C correspond bijectively to the discrete k-valuations of K

and each such valuation induces a valuation filtration f vK on K . This filtration
extends to A1.K/ and to f v

D1.K/ as observed earlier. The associated graded
ring of f v

D1.K/ is exactly D.k/ŒT; T �1�; T a central variable. Hence f v
D1.K/

is a valuation filtration corresponding to a discrete noncommutative valuation ring
f v

0 D1.K/. In a sense the constant field k is now replaced by D1.k/ but we will point
out some essential new features related to this “skewfield of constants”.

3.3.1 Proposition

If v is a D1.k/-valuation of D1.K/, then:

for aij 2 K; i D 0 : : : ; n; j D 0; : : : ; m W

v

0

@

n;m
X

i;j D0

aij xi yj

1

A D minfv.aij /I i D 0; : : : ; n; j D 0; : : : ; mg

Proof. Write a D Pn
iD0

Pm
j D0 aij xi yj ; p D minfv.aij /; i D 0; : : : ; n; j D

0; : : : ; mg.
Since x; y 2 D1.k/ the equality v.a/ � p is obvious. Let ı.a/ 2 N be the

filtration degree of a in the Bernstein filtration of A1.K/. If ı.a/ D 0 then the
claim holds. So we assume that the claim holds for b 2 A1.K/ with ı.b/ < d . We
calculate:

v.xa � ax/ D v

0

@

n
X

iD0

m
X

j D0

jaij xyj �1

1

A

D minfv.aij /; j ¤ 0g
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v.ya � ay/ D v

0

@�
n
X

iD0

m
X

j D0

iaij xi�1yj

1

A

D minfv.aij ; i ¤ 0g

Now v.xa � ax/ � v.a/ � p and similarly v.va � ay/ � p. The foregoing implies
that v.a/ is smaller than minfv.ya �ay/; v=.a �ay/g, hence v.a/ � p or v.a/ D p

follows. ut
Since we assume that k is algebraically closed in K we have that k D \vfOv; Ov

a discrete valuation ring of Kg. We may look at the ring R obtained as the
intersection \vƒv for all discrete D1.k/-valuation rings of D1.K/. For a k-valuation
Ov of K we have a nontrivial D1.k/-valuation ƒv extending v to D1.K/ it is given
by v on A1.K/ as in the foregoing proposition.

We have that D1.k/ � R but R is not equal to D1.k/. Look at .X C a/�1 since
v.X Ca/ is at most zero we have that v.X Ca/�1 is at least zero, hence .X Ca/�1 2
R for every a 2 K � k. Clearly .X C a/�1 2 R is not invertible in R so R is not
a skewfield, yet it has many invertible elements e.g. .ax C y/.x C ay/�1. As an
intersection of valuation rings R has the property that every one-sided ideal of R

is an ideal of R, moreover R is invariant under inner automorphism of D1.K/. A
formal sum D D P0

v2C nvv with nv 2 Z almost all being zero, is called a divisor
of C . When we chose ƒv to represent v of C (C the curve of K.k/) we define a
divisor for D1.K/ as

P0
v nvv. To an element q 2 D1.K/ we associate a principal

divisor: div.q/ D P

v v.q/v. Divisors for D1.K/ are partially ordered by:
P0

v nvv >
P0

v mvr if and only if nv � mv for all v. So the ring R may be obtained by putting
R D fq 2 D1.K/; div.q/ � 0g. A divisor for D1.K/; D is said to be positive if
D > 0.

3.3.2 Lemma

A positive divisor is principal, i.e. if D > 0 then D D div.r/ for some r 2 R.

Proof. It will be sufficient to establish that for each v 2 C there is an r 2 R such
that div.r/ D v, that is v.r/ D 1 and w.r/ D 0 for every w ¤ v in C . Take
a 2 K such that v.a/ D �1 and write div.a/ D D1 � D2 with D1 and D2 being
both positive divisors. The Riemann–Roch theorem on C yields the existence of
an integer N such that for any divisor D on C of degree (being the sum of the
nv appearing in the divisor) larger than N we have: dimkL.D/ D degD C 1 � g,
where L.D/ D ff 2 K; div.f / C D > 0g and g is the genus of the curve C . Fix a
positive divisor D3 of degree larger than N such that every valuation with nonzero
coefficient in D2 appears with zero coefficient in D3 (note: v appears in D2). Then
it is easily checked that:

dimkL.D3 C v/ D 1 C dimkL.D3/
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So there must be a nonzero b in L.D3 C v/ � L.D3/. Consequently v.b/ D �1 D
v.a/; moreover for all w 2 C �fvg we have that maxfw.a/; w.b/g � 0. Now define:
r D .a�1x C b�1/.a�1x C b�1 C y/ in D1.K/. If w is a k-valuation of K different
from v, then:

w.a�1x C b�1/ D minfw.a�1/; w.b�1/g
D �maxfw.a/; w.b/g

w.a�1X C b�1 C y/ D minfw.a�1/; w.b�1/; 0g
D �maxfw.a/; w.b/g

Thus from w ¤ v we obtain w.r/ D 0. On the other hand

v.a�1x C b�1/ D minf1; 1g D 1

v.a�1x C b�1 C y/ D minf1; 1; 0g D 0

Hence v.r/ D 1 and div.r/ D v as desired. ut
This leads to a rather beautiful structure result on R.

3.3.3 Theorem

The ring R is a principal ideal domain.

Proof. As a first step we establish that the sum of two cyclic ideals is again cyclic.
Hence consider Ra and Rb. For all v 2 C and r; r 0 2 R we have: v.ra C r 0b/ �
minfv.ra/; v.r 0b/g � minfv.a/; v.b/g D v.c/ for some c 2 R. Thus ra C r 0b 2 Rc

or Ra C Rb � Rc. Write a D fg�1; b D f 0g�1 with f; f 0; g in A1.K/.

Let us fix an integer n larger than the Bernstein filtration degree of f and put:
b0 D xnf 0g�1. Then Rb D Rb0 and

v.a C b0/ D v.f C xnf 0/ � v.g/

D minfv.f /; v.f 0/g � v.g/

D minfv.a/; v.b/g D v.c/

Consequently: Rc � R.a C b0/ � Ra C Rb0 � Ra C Rb, hence Ra C Rb D Rc.
From the first step it follows that every finitely generated ideal is cyclic and for
every b 62 Ra we have Ra C Rb D Rc with 0 < div.c/ < div.a/. Consequently
any ascending chain of (left, right) ideals must terminate thus R is Noetherian and
then every ideal is finitely generated (on the left) hence principal.
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3.3.4 Corollary

The ring R is a Noetherian domain with quotient division ring D1.K/.

Proof. As observed in the theorem R is a Noetherian domain hence it has a classical
ring of fractions which is a skewfield. If q 2 D1.K/, then div.q/ D D1 � D2 for
positive divisors D1; D2. From the lemma it follows that there are r1 and r2 in R

such that div.r1/ D D1; div.r2/ D D2. It follows that qr2r
�1
1 2 R is invertible in R

as it has the zero divisor for its divisor. Therefore q 2 Qcl.R/ and D1.K/ D Qcl.R/

follows. ut
To a divisor D on D1.K/ we associate a space L.D/ D fq 2 D1.K/; div.q/ C

D > 0g. In particular L.0/ D R and each L.D/ is an R-bimodule. The ideals of
R are exactly the L.D/ with D < 0. The theorem states that any L.D/ Š R as
an R-bimodule. For D1 < D2 we have L.D1/ � L.D2/. We let ƒv D F v

0 D1.K/

be the discrete valuation ring of D1.K/ corresponding to F v
D1.K/ and we write

�v � ƒv for its unique maximal ideal, mv D R \ �v.
Observe that mv D L.�v/ is a maximal ideal of R and the correspondence v 2

C ! mv � R defines a bijective correspondence between points of C and the set
of maximal ideals �.R/ of R. The following expands on this relation.

3.3.5 Proposition

With notation as above: ƒv D Rmv , the localization of R at the maximal ideal mv.

Proof. For q 2 ƒv write div.q/ D D1 � D2 where D1 and D2 are positive divisors
having disjoint supports (no valuation appears with a nonzero coefficient in both D1

and D2, this is of course always possible). Again we find r1 and r2 in R such that
div.r1/ D D1; div.r2/ D D2. Consequently q D ur1r

�1
2 for some unit u of R. Since

v.q/ � 0 we cannot have r2 2 mv, hence q 2 Rmv . On the other hand the Rmv � ƒv

is obvious so equality follows: ut

3.3.6 Theorem

If D1 < D2 then dimD;.k/.L.D2/=L.D1// equals the degree of the divisor D2 �D1.

Proof. Form the foregoing proposition it follows that �v is the extension of mv � R

to ƒv and R=mv ! ƒv=�v is an isomorphism. In particular R=mv Š D1.k/ and
R D D1.k/ C mv. Let us write F vR for the filtration induced on R by F v

D1.K/.
For the associated graded rings we have: Gv.D1.K// Š D1.k/ŒT; T �1� and we may
restrict this isomorphism to the associated graded ring of F vR and obtain Gv.R/ Š
D1.k/ŒT �1�. It is straightforward to verify for every v 2 C and every divisor D
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on D1.K/ we have: L.D/ D mvL.D C v/. Then it follows from this that L.D C
v/=L.D/ Š R=mv ˝R L.D C v/ Š R=mv Š D1.k/. For D1 < D2 the left
dimension overD1.k/ of the space L.D2/=L.D1/ may thus be counted as the degree
of the divisor D2 � D1 (note that in a similar way this degree also equals the right
D1.k/-dimension, so that left and right dimension of the bimodule L.D2/=L.D1/

are actually equal in this situation). ut
The foregoing Riemann–Roch type theorem is independent of the genus of C , the

formula proved actually corresponds to stating that this is a “genus-less” situation,
a remark that may be related to the noncommutative geometry of A1.K/.

If we consider the Bernstein filtration then D1.k/ is not in F B
0 R D F B

0

D1.K/ \ R. We may compare the Bernstein filtrations on D1.K/ and R; in some
sense R is a rather big subring of D1.K/, perhaps unexpected for the intersection of
all D1.k/-valuation (discrete) rings of D1.K/.

3.3.7 Proposition

With respect to the Bernstein filtrations: GB.R/ D GB.D1.K//.

Proof. It is known that GB.D1.K// is just the graded quotient field of
GB.A1.K// D KŒX; Y �. Consider p in KŒX; Y �m, p D Pm

iD0 ai XY m�i and
look at p�1 2 GB.D1.K//. Consider q D Pm

iD0 ai xym�i 2 A1.K/ and write
div.q/ D D1 � D with D1 and Dz positive. Pick r 2 R such that div.r/ D D2,
say r D fg�1 with f; g 2 A1.K/ and let n 2 N be larger than the degree
of g in the Bernstein filtration. Now put a D .rxnq//.rxn C 1/�1. Obviously
�.a/ D p. For all v 2 C we obtain: v.rxn C 1/ D minfv.r/; 0g because of the
choice of n. Then we obtain div.a/ D D1 and thus a 2 R. Finally, if m > 0 then
r 0 D .q C 1/�1 is in R and we have �.r 0/ D p�1. Thus Q

g

Cl.KŒX; Y �/ � G.R/ and
also G.D1.K// D Q

g

Cl.KŒX; Y �/ entail G.R/ D G.D1.K//. ut
The results may be generalized to Dn.k/-valuations of Dn.K/ but we do not go into
this here leaving it as an exercise for the zealous reader.

3.4 Hopf Valuation Filtration

The guiding principle in foregoing sections is that an extension of valuation theory
to K-algebras can be obtained from a value function on A extending a valuation v
of K with corresponding filtrations FA, resp. fK . The ring FoA, where 0 is the
neutral element of the value group � , is an order in A over Ov, and it enjoys certain
properties like being a separated prime, a Dubrovin valuation, a noncommutative
valuation ring, depending on properties of the value function. However we may
look at a strong filtration FA and ask other structural properties of A possibly in
combination with some properties of the value function, e.g. we may look at Hopf
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algebras or quantum groups A and ask F0A to be also a Hopf algebra over Ov. In
this way we shall define Hopf valuations and their filtrations.

3.4.1 Definition. Good � -Filtrations on K -Vector Spaces

Consider a field K with a separated �-filtration fK for some totally ordered
group � . The category of �-filtered vector spaces over K is denoted by K-filt. A �-
filtration on a K-vector space V; F V is a good filtration if there exist sets fv˛; ˛ 2
Ag; f�˛ 2 �; ˛ 2 Ag such that for � 2 � we have: F� V D P

˛2A f���˛ Kv˛.
It is clear that fv˛; ˛ 2 Ag is a set of K-generators for V . In the sequel fK will
be a strong filtration, in fact a valuation filtration. Then from f���˛ Kv˛ 2 F� V

it follows that v˛ 2 F�˛ V for all ˛ 2 A; moreover, for every � 2 � we also
have that F�V D f� KF0V . Hence, if F V is a good filtration then without loss
of generality we may assume that fv˛; ˛ 2 Ag is taken in F0V and for � 2 � ,
F�V D P

˛2A f�Kv˛. If F0V is free over F0K with basis fwi ; i 2 J g then F V

may be given by F�V D P

i2J f�Kwi . If fK is a valuation filtration then it is
strong and f0K D Ov is a valuation ring so torsion free finitely generated Ov-
modules will be free.

For detail on Hopf algebras we refer to [20, 31]. We let H be a K-Hopf
algebra with counit " W H ! K , comultiplication � W H ! H ˝ H and antipode
S W H ! H . A �-filtered Hopf algebra is a K-Hopf-algebra H with a filtration
FH such that "; �; S are filtered morphisms, e.g.

1. ".F�H/ � F� K D f� K , for all � 2 � .
2. S.F�H/ � F� H , for all � 2 � .
3. �.F� H/ � P

�C�D� F� H ˝ F�H , for all � 2 � .

The condition (3) just expresses that � is a filtered morphism if H ˝H is equipped
with the tensor filtration defined by putting

F� .H˝H/ D P

�C�D� F� H˝F�H; � 2 �:

We write F 0
0 H D P

�<0 F�H , F 0
� H D P

�<� F�H for � 2 � .

3.4.2 Proposition

Let H be a Hopf algebra over K with Hopf filtration FH , then G.H/ is a �-graded
Hopf algebra. If FH extends fK then G.H/ D k� ˝k F0H with Hopf structure
deriving from F0H (via F0H=F 0

0 H/ making it into a graded Hopf algebra over the
gr-field k� (where k is the residue field of K).
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Proof. Observe that F0H is a sub-Hopf algebra of H over f0K D Ov. Indeed,
�.F0H/ � P

�2� F� H ˝ F�� H but since F�H D f� K ˝ F0H for all � 2 � ,
it follows that �.F0H/ � F0H ˝ F0H ; the restriction of " to F0H defines the
Ov-linear "jF0H and the k�-linear " on G.H/ extending F0H=F 0

0 H ! K . Since
S jF0H defines the k�-linear S W G.H/ ! G.H/, all claims in the proposition
follows easily. ut

Note that for a Hopf filtration FH the inclusion K ,! H is a filtered morphism;
for a strong Hopf filtration FH the condition of extending fK is equivalent to
F0H \ K D f0K .

Now we consider a Hopf algebra H over K with a �-valuation ring Ov D D in
K; the valuation of Ov is v W K� ! � and we also write v W K ! � [ f1g by
putting v.0/ D 1. The residue field of v will be denoted by k.

A Hopf valuation function extending v is a function �	 W H �!�! � [ f1g,
usually viewed as a Hopf valuation filtration function 	 W H �!�! � [ f�1g,
satisfying:

HV.1 We have 	.h/ D �1 if and only if h D 0.
HV.2 We have 	.1/ D 0.
HV.3 For h 2 H; 
 2 K; 	.
h/ D 	.
h/ D 	.h/ � v.
/.
HV.4 For g; h 2 H , 	.gh/ � 	.g/ C 	.h/.
HV.5 For g; h 2 H; 	.g C h/ � maxf	.g/; 	.h/g.
HV.6 For h 2 H; 	.S.h// � 	.h/; 	.".h// � 	.h/.
HV.7 For h 2 H , �.h/ D †h1 ˝ h2 (Sweedler notation) 	.h/ �

inffmax†f	.h1/ C 	.h2/gg, where max† is taken over the terms in a fixed
expression of �.h/ while inf is over all possible decompositions of �.h/. By
	.h/ � inff�; � 2 A � �g we just mean that if � � � for � 2 A then 	.h/ � � .

3.4.3 Proposition

If 	 is a Hopf valuation function then we have equality in HV.7, in fact:

	.h/ D inffmax†f	.h1/ C 	.h2/gg D inffmax†f	.".h1// C 	.h2/gg
D inffmax†j	.h1/ C 	.".h2//g

Proof. Indeed, from �.h/ D †h1˝h2 we may derive: h D †".h1/h2 D †h1".h2/.
Applying HV.3 leads to:

	.h/ � max†f	.".h1/h2/g D max†f	.".h1// C 	.h2/g .�/

Since (*) holds for any decomposition of �.h/ we obtain:

	.h/ � inffmax†f	.".h1// C 	.h2/gg
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and by this we just mean that 	.h/ � max†.: : :/ for all possible decompositions
of �.h/. Now using HV.6 this leads to: 	.".h1// C 	.h2/ � 	.h1/ C 	.h2/, or
	.h/ � inffmax†.	.".h1// C 	.h2/g. This proves:

	.h/ D inffmax†f	.h1/ C 	.h2/gg
D inffmax†f	.".h1// C 	.h2/gg
D inffmax†f	.h1/ C 	.".h2//gg

where now we may interpret inf in the classical way, because 	.h/ is smaller than
all maxf: : :g and bigger than all � 2 � smaller than all max†f: : :g. Hence HV.7
entails the existence of the inf as defined. The last equality following by using h D
†h1".h2/. ut

3.4.4 Theorem

Hopf filtration functions 	 W H ! � [f�1g, satisfying HV.1,. . . ,HV.7, correspond
bijectively to the separated Hopf filtrations FH extending the valuation filtration
fK of the valuation v.

Proof. Start from a Hopf valuation filtration function 	 W H �!�! � [ f�1g
satisfying HV.1,. . . ,HV.7. For � 2 � put F� H D fh 2 H; 	.h/ � �g Properties
HV.5 and HV.3 entail that F� H is an additive subgroup of H , containing 0 because
of HV.1. From HV.2, HV.4 and HV.5 it follows that FH is a filtration of the ring
H . Putting h D 1 in HV.3 entails 	.
/ D �v.
/ for 
 2 K , hence FH extends
the valuation filtration fK corresponding to v. For h 2 H we have h 2 F	.h/H ,
hence FH defines an exhaustive filtration of H . From HV.6 we obtain that S and
" are filtered maps of degree zero with respect to FH . In case FH would not be
separated, then there is a nonzero z 2 H such that for every � 2 � such that
z 2 F� H we have z 2 F 0

� H . In any case z 2 F	.z/H but if z 2 F�H with
� < 	.z/, then by definition of F�H it means that 	.z/ � � , contradiction. Thus
FH is separated. Now consider h 2 H; �.h/ D †h1 ˝ h2, then Proposition 3.4.3
entails: 	.h/ D inffmax†f	.h1/ C 	.h2/gg. For �.F�H/ � P

�2� F� H ˝ F���H

it suffices to establish this for � D 	.h/, any h 2 H (indeed 	 like v is assumed to
be surjective). If ı > 	.h/ D � , then for some decomposition �.h/ D P

h1 ˝ h2

we have ı � max†f	.h1/ C 	.h2/g, and this comes down to:

�.h/ 2
X

�2�

F�H ˝ Fı�� H .�/

Recall that FH is a strong filtration hence for every � 2 �; F� H D F� KF0H D
f�KF0H . For the tensor filtration on H ˝ H defined by FH we have:

F�.H ˝H/ D
X

�2�

F��� H ˝F� H D
X

�2�

F��� KF� KF0H ˝F0H D F� H ˝F0H
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From (�) we obtain �.h/ 2 FıH ˝F0H for every ı > 	.h/. As a D-module F0H is
flat, indeed over a valuation domain every finitely generated torsion free modules is
projective and every projective is free. Thus F0H is the direct limit of free modules
of finite rank, thus flat. Consequently: \ı.FıH ˝DF0H/ D .\ıFı/˝DF0H . Either
	.h/ is equal to some max†f	.h1/ C 	.h2/g for a certain decomposition �.h/ D
†h1 ˝H2 in which case (�) applies with ı D 	.h/ and there is nothing left to prove,
or else 	.h/ appears as the inf of elements max†f	.h1/ C 	.h2/g 2 � (observe that
max† is over a finite set). In view of the remark after this proof, separatedness of
FH yields F	.h/ D \ı>	.h/FıH . Therefore we obtain �.h/ 2 F	.h/H ˝ F0H

and it follows that FH is a Hopf filtration. Conversely if FH is a separated Hopf
filtration extending fK0, then for x ¤ 0 in H there is a unique � 2 � such that
x 2 F� H � F 0

� H . The function 	 W H ! � [ f�1g defined by 	.0/ D �1
and for x ¤ 0, 	.x/ D inff� 2 �; inf�H g is well-defined and surjective since FH

extends fH and v is surjective. We may view 	.x/ as the “filtration degree” with
respect to FH . Verifying the properties HV.1,. . . ,HV.7 is easy enough. ut

3.4.5 Remark

If FR is a separated filtration on a ring R and A is a subset of � such that � D
inff˛; ˛ 2 Ag 2 � [ f�1g, then F�R D \˛2AF˛R. Indeed if x 62 F�R there is
a unique ı 2 � such that x 2 FıR but x 62 Fı0R for any ı0 < ı in view of the
separatedness. Then � < ı because ı � � and x 2 FıR leads to x 2 F�R which is
excluded. Hence ˛0 < ı for sone ˛0 2 A and thus x 62 F˛0 R yields x 62 \˛2AF˛R.

From now on we consider a separated Hopf filtration FH extending fK

associated to a valuation v of R with associated Hopf valuation function 	. We
have seen that F0H is a Hopf algebra over D D f0K and it is an order of H in
the sense that KF0H D K ˝D F0H D H . For h 2 H we define Ih � K by
putting Ih D f
 2 K; 
h 2 F0H g. The next proposition establishes that 	 may be
calculated from data in K .

3.4.6 Proposition

For h 2 H , 	.h/ D v.Ih/, in particular for h D 
 2 K; 	.
/ D �v.
/. If 	1; 	2

correspond to Hopf filtrations F 1H resp. F 2H , then F 1
0 H � F 2

0 H is equivalent to
	2 � 	1.

Proof. Let FH be the Hopf filtration corresponding to 	; note that surjectivity of
	 implies F�H ¤ F�H for � ¤ � in � . Indeed if � 2 � hen � D 	.z/ for some
z 2 H and z 2 F	.z/H but z 62 F	.h/H , i.e. F� H ¤ F�H for all � < � . Now take
h 2 H then h 2 F�H � F 0

� H for some � 2 � , in fact � D ı.h/. If 
 2 K is
such that 
h 2 F0H then 	.
h/ D 	.h/ � v.
/ � 0. From � D 	.h/ � v.
/ it
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follows that 	.
/ � �� or Ih � f�� K . Since f�� K is obviously in Ih D f��K , so
v.Ih/ D � D ı.h/ follows (in general we may define v.L/ for an Ov-submodule L

of K as �maxf�v.
/; 
 2 Lg if the maximum exists in � where �v is the principal
symbol map for fK). For the second statement observe that F 1H and F 2H are
strong filtrations hance F 1

0 H � F 2
0 H entails F 1

� H � F 2
� H for all � 2 � and

	2 � 	1 follows. Conversely from 	2 � 	1 it follows that F 1
0 H D fh 2 H; 	1.h/ �

0g � F 2
0 H D fh 2 H D fh 2 H; 	2.h/ � 0g. ut

For h 2 F0H we have ".h/ 2 D and if v.".h// D � then we may divide h by

 2 K with v.
/ D � and we still have that ".
�1/ 2 D but we do not know whether

�1h 2 F0H . If a suitable set of K-generators for H , B say, can be selected such
that the D-module generated by f
�1

i hi ; hi 2 Bg is a D-ring then we may obtain
a method to construct D-orders in H . Elements of H which are candidates for the
ones with best divisibility properties are those h 2 H such that ".h/ D 0, i.e. the
elements of the augmentation ideal. The advantage of Theorem 3.4.4 is that 	 is
known if we know the Hopf order F0H and conversely. In case H D KG for a
finite group G the knowledge of a Zassenhaus valuation on G does not determine
unambiguously a Hopf valuation on KG nor a Hopf order of KG. Indeed the
construction of Larson orders different from DG in KG, cf.[35], exactly shows
that different orders may be constructed from the same Zassenhaus valuation of G.
Theorem 3.4.4 applied to H D KG entails that DG and a nontrivial Larson orderL,
DG ¤ L ¤ KG, correspond to different Hopf valuation functions on KG but these
take the same values on some K-basis of the Hopf algebra, e.g. G in KG. It turns
out that some basis is better than another! In the sequel we obtain a construction
method for (maximal) orders of Larson-type in any finite dimensional (semisimple)
Hopf algebra, and a description in terms of some suitably selected basis; we include
some examples with number theoretical flavour.

Consider the K-space H=K and define d	 W H=K ! � [ f�1g by putting
d	.h/ D 	.h � ".h//, where h is the class of h in H=K . We may define d	 on H

by putting d	.h/ D 	.h � ".h//. Taking into account that d	.
/ D �1 for every

 2 K . We call d	 the derived valuation function of 	.

3.4.7 Lemma

With notation as above, either 	.h/ D 	.".h// or 	.h/ D d	.h/, in other words
d	.h/ < 	.h/ only if 	.h/ D 	.".h// and ".h/ ¤ 0.

Proof. From h D .h � ".h// C ".h/ if ".h/ ¤ 0, we obtain: 	.h/ �
maxfd	.h/; 	.".h//g. By definition of d	 we also have: d	.h/ � maxf	.h/; 	.".h//g.
Combination of these inequalities yields either 	.h/ D 	.".h// or else 	.h/ D
d	.h/. The second statement in the lemma is now clear. Recall that " is a filtered
morphism, hence 	.".h// � 	.h/. ut

The properties of d	 are modifications of those of 	.
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3.4.8 Proposition

With notation and conventions as before the function d	 satisfies the following
properties.

DV.1 For h 2 H , d	.h/ D �1 if and only if h 2 K .
DV.2 For 
 2 K; h 2 H , d	.
h/ D d	.h/ � v.
/.
DV.3 For g; h 2 H; d	.gh/ � maxfd	.g/ C 	.h/; 	.g/ C d	.h/g. In case ".g/ D

".h/ D 0, hen d	.gh/ � d	.g/ C d	.h/.
DV.4 For g; h 2 H , d	.g C h/ � maxfd	.g/; d	.h/g.
DV.5 For h 2 H , d	.Sh/ � d	.h/.
DV.6 For h 2 H � K with ".h/ D 0 and �.h/ D †h1 ˝ hh, d	.h/ �

inffmax†fd	.h1/ C d	.h2/g.

Proof. The proof of DV.1, DV.2, DV.4 is straightforward.

DV.3 The first statement follows from:

gh � ".gh/ D .g � ".g//h C ".g/.h � ".h//

Hence: 	.gh/ � maxf	.g�".g/h/; 	.".g//.h�".h//g. Now HV.4 and 	.".g// �
	.g/ yields the statement. In case ".g/ D ".h/ D 0 we may assume g 62 K and
we have d	.g/ D 	.g/, d	.h/ D 	.h/ and HV.4 applies.

DV.5 Follows from d	.Sh/ D 	.Sh � ".Sh// � 	.h � ".h// D d	.h/.
DV.6 Since ".h/ D 0, d	.h/ D 	.h/ and the claim follows from [HV.7]. ut
To a Hopf valuation filtration function ı there corresponds a Hopf order H.	/ D
fh 2 H; 	.h/ � 0g D F0H , to d	 we may associate H.d	/ D D ˚ fh 2 "�1.D/ W
�1 < d	.h/ � 0g [ f0g.

3.4.9 Observation

With notation as above: H.d	/ D H.	/. Indeed it is clear if h 2 H.d	/ with h 2
Ker" then 	.h/ � 0, hence h 2 H.	/; if h 62 ker" then 	.h/ D 	.".h// entails
	.h/ � 0 because ".h/ 2 D. hence H.d	/ � H.	/. Conversely if 	.h/ � 0 then
	.h � ".h// � maxf	.h/; 	.".h/g D 	.h/ � 0, thus H.	/ � H.d	/ follows, hence
H.	/ D H.d	/.

3.4.10 Definition

A D-order in a finite dimensional K-algebra A, ƒ say, is called a moderate order if
it is integral over D and the prime radical rad.ƒ/ is a finite D-module.
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Note

In the definition of moderate order given in [2] it is forgotten to remind that
orders are assumed to be integral! The term “Hopf order” used before only refers
to the property KH.	/ D H but from now on we shall restrict attention to 	

corresponding to orders H.	/ which are integral over D.
So we look at Hopf valuation functions 	 � 	0 with associated H.	0/ � H.	/

and assuming H.	/ is a moderated order. Let us write m D mv for the maximal
ideal of D D Ov. Pick a K-basis B D fb1 D 1; b2; : : : ; bng in H.	0/ and we may
assume without loss of generality that ".b2/ D : : : D ".bn/ D 0.

Define HB.	/ to be the D-algebra generated by 1, md	.bi /bi , i D 1; : : : ; n. Since
	.md	 .bi /bi / D 0, it follows that HB.	/ � H.	/ hence HB.	/ is integral over D.
Since 1 and the md	 .bi /bi for i D 2; : : : ; n are again a K-basis for H it follows that
KHB.	/ D H , hence HB.	/ is a D-order of H .

We are now interested in the discrete case, so we suppose D is a discrete
valuation ring of K from hereon, we may also assume ch.K/ D 0 but that is not
really necessary.

3.4.11 Proposition

With notation as before, if D is a discrete valuation ring of K then H.	0/, HB.	/,
H.	/ are finite D-modules.

Proof. Since KradH.	/ is a nil ideal of H it is in radH and therefore nilpotent
hence radH.	/ D H.	/ \ radH and similar for radH.	0/, radHB.	/. Thus
rad.	0/ D H.	0/ \ radH , radHB.	/ D HB.	/ \ radH.	/ and we obtain H.	0/ �
H.	/ and HB.	/ � H.	/ � H , where we denoted R for R=radR. Now H

is semisimple Artinian with center L1 ˚ : : : ˚ Ld say, each Li the center of a
simple component Si of H . The center of H.	/, also for H.	0/ and HB.	/ is
integral over D hence in the integral closure of D in L1 ˚ : : : Ld and therefore
it is a finitely generated D-module, thus also Noetherian. In any case for all three
D-orders it follows by a result of G. Cauchon that they are finitely generated
D-modules because they are finite over their center since it is Noetherian (P.I. rings
with Noetherian center) and the center is a finite D-module as observed above.
Since rad.	/ is a finite D-module, so are radH.	0/ and radHB.	/, consequently the
statement of the proposition follows. ut

3.4.12 Corollary

There is a K-basis B in H.	0/ such that HB.	/ D H.	/.
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Proof. Since H.	/ is finitely generated as a D-module it is free of finite rank over D

and it has a basis, B say. Without loss of generality we may assume B D fb0 D 1;

b2; : : : ; bng with ".b2/ D ".b3/ D : : : D ".bn/ D 0. Now (writing m D .�/ � D)
look at �ˇi bi where ˇi D 	0.bi /. This yields a K-basis in H.	0/, say B0, such that
HB0 .	/ contains B hence DŒB�, consequently HB0 .	/ D H.	/. ut

From the foregoing it follows that if there is a (finitely generated) Hopf order
over D, say H 0, containing H.	0/ then we may construct it from some K-basis
contained in H.	0/. Now let us forget H.	/, but start from a D-basis B of H.	0/,
this is also a K-basis for H , and make the D-order HB.	0/ and then try to check
we obtain a finitely generated D-module which is a Hopf-order. In case H.	0/ is
not a maximal Hopf order, the foregoing corollary suggested we can find a maximal
one by the HB -construction but for some K-basis B in H.	0/, not necessarily for
a D-basis of H.	0/! Nevertheless we shall show in a series of examples that this
method leads to new Hopf orders in many cases.

3.4.13 Example. The Sweedler Hopf Algebra

Consider the Sweedler Hopf algebra over the rational fields Q, say H D QŒx; y�

with relations x2 D 1; y2 D 0 and xy C yx D 0, and put:

".x/ D 1; S.x/ D x; �.x/ D x ˝ x;

".y/ D 0; S.y/ D xy; �.y/ D 1 ˝ y C y ˝ x

Let D D Zp the localization of Z at the prime ideal .p/ and m D .p/. Define
H.m/ D Zp C Zp.x � 1/ C n�ny C m�nxy, for every n � 0; H.0/ D HZp . It is
easily verified that H.n/ is a Hopf order in H . If HZp D ZpŒx; y� is in some Hopf
order H.	/ then 	.x�1/ � 0 and from 	.S.h// � 	.h/ it follows that 	.xy/ � 	.y/

and 	.y/ � 	.xy/ by taking h D y resp. h D xy. Thus 	.xy/ D 	.y/. So we put
	.y/ D 	.xy/ D �n with n � 0 and 	.x � 1/ D 0 is then the Zp-subalgebra
of H generated by b	.b/.b � ".b// for b in the chosen basis for HZp , has Zp-basis
a; x � 1; ��ny; ��nxy and it is exactly the H.n/ we defined.

3.4.14 Example. The Taft Algebras Over Q

Let HT .n/ be the Taft algebra over K D Q, i.e. HT .n/ D QŒx; y� with xn D 1;

yn D 0 and xy C yx D 0, where we put:

".x/ D 1; S.x/ D xn�1; �.x/ D x ˝ x;

".y/ D 0; S.y/ D �xn�1; �.y/ D 1 ˝ y C y ˝ x

Then HT .n/.�1/ D Zp C Pn�1
iD1 Zp.x � 1/ C Pn�1

iD0;j D1 Zp��j xyj is a Hopf
order on HT .n/ with Zp-basis fx.��1y/j , i; j D 0; : : : ; n � 1g. We can construct
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HT .n/.�1/ from HT .n/ by constructing 	 by putting 	.xn�1 � 1/ D 0, i D
1; : : : ; n � 1, 	.yj / D 1, j D 1; : : : ; n � 1. In checking that HT .n/.�1/ is an
Hopf order only �.��j xj yj / 2 HT .n/.�1/ ˝ HT .n/.�1/ needs some work; this
follows from the following lemma.

3.4.15 Lemma

In HT .n/, from all 0 � i; j < n we have: �.xi ; yi / D xi yi ˝ .xi � 1/ C xi yi ˝
1 CPj

�D1 ˛�

�

j
�

�

xiCrCj �v ˝xi yr C1 ˝xi yj C .xiCj � 1/ ˝xi yj , where: for j

even, ˛r D 0 when r is odd and ˛� D .r�1/.r�3/:::

.j �1/.j �3/.j �rC1/
when r is even, for j odd,

˛r D r.r�2/:::

j.j �2/:::.j �rC1/
if r is odd and ˛r D .r�1/.r�3/:::

j.j �2/:::.j �1C2/
if r is even.

Proof. Since � is an algebra morphism �.xi yj / D �.x/i �.y/j D .xi ˝ xi /.y ˝
1�x˝y/j . Applying the binomial formula and taking into account that yx D �xy,
yields the result in a straightforward way. ut

The group-like elements we have to consider are just the g � 1 .".g/ D 1/.
Therefore the following numerical lemma will be useful.

3.4.16 Lemma

Let g be any element in a Q-algebra A, then for any natural number n we have the
equality:

.g � 1/n D gn C ˛n�1.�1/.g � 1/n�1 C ˛n�2.�1/2.g � 1/n�2

C : : : C ˛n�i .�1/i .g � 1/n�i C : : :

C˛2.�1/n�2.g � 1/2 C ˛1.�1/n�1.g � 1/ C cn.�1/n

where

˛n�1 D �

n
1

�

; ˛n�2 D �

n
2

�� ˛n�1
�

n
1

�

; : : :

˛n�i D �

n
i

� � ˛n�1

�

n�1
i�1

�

� ˛n�2

�

n�2
i�2

�

� : : :

�˛n�.i�1/

�

n�.i�1/

1

�

and cn D 1 � ˛n�1 � ˛n�2 � ˛n�3 � : : : � ˛1

Proof. The proof is by induction on n. If n D 2, then

.g � 1/2 D g2 C ˛1.�1/.g � 1/ C c2.�1/2

˛1 D
�

2
1

�

and c2 D 1 � ˛1 D 1 � 2 D �1.



3.4 Hopf Valuation Filtration 207

Suppose now that it is true for all n � k, it is true for n D k C 1. Since it is true
for n D k, then we can write:

.g � 1/kC1 D gkC1 C .˛0
k�1 C 1/.�1/.g � 1/kC

.˛0
k�2 � ˛0

k�1/.�1/2.g � 1/k�1 C : : : C
.˛0

k�.iC1/ � ˛0
k�1/.�1iC1/.g � 1/k�i C : : : C

˛2.�1/n�2.g � 1/2 C .˛0
1 � ˛0

2/.�1/k�i .g � 1/2C
.ck � ˛0

1/.�1/k.g � 1/ � ck.�1/kC1

where

˛0
k�1 D

�

k

1

�

; ˛0
k�2 D

�

k

2

�

� ˛0
k�1

�

k

1

�

; : : : ;

˛0
k�i D

�

k

i

�

� ˛0
k�1

�

k � 1

i � 1

�

� ˛0
k�2

�

k � 2

i � 2

�

� : : : � ˛0
k�.i�1/

�

k � .i � 1/

1

�

and ck D 1 � ˛0
k�1 � ˛0

k�1 � ˛0
k�2 � ˛0

k�3 � : : : � ˛0
1. To complete the proof we

prove ˛k�i � ˛0
k�.iC1/ � ˛0

k�1; ˛k D ˛0
k�1 C 1 and ˛1 D ck � ˛0

1. First we prove

by induction that ˛k�i D ˛0
k�.iC1/ � ˛0

k�i . Since ˛k D
�

kC1
1

�

; ˛0
k�1 D

�

k
1

�

, then

˛k D ˛0
k�1 C 1. Since

˛k�1 D
�

k C 1

2

�

�˛k

�

k

1

�

D
�

k C 1

2

�

�˛0
k�1

�

k

1

�

�
�

k

1

�

D
�

k

2

�

�˛0
k�1

�

k

1

�

and

˛0
k�2 � ˛0

k�1 D
�

k

2

�

� ˛0
k�1

�

k

1

�

then ˛k�2 � ˛0
k�1. Suppose now this is true for all j < i , then

˛k�1 D
�

k C 1

i C 1

�

� ˛k

�

k

i

�

� ˛k�1

�

k � 1

i � 1

�

� : : : � ˛k�.i�1/

�

k � .i � 1/

1

�

D
�

k C 1

i C 1

�

�
�

k

i

�

� ˛0
k�1

	�

k

i

�

�
�

k � 1

i � 1

�


� ˛0
k�2

	�

k � 1

i � 1

�

�
�

k � 2

i � 2

�


� : : :

� ˛0
k�.i�1/

	�

k � i

2

�

�
�

k � .i � 1/

1

�


� ˛0
k�i

�

k � .i � 1/

1

�

˛k�i D
�

1

i C 1

�

� ˛0
k�1

�

k � 1

i

�

� ˛0
k�2

�

k � 2

i � 1

�

� : : :
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� ˛0
k�.i�1/

�

k � .i � 1/

2

�

� ˛0
k�i

�

k � .i � 1/

1

�

D ˛0
k�.i�1/ � ˛0

k�i

Using ˛k�i D ˛0
k�.iC1/ � ˛0

k�i we can prove that ˛1 D ck � ˛0, then

˛ D
�

k C 1

k

�

� ˛k

�

k

k � 1

�

� ˛k�1

�

k � 1

k � 2

�

� : : :

�˛k�1

�

k � i

k � .i � 1/

�

� : : : � ˛2

�

2

1

�

D 1 � ˛0
k�1 � ˛0

k�2 � ˛0
k�3 � : : : � ˛0

k�i � : : : � 2˛0
1

D ck � ˛0
1

Using ˛k�1 D ˛0
k�.iC1/ � ˛0

k�i we find that ˛1 D ck � ˛0
1, then ckC1 D 1 � ˛k �

˛k�1 � ˛k�2 � : : : � ˛1 D ck .

3.4.17 Remark

1. ˛n�i D .�1/iC1
�

n
i

�

.
2. ˛n�i D .�1/iC1˛i .
3. If n D p

i1
1 p

i2
2 : : : pis

s where p1; : : : ; ps are nonequal prime numbers, then

p
ij
j j˛

p
il
l

; 0 � j; l � s and j ¤ l and p
ij
j 6 j ˛

p
ij
j

.

4. If n D ps; s � 1 then ps�i j˛pi ; ˛pi .ps�i �1/ and ps�iC1 6 j ˛pi ; ˛pi .ps�i �1/.

Proof. 1. We prove it by induction.
If i D 1, then ˛n�1 D �

n
1

� D .�1/2
�

n
1

�

. Suppose it is true for all i � k � 1,
then

˛n�k D �

n
k

� � ˛n�1

�

n�1
k�1

�

� ˛n�2

�

n�2
k�2

�

� : : :

�˛n�.k�1/

�

n�.k�1/

1

�

˛n�k D �

n

k

� � k
�

n

k

�C k.k � 1/=2
�

n

k

� � : : :

: : : � .�1/kk
�

n
k

�

If k is odd, then: ˛n�k D .�1/kC1
�

n
k

�

. If k D 2s is even, then:

˛n�k D �

n

k

�� 2k
�

n

k

�C 2k.k � 1/=2
�

n

k

� � : : :

C2k.k � 1/.k � 2/ : : : .k=2/=..k=2/ � 1/Š
�

n
k

�

� 2k.k � 1/.k � 2/ : : : ..k=2/ C 1/=.k=2/Š
�

n
k

�

D �

n
k

�

�

1 � 2
�

k
1

�

C 2
�

k
2

�

� : : : C 2
�

k
s�1

�

�
�

k
s

��
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2. If n D pq then ˛p D .�1/n�pC1pq.pq � 1/ : : : .pq � p C 1/=pŠ D qz. In
fact, no factor pq � i; 1 � i � p � 1 can be divided by p, otherwise i D sp, a
contradiction.

3. If n D ps then ˛pi D .�1/n�pi C1ps.ps � 1/ : : : .ps � pi C 1/=pi Š D ps�i z. In
fact, no factor pi � t , 1 � t � pi � 1 can be divided by pl with l � i without
reducing pl by a factor of .pi � 1/Š, otherwise i D kpi , a contradiction.

4. Similar to (3). ut

3.4.18 Proposition

Consider a numberfield K=Q and let D be a discrete valuation ring of K extending
Zp � Q (here Zp is the location of Z with respect to the prime p). Let e D v.p/

be the absolute ramification index of K . Consider a finite dimensional Hopf algebra
H over K and let G D G.H/ be its finite group of group-like elements. If 	 is any
Hopf valuation filtration function on H extending v then we have:

1. 	.g/ D 0 for g 2 G such that the order 0.g/ of g in G is not a power of p.
2. 	.g/ � e.ps � ps�1/�1 if the order of g is ps .

Proof. This follows from (3) and (4) in Remark 3.4.17. Indeed if 0.g/ ¤ ps then
it is a multiple of at least two different primes and none of these can divide all ˛’s
in the formula given in Lemma 3.4.16, hence in that case 	.g/ D 0. On the other
hand if n D ps then p will be a divisor of all ˛’s in the formula in Lemma 3.4.16
but p2 will not divide ˛ps�1 . From Lemma 3.4.16 we may obtain an expression for
.�	.g/.g � 1//n, i.e.: with n D ps :

.�	.g//n D ˛n�1.�1/�	.g/.�	.g/.g � 1//n�1 C : : :

: : : C ˛P s�i �.n�ps�i /	.g/.�1/ps�i

.�	.g/.g � 1//ps�i C : : :

It follows from this that p D d�.n�ps�1/	.g/ for some d 2 D, therefore e � .ps �
ps�1/	.g/. ut

3.4.19 Remark

1. For H D KG, G a finite group, and 	 corresponding to a Larson order (i.e.
a Hopf order HB.	/ corresponding to the basis f1; 1 � g; g 2 Gg), then the
conditions in Proposition 3.4.17 do reduce to the conditions also found by Larson
in [35]. Note that in [35] the author proves that the constructed orders (of Larson-
type) in RG are in fact finitely generated D-modules without the assumption that
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they are constructed in an integral D-order. The proof is more combinatorial in
nature.

2. The conditions (2) in Proposition 3.4.18 make it clear that the realization of a
certain 	 forces rather demanding ramification properties of v, e.g. for 	.g/ D 1

one needs e � ps � ps�1; ps D 0.g/.
Recall the definition of the generalized Taft algebra with respect to a root of

unity �, say �n D 1. Put HT .n/ equal to the K-algebra generated by x and y

satisfying xn D 1, yn D 0 and xy D �yx, with Hopf algebra structure given by:

".x/ D 1; S.x/ D xn�1; �.x/ D x ˝ x

".y/ D 1; S.y/ D ���1xn�1y; �.y/ D 1 ˝ y ˝ y ˝ x

3.4.20 Example

Let D be a discrete valuation ring of K; � 2 D.
In case n ¤ ps for x � 1, then

HT .�n/ D D C
n�1
X

iD1

D.x � 1/i C
n�1
X

iD0;j D1

D��j n.x � 1/i yj

is a Hopf order.
In case n D ps , �m.ps�ps�1/jp and �mj.� � 1/ in D, then

HT .�ps/ D D C
n�1
X

iD1

D��im.x � 1/i C
n�1
X

iD0;j D1

D��im�j n.x � 1/i yj

is a Hopf order.
Observe that .� � 1/ps D p

Pps�1
iD1 .˛i =p/.� � 1/i (Lemma 3.4.16) and then

.� � 1/ps 2 .p/ � �.ps�ps�1/m, where psm < e C ps�1m; e D v.p/.
A full proof of the claims can be obtained via the quantum binomial formula

(see [31]) applied to f D ��m.g � 1/, and via a careful coefficient calculation in
an expression for Xt f s , t; s 2 N. We omit these technical details here. Let us just
provide a concrete case where all of the above phenomena are clear.

3.4.21 Example

Take p D 2 and look at the localization of Z2Œ�� at � � 1 where � D 4
p�1 D p

i .
For D we take ZŒ.� � 1/1=5�..��1/1=5/. In this case � D .� � 1/1=5, .2/ D .�5/,
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v.�/ D 1, e D v.2/ D 5, v.� � 1/ D 5, �8 D 1. So we have .� � 1/8 2 .2/ and
.2/ � .� � 1/ � .�/ � D. The constructions in Example 3.4.20 apply in this case.

Let us conclude with an example showing the effect of base change.

3.4.22 Example

We start with the situation of Example 3.4.13 but with K a number field such that
�mj2 in D. Put H.m; n/ D DŒf; ��, f D ��m.g � 1/; � D ��nh. Then H.m; n/

is a Hopf algebra of rank 4 over D with:

�.f / D f ˝ g C 1 ˝ f

f � C �f D ��; where 2 D ��m with � 2 D

�.f �/ D f � ˝ 1 C 1 ˝ f � C f ˝ g� C � ˝ fg

�.�/ D 1 ˝ � C � ˝ g

f � � � D �g�

We may also define H.n/ as in Example 3.4.13, it is of rank 4 over D with
basis f1; g�1; ��nh; ��nghg. Both H.m; n/; H.n/ contain the Hopf order DŒg; h�

(viewed as H.	0/ in Proof of 3.4.12).
Now H.n/ is of the form HB j	j with respect to B D f1; g � 1; h; ghg and

H.m; n/ with respect to B 0 D f1; g�1; h; .g�1/hg, and these orders are obviously
different.
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